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Abstract

Recent work by Becker and Hinton (Becker and Hinton, 1992)
shows a promising mechanism, based on maximizing mutual in-
formation assuming spatial coherence, by which a system can self-
organize itself to learn visual abilities such as binocular stereo. We
introduce a more general criterion, based on Bayesian probability
theory, and thereby demonstrate a connection to Bayesian theo-
ries of visual perception and to other organization principles for
early vision (Atick and Redlich, 1990). Methods for implementa-
tion using variants of stochastic learning are described and, for the
special case of linear filtering, we derive an analytic expression for
the output.

1 Introduction

The input intensity patterns received by the human visual system are typically
complicated functions of the object surfaces and light sources in the world. It

*Lei Xu was a research scholar in the Division of Applied Sciences at Harvard University
while this work was performed.
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seems probable, however, that humans perceive the world in terms of surfaces and
objects (Nakayama and Shimojo, 1992). Thus the visual system must be able to
extract information from the input intensities that is relatively independent of the
actual intensity values. Such abilities may not be present at birth and hence must
be learned. It seems, for example, that binocular stereo develops at about the age
of two to three months (Held, 1987).

Becker and Hinton (Becker and Hinton, 1992) describe an interesting mechanism
for self-organizing a system to achieve this. The basic idea is to assume spatial
coherence of the structure to be extracted and to train a neural network by maxi-
mizing the mutual information between neurons with disjoint receptive fields. For
binocular stereo, for example, the surface being viewed is assumed flat (see (Becker
and Hinton, 1992) for generalizations of this assumption) and hence has spatially
constant disparity. The intensity patterns, however, do not have any simple spatial
behaviour. Adjusting the synaptic strengths of the network to maximize the mutual
information between neurons with non-overlapping receptive fields, for an ensem-
ble of images, causes the neurons to extract features that are spatially coherent -
thereby obtaining the disparity [fig.1].

maximize | (a;b)

(o|1]1]1) (o]o]1]1)
Lifof1]1) Lilofo]1])

Figure 1: In Hinton and Becker’s initial scheme (Becker and Hinton, 1992), max-
imization of mutual information between neurons with spatially disjoint receptive

fields leads to disparity tuning, provided they train on spatially coherent patterns
(i.e. those for which disparity changes slowly with spatial position)

Workers in computer vision face a similar problem of estimating the properties of
objects in the world from intensity images. It is commonly stated that vision is ill-
posed (Poggio et al, 1985) and that prior assumptions about the world are needed
to obtain a unique perception. It is convenient to formulate such assumptions by
the use of Bayes’ theorem P(S|D) = P(D|S)P(S)/P(D). This relates the proba-
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bility P(S|D) of the scene S given the data D to the prior probability of the scene
P(S) and the imaging model P(D|S) (P(D) can be interpreted as a normalization
constant). Thus a vision theorist (see (Clark and Yuille, 1990), for example) deter-
mines an imaging model P(D|S), picks a set of plausible prior assumptions about
the world P(S) (such as natural constraints (Marr, 1982)), applies Bayes’ theorem,
and then picks an interpretation S* from some statistical estimator of P(S|D) (for
example, the maximum a posteriori (MAP) estimator S* = ARG{M AXsP(S|D)}.)

An advantage of the Bayesian approach is that, by nature of its probabilistic formu-
lation, it can be readily related to learning with a teacher (Kersten et al, 1987). It is
unclear, however, whether such a teacher will always be available. Moreover, from
Becker and Hinton’s work on self-organization, it seems that a teacher is not always
necessary. This paper proposes a way for generalizing the self-organization ap-
proach, by starting from a Bayesian perspective, and thereby relating it to Bayesian
theories of vision. The key idea is to force the activity distribution of the outputs to
be close to a pre-specified prior distribution P,(S). We argue that this approach is
in the same spirit as (Becker and Hinton, 1992), because we can choose the prior dis-
tribution to enforce spatial coherence, but it is also more general since many other
choices of the prior are possible. It also has some relation to the work performed by
Atick and Redlich (Atick and Redlich, 1990) for modelling the early visual system.

We will take the viewpoint that the prior P,(.S) is assumed known in advance by
the visual system (perhaps by being specified genetically) and will act as a self-
organizing principle. Later we will discuss ways that this might be relaxed.

2 Theory

We assume that the input D is a function of a signal ¥ that the system wants
to determine and a distractor N [fig.2]. For example ¥ might correspond to the
disparities of a pair of binocular stereo images and N to the intensity patterns. The
distribution of the inputs is Pp(D) and the system assumes that the signal ¥ has
distribution P,(X).

Let the output of the system be S = G(D,7y) where G is a function of a set
of parameters v to be determined. For example, the function G(D,v) could be
represented by a multi-layer perceptron with the 4’s being the synaptic weights.
By approximation theory, it can be shown that a large varicty of neural networks
can approximate any input-output function arbitrarily well given enough hidden
nodes (Hornik et al, 1989).

The aim of self-organizing the network is to ensure that the parameters ~ are chosen
so that the outputs S are as close to the ¥ as possible. We claim that this can be
achieved by adjusting the parameters 4 so as to make the derived distribution of the
outputs Ppp(S :v) = [é6(S — G(D,v))Pp(D)[dD] as close as possible to P,(S).

This can be seen to be a consistency condition for a Bayesian theory as from Bayes
formula we obtain the equation:

[ PsIDPo (DD = [ PDIS)P, (YD) = Pi(S). )
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which is equivalent to our condition, provided we choose to identify P(S|D) with
§(S = G(D,7))-

To make this more precise we must define a measure of similarity between the two
distributions P,(S) and Ppp(S : 7). An attractive measure is the Kullback-Leibler
distance (the entropy of Ppp relative to P,):

Kt = [ Poo(s:7)log %ﬁ[dﬂ- @)

D= F(Z,N) _ _
P.(%) — | S=G(D,y)| —» P,(S:7)

P,,(S:
KL(Y) = [ Pol(5: Ptop 222 s

Figure 2: The parameters y are adjusted to miniuuze the Kullback-Leibler dis-
tance between the prior (Pp) distribution of the true signal () and the derived
distribution (Ppp) of the network output (S).

This measure can be divided into two parts: (i) — [ Ppp(S : v)log Pp(S)[dS] and

(ii) [ Ppp(S : 7)1log Ppp(S : 7)[dS]. The second term encourages variability of the
output while the first term forces similarity to the prior distribution.

Suppose that P,(S) can be expressed as a Markov random field (i.e. the spatial
distribution of P,(S) has a local neighbourhood structure, as is commonly assumed
in Bayesian models of vision). Then, by the Hammersely-Clifford theorem, we can

write Pp(S) = e~PEr(5)/Z where E,(S) is an energy function with local connections

(for example, Ey(S) = >°;(Si — Si+1)?), B is an inverse temperature and Z is a
normalization constant.

Then the first term can be written (Yuille et al, 1992) as

_ / Ppp(S : 7)log Po(S)dS] = A(E,(G(D,7))}p +log Z. (3)
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We can ignore the log Z term since it is a constant (independent of y). Mini-
mizing the first term with respect to v will therefore try to minimize the energy
of the outputs averaged over the inputs - (E,(G(D,¥)))p - which is highly desir-
able (since it has a close connection to the minimal energy principles in (Poggio
et al, 1985, Clark and Yuille, 1990)). It is also important, however, to avoid the
trivial solution G(D,y) = 0 as well as solutions for which G(D, v) is very small
for most inputs. Fortunately these solutions are discouraged by the second term :
[ Ppp(D,v)log Ppp(D,~)[dD], which corresponds to the negative entropy of the
derived distribution of the network output. Thus, i1ts minimization with respect to
v is a maximum entropy principle which will encourage variability in the outputs
G(D,v) and hence prevent the trivial solutions.

3 Reformulating for Implementation.

Our theory requires us to minimize the Kullback-Leibler distance, equation 2, with
respect to v. We now describe two ways in which this could be implemented using
variants of stochastic learning. First observe that by substituting the form of the
derived distribution into equation 2 and integrating out the S variable we obtain:

Ppp(G(D,7) : v)
Ppo(G(D, 7))

Assuming a representative sample { D* : € A} of inputs we can approximate K L(y)
by ZMA log[Ppp(G(D*,v) : v)/ Po(G(D*,v))]. We can now, in principle, perform
stochastic learning using backpropagation: pick inputs D* at random and update
the weights v using log[Ppp(G(D*,%) : v)/ Po(G(D*,v))] as the error function.

To do this, however, we need expressions for Ppp(G(D*,7v) : v) and its deriva-
tive with repect to 5. If the function G(D,v) can be restricted to being 1-1 (in-
creasing the dimensionality of the output space if necessary) then we can obtain
(Yuille et al, 1992) analytic expressions Ppp(G(D,7) : ¥) = Pp(D)/| det(0G/dD)|
and (dlog Pop(G(D,7) : 7)/8v) = —(8G/8D)~*(8*G/8DJy), where [—1] denotes
the matrix inverse. Alternatively we can perform additional sampling to estimate
Ppp(G(D,¥) : ¥) and (0log Ppp(G(D,7) : v)/0v) directly from their integral rep-
resentations. (This second approach is similar to (Becker and Hinton, 1992) though
they are only concerned with estimating the first and second moments of these
distributions.)

KL(y) = / Pp(D)log [dD]. (4)

4 Connection to Becker and Hinton.

The Becker and Hinton method (Becker and Hinton, 1992) involves maximizing the
mutual information between the output of two neuronal units Sy, So [fig.1]. This is
given by :

I(S1,S2) = — <log Ppp(S1) > — <log Ppp(Sz) >+ < log Ppp(S1,S2) >

where the first two terms correspond to maximizing the entropies of S; and Sy
while the last term forces S; = So.
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By contrast, our version tries to minimize the quantity :
< log PDD(S1,5'2) > — flog Pp(Sl, SQ)PDD(S]_, 52)[d§].

If we then ensure that P,(Si,S2) = 6(S1 — S2) our second term will force S; = Sy
and our first term will maximize the entropy of the joint distribution of S;,S55. We
argue that this is effectively the same as (Becker and Hinton, 1992) since maxi-
mizing the joint entropy of S, S2 with S; constrained to equal Sy is equivalent to
maximizing the individual entropies of S; and S3 with the same constraint.

To be more concrete, we consider Becker and Hinton’s implementation of the mutual
information maximization principle in the case of units with continuous outputs.
They assume that the outputs of units 1,2 are Gaussian ! and perform steepest
descent to maximize the symmetrized form of the mutual information between S;
and Ss:

V(51) V(S2)
Isiis: =108 3rg gy Hog g gy

= log V(S1)+log V(S2)—2log V(S1 — S2)
(5)

where V() stands for variance over the set of inputs. They assume that the difference
between the two outputs can be expressed as uncorrelated additive noise, S; =
Sa + N. We reformalize their criterion as maximizing Egg(V(S2), V(N)) where

Epu(V(S2), V(N)) = log{V(S2) + V(N)} + log V(S2) — 2log V(N). (6)

For our scheme we make similar assumptions about the distributions of S; and
Sy. We see that < log Ppp(S),S2) >= —log{< S? >< S > — < 5,5, >?%} =

—log{V(S2)V(N)} (since < 5152 >=< (S2 + N)S2 >= V(S3) and < S5} >=
V(S2) + V(IV)). Using the prior distribution P,(S1,52) ~ € —7(51=52)" our criterion
corresponds to minimizing Ey sx (V(S2), V(N)) where:

Eysx(V(S2),V(N)) = —logV(S2) —log V(N) + TV(N). (7)

It is easy to see that maximizing Epy(V(S2), V(N)) will try to make V(S3) as
large as possible and force V(N) to zero (recall that, by definition, V(N) > 0).
Minimizing our energy will try to make V(S2) as large as possible and will force
V(N) to 1/71 (recall that 7 appears as the inverse of the variance of a Gaussian
prior distribution for S; — S so making 7 large will force the prior distribution to
approach 6(S; — S2).) Thus, provided T is very large, our method will have the
same effect as Becker and Hinton’s.

5 Application to Linear Filtering.

We now describe an analysis of these ideas for the case of linear filtering. Our
approach will be contrasted with the traditional Wiener filter approach.

!We assume for simplicity that these Gaussians have zero mean.
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Consider a process of the form D(&) = X(&)+ N(Z) where D(Z) denotes the input to
the system, 3(Z) is the true signal which we would like to predict, and N(Z) is the
noise corrupting the signal. The resulting Wiener filter A,,(Z) has fourier transform
Ay = @3 5/(Px,x + ®n n) where ®x 5 and Oy N are the power spectrum of the
signal and the noise respectively.

By contrast, let us extract a linear filter A, by applying our criterion. In the case
that the noise and signal are independent zero mean Gaussian distributions this
filter can be calculated explicitly (Yuille et al, 1992). It has fourier transform with

squared magnitude given by |Az,|2 ®s »/(®s,x + ®n~). Thus our filter can be
thought of as the square root of the Wiener filter.

It is important to realize that although our derivation assumed additive Gaussian
noise our system would not need to make any assumptions about the noise distribu-
tion. Instead our system would merely need to assume that the filter was linear and
then would automatically obtain the “correct” result for the additive Gaussian noise
case. We conjecture that the system might detect non-Gauusian noise by finding it
impossible to get zero Kullback-Liebler distance with the linear ansatz.

6 Conclusion

The goal of this paper was to introduce a Bayesian approach to self-organization
using prior assumptions about the signal as an organizing principle. We argued that
it was a natural generalization of the criterion of maximizing mutual information
assuming spatial coherence (Becker and Hinton, 1992). Using our principle it should
be possible to self-organize Bayesian theories of vision, assuming that the priors
are known, the network is capable of representing the appropriate functions and
the learning algorithm converges. There will also be problems if the probability
distributions of the true signal and the distractor are too similar.

If the prior is not correct then it may be possible to detect this by evaluating
the goodness of the Kullback-Leibler fit after learning 2. This suggests a strategy
whereby the system increases the complexity of the priors until the Kullback-Leibler
fit is sufficiently good (this is somewhat similar to an idea proposed by Mumford
(Mumford, 1992)). This is related to the idea of competitive priors in vision (Clark
and Yuille, 1990). One way to implement this would be for the prior probability
itself to have a set of adjustable parameters that would enable it to adapt to different
classes of scenes. We are currently (Yuille et al, 1992) investigating this idea and
exploring its relationships to Hidden Markov Models.

Ways to implement the theory, using variants of stochastic learning, were described.
We sketched the relation to Becker and Hinton.

As an illustration of our approach we derived the filter that our criterion would give
for filtering out additive Gaussian noise (possibly the only analytically tractable
case). This had a very interesting relation to the standard Wiener filter.

2This is reminiscent of Barlow’s suspicious coincidence detectors (Barlow, 1993), where
we might hope to determine if two variables £ & y are independent or not by calculating
the Kullback-Leibler distance between the joint distribution P(z,y) and the product of
the individual distributions P(z)P(y).
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