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$EVWUDFW
:H FRQVLGHU D SUREOHP RI EOLQG VRXUFH VHSDUDWLRQ IURP D VHW RI LQVWDQ�
WDQHRXV OLQHDU PL[WXUHV� ZKHUH WKH PL[LQJ PDWUL[ LV XQNQRZQ� ,W ZDV
GLVFRYHUHG UHFHQWO\� WKDW H[SORLWLQJ WKH VSDUVLW\ RI VRXUFHV LQ DQ DSSUR�
SULDWH UHSUHVHQWDWLRQ DFFRUGLQJ WR VRPH VLJQDO GLFWLRQDU\� GUDPDWLFDOO\
LPSURYHV WKH TXDOLW\ RI VHSDUDWLRQ� ,Q WKLV ZRUN ZH XVH WKH SURSHUW\ RI
PXOWLVFDOH WUDQVIRUPV� VXFK DV ZDYHOHW RU ZDYHOHW SDFNHWV� WR GHFRPSRVH
VLJQDOV LQWR VHWV RI ORFDO IHDWXUHV ZLWK YDULRXV GHJUHHV RI VSDUVLW\� :H
XVH WKLV LQWULQVLF SURSHUW\ IRU VHOHFWLQJ WKH EHVW �PRVW VSDUVH� VXEVHWV RI
IHDWXUHV IRU IXUWKHU VHSDUDWLRQ� 7KH SHUIRUPDQFH RI WKH DOJRULWKP LV YHU�
L¿HG RQ QRLVH�IUHH DQG QRLV\ GDWD� ([SHULPHQWV ZLWK VLPXODWHG VLJQDOV�
PXVLFDO VRXQGV DQG LPDJHV GHPRQVWUDWH VLJQL¿FDQW LPSURYHPHQW RI VHS�
DUDWLRQ TXDOLW\ RYHU SUHYLRXVO\ UHSRUWHG UHVXOWV�

� ,QWURGXFWLRQ
,Q WKH EOLQG VRXUFH VHSDUDWLRQ SUREOHP DQ Q �FKDQQHO VHQVRU VLJQDO {+�, LV JHQHUDWHG E\
P XQNQRZQ VFDODU VRXUFH VLJQDOV v � +�,� OLQHDUO\ PL[HG WRJHWKHU E\ DQ XQNQRZQ Q �P
PL[LQJ� RU FURVVWDON� PDWUL[D� DQG SRVVLEO\ FRUUXSWHG E\ DGGLWLYH QRLVH q+�,�

{+�, @ Dv+�, . q+�,= ���
7KH LQGHSHQGHQW YDULDEOH � LV HLWKHU WLPH RU VSDWLDO FRRUGLQDWHV LQ WKH FDVH RI LPDJHV� :H
ZLVK WR HVWLPDWH WKH PL[LQJ PDWUL[D DQG WKHP �GLPHQVLRQDO VRXUFH VLJQDO v+�,�
7KH DVVXPSWLRQ RI VWDWLVWLFDO LQGHSHQGHQFH RI WKH VRXUFH FRPSRQHQWV v � +�,> p @ 4> ===>P
OHDGV WR WKH ,QGHSHQGHQW &RPSRQHQW $QDO\VLV �,&$� >�@� >�@� $ VWURQJHU DVVXPSWLRQ LV WKH

� 6XSSRUWHG LQ SDUW E\ WKH 2OOHQGRUII 0LQHUYD &HQWHU� E\ WKH ,VUDHOL 0LQLVWU\ RI 6FLHQFH� E\ 16)
&$5((5 DZDUG ��������� DQG E\ WKH 1DWLRQDO )RXQGDWLRQ IRU )XQFWLRQDO %UDLQ ,PDJLQJ



VSDUVLW\ RI GHFRPSRVLWLRQ FRHI¿FLHQWV� ZKHQ WKH VRXUFHV DUH SURSHUO\ UHSUHVHQWHG >�@� ,Q
SDUWLFXODU� OHW HDFK v � +�, KDYH D VSDUVH UHSUHVHQWDWLRQ REWDLQHG E\ PHDQV RI LWV GHFRPSR�
VLWLRQ FRHI¿FLHQWV f ��� DFFRUGLQJ WR D VLJQDO GLFWLRQDU\ RI IXQFWLRQV * � +�,�

v � +�, @ [

�
f ��� * � +�,= ���

7KH IXQFWLRQV * � +�, DUH FDOOHG DWRPV RU HOHPHQWV RI WKH GLFWLRQDU\� 7KHVH HOHPHQWV GR
QRW KDYH WR EH OLQHDUO\ LQGHSHQGHQW� DQG LQVWHDG PD\ IRUP DQ RYHUFRPSOHWH GLFWLRQDU\�
H�J� ZDYHOHW�UHODWHG GLFWLRQDULHV �ZDYHOHW SDFNHWV� VWDWLRQDU\ ZDYHOHWV� HWF�� VHH IRU H[DP�
SOH >�@�� 6SDUVLW\ PHDQV WKDW RQO\ D VPDOO QXPEHU RI FRHI¿FLHQWV f ��� GLIIHU VLJQL¿FDQWO\
IURP ]HUR� 7KHQ� XQPL[LQJ RI WKH VRXUFHV LV SHUIRUPHG LQ WKH WUDQVIRUP GRPDLQ� L�H� LQ WKH
GRPDLQ RI WKHVH FRHI¿FLHQWV f ��� = 7KH SURSHUW\ RI VSDUVLW\ RIWHQ \LHOGV PXFK EHWWHU VRXUFH
VHSDUDWLRQ WKDQ VWDQGDUG ,&$� DQG FDQ ZRUN ZHOO HYHQ ZLWK PRUH VRXUFHV WKDQ PL[WXUHV� ,Q
PDQ\ FDVHV WKHUH DUH GLVWLQFW JURXSV RI FRHI¿FLHQWV� ZKHUHLQ VRXUFHV KDYH GLIIHUHQW VSDUVLW\
SURSHUWLHV� 7KH NH\ LGHD LQ WKLV VWXG\ LV WR VHOHFW RQO\ D VXEVHW RI IHDWXUHV �FRHI¿FLHQWV�
ZKLFK LV EHVW VXLWHG IRU VHSDUDWLRQ� ZLWK UHVSHFW WR WKH IROORZLQJ FULWHULD� ��� VSDUVLW\ RI
FRHI¿FLHQWV ��� VHSDUDELOLW\ RI VRXUFHV¶ IHDWXUHV� $IWHU WKLV VXEVHW LV IRUPHG� RQH XVHV LW
LQ WKH VHSDUDWLRQ SURFHVV� ZKLFK FDQ EH DFFRPSOLVKHG E\ VWDQGDUG ,&$ DOJRULWKPV RU E\
FOXVWHULQJ� 7KH SHUIRUPDQFH RI RXU DSSURDFK LV YHUL¿HG RQ QRLVH�IUHH DQG QRLV\ GDWD� 2XU
H[SHULPHQWV ZLWK �' VLJQDOV DQG LPDJHV GHPRQVWUDWH WKDW WKH SURSRVHG PHWKRG IXUWKHU
LPSURYHV VHSDUDWLRQ TXDOLW\� DV FRPSDUHG ZLWK UHVXOW REWDLQHG E\ XVLQJ VSDUVLW\ RI DOO GH�
FRPSRVLWLRQ FRHI¿FLHQWV�

� 7ZR DSSURDFKHV WR VSDUVH VRXUFH VHSDUDWLRQ� ,QIR0D[ DQG
&OXVWHULQJ

6SDUVH VRXUFHV FDQ EH VHSDUDWHG E\ HDFK RQH RI VHYHUDO WHFKQLTXHV� H�J� WKH %HOO�6HMQRZVNL
,QIRUPDWLRQ 0D[LPL]DWLRQ �%6 ,QIR0D[� DSSURDFK >�@� RU E\ DSSURDFKHV EDVHG RQ JHR�
PHWULF FRQVLGHUDWLRQV �VHH IRU H[DPSOH >�@�� ,Q WKH IRUPHU FDVH� WKH DOJRULWKP HVWLPDWHV WKH
XQPL[LQJ PDWUL[ Z @ D � � � ZKLOH LQ WKH ODWHU FDVH WKH RXWSXW LV WKH HVWLPDWHG PL[LQJ
PDWUL[� ,Q ERWK FDVHV� WKHVH PDWULFHV FDQ EH HVWLPDWHG RQO\ XS WR D FROXPQ SHUPXWDWLRQ DQG
D VFDOLQJ IDFWRU >�@�
,QIR0D[� 8QGHU WKH DVVXPSWLRQ RI D QRLVHOHVV V\VWHP DQG D VTXDUH PL[LQJ PDWUL[ LQ ����
WKH %6 ,QIR0D[ LV HTXLYDOHQW WR WKH PD[LPXP OLNHOLKRRG �0/� IRUPXODWLRQ RI WKH SUREOHP
>�@� ZKLFK LV XVHG LQ WKLV VHFWLRQ� )RU WKH VDNH RI VLPSOLFLW\ RI WKH SUHVHQWDWLRQ� OHW XV
FRQVLGHU WKH FDVH ZKHUH WKH GLFWLRQDU\ RI IXQFWLRQV XVHG LQ D VRXUFH GHFRPSRVLWLRQ ��� LV
DQ RUWKRQRUPDO EDVLV� �,Q WKLV FDVH� WKH FRUUHVSRQGLQJ FRHI¿FLHQWV f ��� @? v � >* � A�
ZKHUH ? �> � A GHQRWHV WKH LQQHU SURGXFW�� )URP ��� DQG ��� WKH GHFRPSRVLWLRQ FRHI¿FLHQWV
RI WKH QRLVHOHVV PL[WXUHV� DFFRUGLQJ WR WKH VDPH VLJQDO GLFWLRQDU\ RI IXQFWLRQV * � +�,� DUH�

� � @ Df � > ���
ZKHUHP�GLPHQVLRQDO YHFWRU f � IRUPV WKH n�WK FROXPQ RI WKH PDWUL[F @ if ��� j�
/HW\ EH WKH IHDWXUHV� RU �QHZ� GDWD� PDWUL[ RI GLPHQVLRQP�N� ZKHUHN LV WKH QXPEHU RI
IHDWXUHV� ,WV URZV DUH HLWKHU WKH VDPSOHV RI VHQVRU VLJQDOV �PL[WXUHV�� RU WKHLU GHFRPSRVLWLRQ
FRHI¿FLHQWV� ,Q WKH ODWHU FDVH� WKH FRHI¿FLHQWV� � ¶V IRUP WKH FROXPQV RI\� �,Q WKH IROORZLQJ
GLVFXVVLRQ ZH DVVXPH WKLV VHWWLQJ IRU \� LI QRW VWDWHG RWKHU�� :H DUH LQWHUHVWHG LQ WKH
PD[LPXP OLNHOLKRRG HVWLPDWH RID JLYHQ WKH GDWD\�
/HW WKH FRUUHVSRQGLQJ FRHI¿FLHQWV f ��� EH LQGHSHQGHQW UDQGRP YDULDEOHV ZLWK D SUREDELOLW\
GHQVLW\ IXQFWLRQ �SGI� RI DQ H[SRQHQWLDO W\SH

s � +f ��� , 2 h{si��+f ��� ,j> ���



ZKHUH WKH VFDODU IXQFWLRQ �+�, LV D VPRRWK DSSUR[LPDWLRQ RI DQ DEVROXWH YDOXH IXQFWLRQ�
6XFK NLQG RI GLVWULEXWLRQ LV ZLGHO\ XVHG IRU PRGHOLQJ VSDUVLW\ >�@� ,Q YLHZ RI WKH LQGHSHQ�
GHQFH RI f ��� � DQG ���� WKH SULRU SGI RIF LV

s+F, 2 \

��� �
h{si��+f ��� ,j= ���

7DNLQJ LQWR DFFRXQW WKDW \ @ DF� WKH SDUDPHWULF PRGHO IRU WKH SGI RI \ ZLWK UHVSHFW WR
SDUDPHWHUVD LV

s � +\, @ s+F,@mghwDm � = ���
/HW Z @ D � � EH WKH XQPL[LQJ PDWUL[� WR EH HVWLPDWHG� 7KHQ� VXEVWLWXWLQJ F @ Z\�
FRPELQLQJ ��� ZLWK ��� DQG WDNLQJ WKH ORJDULWKP ZH DUULYH DW WKH ORJ�OLNHOLKRRG IXQFWLRQ�

O � +\, @ N orj mghwZm �
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0D[LPL]DWLRQ RI O � +\, ZLWK UHVSHFW WR Z LV HTXLYDOHQW WR WKH %6 ,QIR0D[� DQG FDQ
EH VROYHG HI¿FLHQWO\ E\ WKH 1DWXUDO *UDGLHQW DOJRULWKP >�@� :H XVHG WKLV DOJRULWKP DV
LPSOHPHQWHG LQ WKH ,&$�((* 0DWODE WRROER[ >�@�
&OXVWHULQJ� ,Q WKH FDVH RI JHRPHWU\ EDVHG PHWKRGV� VHSDUDWLRQ RI VSDUVH VRXUFHV FDQ EH
DFKLHYHG E\ FOXVWHULQJ DORQJ RULHQWDWLRQV RI GDWD FRQFHQWUDWLRQ LQ WKHQ �GLPHQVLRQDO VSDFH
ZKHUHLQ HDFK FROXPQ | � RI WKH PDWUL[\ UHSUHVHQWV D GDWD SRLQW �Q LV WKH QXPEHU RI PL[�
WXUHV�� /HW XV FRQVLGHU D WZR�GLPHQVLRQDO QRLVHOHVV FDVH� ZKHUHLQ WZR VRXUFH VLJQDOV� v � +w,
DQG v 	 +w,� DUH PL[HG E\ D ��� PDWUL[ D� DUULYLQJ DW WZR PL[WXUHV { � +w, DQG { 	 +w,� �+HUH�
WKH GDWD PDWUL[ LV FRQVWUXFWHG IURP WKHVH PL[WXUHV { � +w, DQG { 	 +w,�� 7\SLFDOO\� D VFDWWHU
SORW RI WZR vsduvhPL[WXUHV { � +w, YHUVXV { 	 +w,> ORRNV OLNH WKH ULJKWPRVW SORW LQ )LJXUH �� ,I
RQO\ RQH VRXUFH� VD\ v � +w,� ZDV SUHVHQW� WKH VHQVRU VLJQDOV ZRXOG EH { � +w, @ d � � v � +w,
DQG { 	 +w, @ d 	 � v � +w, DQG WKH GDWD SRLQWV DW WKH VFDWWHU GLDJUDP RI { � +w, YHUVXV { 	 +w,
ZRXOG EHORQJ WR WKH VWUDLJKW OLQH SODFHG DORQJ WKH YHFWRU ^d � � d 	 � ` 
 � 7KH VDPH WKLQJ KDS�
SHQV� ZKHQ WZR VSDUVH VRXUFHV DUH SUHVHQW� ,Q WKLV VSDUVH FDVH� DW HDFK SDUWLFXODU LQGH[
ZKHUH D VDPSOH RI WKH ¿UVW VRXUFH LV ODUJH� WKHUH LV D KLJK SUREDELOLW\� WKDW WKH FRUUHVSRQG�
LQJ VDPSOH RI WKH VHFRQG VRXUFH LV VPDOO� DQG WKH SRLQW DW WKH VFDWWHU GLDJUDP VWLOO OLHV FORVH
WR WKH PHQWLRQHG VWUDLJKW OLQH� 7KH VDPH DUJXPHQWV DUH YDOLG IRU WKH VHFRQG VRXUFH� $V D
UHVXOW� GDWD SRLQWV DUH FRQFHQWUDWHG DURXQG WZR GRPLQDQW RULHQWDWLRQV� ZKLFK DUH GLUHFWO\
UHODWHG WR WKH FROXPQV RI D� 6RXUFH VLJQDOV DUH UDUHO\ VSDUVH LQ WKHLU RULJLQDO GRPDLQ� ,Q
FRQWUDVW� WKHLU GHFRPSRVLWLRQ FRHI¿FLHQWV ��� XVXDOO\ VKRZ KLJK VSDUVLW\� 7KHUHIRUH� ZH
FRQVWUXFW WKH GDWD PDWUL[ \ IURP WKH GHFRPSRVLWLRQ FRHI¿FLHQWV RI PL[WXUHV ���� UDWKHU
WKDQ IURP WKH PL[WXUHV WKHPVHOYHV�
,Q RUGHU WR GHWHUPLQH RULHQWDWLRQV RI VFDWWHUHG GDWD� ZH SURMHFW WKH GDWD SRLQWV RQWR WKH
VXUIDFH RI D XQLW VSKHUH E\ QRUPDOL]LQJ FRUUHVSRQGLQJ YHFWRUV� DQG WKHQ DSSO\ D VWDQGDUG
FOXVWHULQJ DOJRULWKP� 7KLV FOXVWHULQJ DSSURDFK ZRUNV HI¿FLHQWO\ HYHQ LI WKH QXPEHU RI
VRXUFHV LV JUHDWHU WKDQ WKH QXPEHU RI VHQVRUV� 2XU FOXVWHULQJ SURFHGXUH FDQ EH VXPPDUL]HG
DV IROORZV�
�� )RUP WKH IHDWXUH PDWUL[\> E\ SXWWLQJ VDPSOHV RI WKH VHQVRU VLJQDOV RU �VXEVHW RI � WKHLU
GHFRPSRVLWLRQ FRHI¿FLHQWV LQWR WKH FRUUHVSRQGLQJ URZV RI WKH PDWUL[�
�� 1RUPDOL]H IHDWXUH YHFWRUV �FROXPQV RI \�� | � @ | � @n| � n 	 � LQ RUGHU WR SURMHFW GDWD
SRLQWV RQWR WKH VXUIDFH RI D XQLW VSKHUH� ZKHUH n�n 	 GHQRWHV WKH o 	 QRUP� %HIRUH QRUPDO�
L]DWLRQ� LW LV UHDVRQDEOH WR UHPRYH GDWD SRLQWV ZLWK D YHU\ VPDOO QRUP� VLQFH WKHVH YHU\ OLNHO\ WR EH
FURVVWDON�FRUUXSWHG E\ VPDOO FRHI¿FLHQWV IURP RWKHUV¶ VRXUFHV�
�� 0RYH GDWD SRLQWV WR D KDOI�VSKHUH� H�J� E\ IRUFLQJ WKH VLJQ RI WKH ¿UVW FRRUGLQDWH | �� WR
EH SRVLWLYH� �
� | �� ? 3 ������� | � @ �| � � :LWKRXW WKLV RSHUDWLRQ HDFK VHW RI OLQHDUO\ �L�H�� DORQJ
D OLQH� FOXVWHUHG GDWD SRLQWV ZRXOG \LHOG WZR FOXVWHUV RQ RSSRVLWH VLGHV RI WKH VSKHUH�
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)LJXUH �� 5DQGRP EORFN VLJQDOV �WZR XSSHU� DQG WKHLU PL[WXUHV �WZR ORZHU�

�� (VWLPDWH FOXVWHU FHQWHUV E\ XVLQJ D FOXVWHULQJ DOJRULWKP� 7KH FRRUGLQDWHV RI WKHVH FHQWHUV
ZLOO IRUP WKH FROXPQV RI WKH HVWLPDWHG PL[LQJ PDWUL[ �D� :H XVHG )X]]\ &�PHDQV �)&0�
FOXVWHULQJ DOJRULWKP DV LPSOHPHQWHG LQ 0DWODE )X]]\ /RJLF 7RROER[�
6RXUFHV UHFRYHU\� 7KH HVWLPDWHG XQPL[LQJ PDWUL[ �D � � LV REWDLQHG E\ HLWKHU WKH %6
,QIR0D[ RU WKH DERYH FOXVWHULQJ SURFHGXUH� DSSOLHG WR HLWKHU FRPSOHWH GDWD VHW� RU WR VRPH
VXEVHWV RI GDWD �WR EH H[SODLQHG LQ WKH QH[W VHFWLRQ�� 7KHQ� WKH VRXUFHV DUH UHFRYHUHG LQ WKHLU
RULJLQDO GRPDLQ E\ �v+w, @ �D � � {+w,� :H VKRXOG VWUHVV KHUH WKDW LI WKH FOXVWHULQJ DSSURDFK
LV XVHG� WKH HVWLPDWLRQ RI VRXUFHV LV QRW UHVWULFWHG WR WKH FDVH RI VTXDUH PL[LQJ PDWULFHV�
DOWKRXJK WKH VRXUFHV UHFRYHU\ LV PRUH FRPSOLFDWHG LQ WKH UHFWDQJXODU FDVHV �WKLV WRSLF LV
RXW RI VFRSH RI WKLV SDSHU��

� 0XOWLQRGH EDVHG VRXUFH VHSDUDWLRQ
0RWLYDWLQJ H[DPSOH� VSDUVLW\ RI UDQGRP EORFNV LQ WKH +DDU EDVLV� 7R SURYLGH LQWXLWLYH
LQVLJKW LQWR WKH SUDFWLFDO LPSOLFDWLRQV RI RXU PDLQ LGHD� ZH ¿UVW XVH �' EORFN IXQFWLRQV�
WKDW DUH SLHFHZLVH FRQVWDQW� ZLWK UDQGRP DPSOLWXGH DQG GXUDWLRQ RI HDFK FRQVWDQW SLHFH
�)LJXUH ��� ,W LV NQRZQ� WKDW WKH +DDU ZDYHOHW EDVLV SURYLGHV FRPSDFW UHSUHVHQWDWLRQ RI VXFK
IXQFWLRQV� /HW XV WDNH D FORVH ORRN DW WKH +DDU ZDYHOHW FRHI¿FLHQWV DW GLIIHUHQW UHVROXWLRQ
OHYHOV M ��������-� :DYHOHW EDVLV IXQFWLRQV DW WKH ¿QHVW UHVROXWLRQ OHYHO M - DUH REWDLQHG
E\ WUDQVODWLRQ RI WKH +DDU PRWKHU ZDYHOHW� *+w, @ i4> LI w 5 ^3> 4,> �4> LI w 5 ^4> 5,> 3
RWKHUZLVHj� 7DNLQJ WKH VFDODU SURGXFW RI D IXQFWLRQ v+w, ZLWK WKH ZDYHOHW * � +w � �,� ZH
SURGXFH D ¿QLWH GLIIHUHQWLDWLRQ RI WKH IXQFWLRQ v+w, DW WKH SRLQW w @ � � 7KLV PHDQV WKDW WKH
QXPEHU RI QRQ�]HUR FRHI¿FLHQWV DW WKH ¿QHVW UHVROXWLRQ IRU D EORFN IXQFWLRQ ZLOO FRUUHVSRQG
URXJKO\ WR WKH QXPEHU RI MXPSV RI WKLV IXQFWLRQ� 3URFHHGLQJ WR WKH QH[W� FRDUVHU UHVROXWLRQ
OHYHO� ZH KDYH * �

�
� +w, @ i4> LI w 5 ^3> 5,> �4> LI w 5 ^5> 7,> 3 RWKHUZLVHj� $W WKLV OHYHO�

WKH QXPEHU RI QRQ�]HUR FRHI¿FLHQWV VWLOO FRUUHVSRQGV WR WKH QXPEHU RI MXPSV� EXW WKH WRWDO
QXPEHU RI FRHI¿FLHQWV DW WKLV OHYHO LV KDOYHG� DQG VR LV WKH VSDUVLW\� ,I ZH IXUWKHU SURFHHG
WR FRDUVHU UHVROXWLRQV� ZH ZLOO HQFRXQWHU OHYHOV ZKHUH WKH VXSSRUW RI D ZDYHOHW * � +w, LV
FRPSDUDEOH WR WKH W\SLFDO GLVWDQFH EHWZHHQ MXPSV LQ WKH IXQFWLRQ v+w,� ,Q WKLV FDVH� PRVW
RI WKH FRHI¿FLHQWV DUH H[SHFWHG WR EH QRQ]HUR� DQG� WKHUHIRUH� VSDUVLW\ ZLOO IDGH DZD\�
7R GHPRQVWUDWH KRZ WKLV LQÀXHQFHV DFFXUDF\ RI D EOLQG VRXUFH VHSDUDWLRQ� ZH UDQGRPO\
JHQHUDWHG WZR EORFN�VLJQDO VRXUFHV �)LJXUH �� WZR XSSHU SORWV��� DQG PL[HG WKHP E\ WKH



FURVVWDON PDWUL[ D ZLWK FROXPQV >���� �����@ DQG >���� ����@� 5HVXOWLQJ VHQVRU VLJQDOV�
RU PL[WXUHV� { � +w, DQG { 	 +w, DUH VKRZQ LQ WKH WZR ORZHU SORWV RI )LJXUH �� 7KH VFDWWHU
SORW RI { � +w, YHUVXV { 	 +w, GRHV QRW H[KLELW DQ\ YLVLEOH GLVWLQFW RULHQWDWLRQV �)LJXUH �� OHIW��
6LPLODUO\� LQ WKH VFDWWHU SORW RI WKH ZDYHOHW FRHI¿FLHQWV DW WKH ORZHVW UHVROXWLRQ GLVWLQFW
RULHQWDWLRQV DUH KDUGO\ GHWHFWDEOH �)LJXUH �� PLGGOH�� ,Q FRQWUDVW� WKH VFDWWHU SORW RI WKH
ZDYHOHW FRHI¿FLHQWV DW WKH KLJKHVW UHVROXWLRQ �)LJXUH �� ULJKW� GHSLFWV WZR GLVWLQFW RULHQWD�
WLRQV� ZKLFK FRUUHVSRQG WR WKH FROXPQV RI WKH PL[LQJ PDWUL[�

5DZ VLJQDOV $OO ZDYHOHW +LJK UHVROXWLRQ
FRHI¿FLHQWV :7 FRHI¿FLHQWV

� � � � � � � � � �� �
� �
� �
�
�
�
�

� � � � � � 	 � � �� �
� �
� �
	
�
�
�


 � 
 � 
 
 � 
 � �
 �

 �

 

�


�
�

,QIR0D[ ���� ����� �����
)&0 ���� ����� �����

)LJXUH �� 6HSDUDWLRQ RI EORFN VLJQDOV� VFDWWHU SORWV RI VHQVRU VLJQDOV �OHIW�� DQG RI WKHLU
ZDYHOHW FRHI¿FLHQWV �PLGGOH DQG ULJKW�� /RZHU FROXPQV SUHVHQW WKH QRUPDOL]HG PHDQ�
VTXDUHG VHSDUDWLRQ HUURU ��� FRUUHVSRQGLQJ WR WKH %HOO�6HMQRZVNL ,QIR0D[� DQG WR WKH
)X]]\ &�0HDQV FOXVWHULQJ� UHVSHFWLYHO\�

6LQFH D FURVVWDON PDWUL[D LV HVWLPDWHG RQO\ XS WR D FROXPQ SHUPXWDWLRQ DQG D VFDOLQJ IDF�
WRU� LQ RUGHU WR PHDVXUH WKH VHSDUDWLRQ DFFXUDF\� ZH QRUPDOL]H WKH RULJLQDO VRXUFHV v � +w,
DQG WKHLU FRUUHVSRQGLQJ HVWLPDWHG VRXUFHV �v � +w,= 7KH DYHUDJHG �RYHU VRXUFHV� QRUPDO�
L]HG VTXDUHG HUURU �16(� LV WKHQ FRPSXWHG DV� QVH @ �
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�
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5HVXOWLQJ VHSDUDWLRQ HUURUV IRU EORFN VRXUFHV DUH SUHVHQWHG LQ WKH ORZHU SDUW RI )LJXUH ��
7KH ODUJHVW HUURU ������� LV REWDLQHG RQ WKH UDZ GDWD� DQG WKH VPDOOHVW �?������� ± RQ
WKH ZDYHOHW FRHI¿FLHQWV DW WKH KLJKHVW UHVROXWLRQ� ZKLFK KDYH WKH EHVW VSDUVLW\� 8VLQJ DOO
ZDYHOHW FRHI¿FLHQWV \LHOGV LQWHUPHGLDWH VSDUVLW\ DQG SHUIRUPDQFH�
0XOWLQRGH UHSUHVHQWDWLRQ� 2XU FKRLFH RI D SDUWLFXODU ZDYHOHW EDVLV DQG RI WKH VSDUVHVW
VXEVHW RI FRHI¿FLHQWV ZDV REYLRXV LQ WKH DERYH H[DPSOH� LW ZDV EDVHG RQ NQRZOHGJH RI WKH
VWUXFWXUH RI SLHFHZLVH FRQVWDQW VLJQDOV� )RU VRXUFHV KDYLQJ RVFLOODWRU\ FRPSRQHQWV �OLNH
VRXQGV RU LPDJHV ZLWK WH[WXUHV�� RWKHU V\VWHPV RI EDVLV IXQFWLRQV� VXFK DV ZDYHOHW SDFNHWV
DQG WULJRQRPHWULF IXQFWLRQ OLEUDULHV >�@� PLJKW EH PRUH DSSURSULDWH� 7KH ZDYHOHW SDFNHW
OLEUDU\ FRQVLVWV RI WKH WULSOH�LQGH[HG IDPLO\ RI IXQFWLRQV� *� � � � � +w, @ 5 ��� 	 * � +5 � w�l,> m> l 5
]> t 5 Q>ZKHUH m> l DUH WKH VFDOH DQG VKLIW SDUDPHWHUV� UHVSHFWLYHO\� DQG t LV WKH IUHTXHQF\
SDUDPHWHU� >5RXJKO\ VSHDNLQJ� t LV SURSRUWLRQDO WR WKH QXPEHU RI RVFLOODWLRQV RI D PRWKHU
ZDYHOHW * � +w,@� 7KHVH IXQFWLRQV IRUP D ELQDU\ WUHH ZKRVH QRGHV DUH LQGH[HG E\ WKH GHSWK
RI WKH OHYHO m DQG WKH QRGH QXPEHU t @ 3> 4> 5> 6> ===> 5�

�
� DW WKH VSHFL¿HG OHYHO m� 7KLV

VDPH LQGH[LQJ LV XVHG IRU FRUUHVSRQGLQJ VXEVHWV RI ZDYHOHW SDFNHW FRHI¿FLHQWV �DV ZHOO DV
LQ VFDWWHU GLDJUDPV LQ WKH VHFWLRQ RQ H[SHULPHQWDO UHVXOWV��
$GDSWLYH VHOHFWLRQ RI VSDUVH VXEVHWV� :KHQ VLJQDOV KDYH D FRPSOH[ QDWXUH� LW LV GLI¿FXOW
WR GHFLGH LQ DGYDQFH ZKLFK QRGHV FRQWDLQ WKH VSDUVHVW VHWV RI FRHI¿FLHQWV� 7KDW LV ZK\ ZH
XVH WKH IROORZLQJ VLPSOH DGDSWLYH DSSURDFK� )LUVW� IRU HYHU\ QRGH RI WKH WUHH� ZH DSSO\ RXU
FOXVWHULQJ DOJRULWKP� DQG FRPSXWH D PHDVXUH RI FOXVWHUV¶ GLVWRUWLRQ� ,Q RXU H[SHULPHQWV ZH
XVHG D VWDQGDUG JOREDO GLVWRUWLRQ� WKH PHDQ VTXDUHG GLVWDQFH RI GDWD SRLQWV WR WKH FHQWHUV RI
WKHLU RZQ �FORVHVW� FOXVWHUV �KHUH DJDLQ� WKH ZHLJKWV RI WKH GDWD SRLQWV FDQ EH LQFRUSRUDWHG��
G S

�
� � � plq

�
n x � �| � n>ZKHUHN LV WKH QXPEHU RI GDWD SRLQWV� x � LV WKH P�WK FHQWURLG

FRRUGLQDWHV� | � LV WKH N�WK GDWD SRLQW FRRUGLQDWHV� DQG n=n LV WKH VXP�RI�VTXDUHV GLVWDQFH�



6HFRQG� ZH FKRRVH D IHZ EHVW QRGHV ZLWK WKH PLQLPDO GLVWRUWLRQ� FRPELQH WKHLU FRHI¿FLHQWV
LQWR RQH GDWD VHW� DQG DSSO\ D VHSDUDWLRQ DOJRULWKP �FOXVWHULQJ RU ,QIRPD[� WR WKHVH GDWD�

� ([SHULPHQWDO UHVXOWV
7KH SURSRVHG EOLQG VHSDUDWLRQ PHWKRG EDVHG RQ WKH ZDYHOHW�SDFNHW UHSUHVHQWDWLRQ� ZDV
HYDOXDWHG E\ XVLQJ VHYHUDO W\SHV RI VLJQDOV� :H KDYH DOUHDG\ GLVFXVVHG WKH UHODWLYHO\ VLPSOH
H[DPSOH RI D UDQGRP EORFN VLJQDO� 7KH VHFRQG W\SH RI VLJQDO LV D IUHTXHQF\ PRGXODWHG
�)0� VLQXVRLGDO VLJQDO� 7KH FDUULHU IUHTXHQF\ LV PRGXODWHG E\ HLWKHU D VLQXVRLGDO IXQFWLRQ
�)0 VLJQDO� RU E\ UDQGRP EORFNV �%)0 VLJQDO�� 7KH WKLUG W\SH LV D PXVLFDO UHFRUGLQJ RI
ÀXWH VRXQGV� )LQDOO\� ZH DSSO\ RXU DOJRULWKP WR LPDJHV� $Q H[DPSOH RI VXFK LPDJHV LV
SUHVHQWHG LQ WKH OHIW SDUW RI )LJXUH ��

)LJXUH �� /HIW� WZR VRXUFH LPDJHV �XSSHU SDLU�� WKHLU PL[WXUHV �PLGGOH SDLU� DQG HVWLPDWHG
LPDJHV �ORZHU SDLU�� 5LJKW� VFDWWHU SORWV RI WKH ZDYHOHW SDFNHW �:3� FRHI¿FLHQWV RIPL[WXUHV
RI LPDJHV� VXEVHWV DUH LQGH[HG RQ WKH :3 WUHH�
,Q RUGHU WR FRPSDUH DFFXUDF\ RI RXU DGDSWLYH EHVW QRGHV PHWKRG ZLWK WKDW DWWDLQDEOH E\
VWDQGDUG PHWKRGV� ZH IRUP WKH IROORZLQJ IHDWXUH VHWV� ��� UDZ GDWD� ��� 6KRUW 7LPH )RXULHU
7UDQVIRUP �67)7� FRHI¿FLHQWV �LQ WKH FDVH RI �' VLJQDOV�� ��� :DYHOHW 7UDQVIRUP FRHI¿�
FLHQWV ��� :DYHOHW SDFNHW FRHI¿FLHQWV DW WKH EHVW QRGHV IRXQG E\ RXU PHWKRG� ZKLOH XVLQJ
YDULRXV ZDYHOHW IDPLOLHV ZLWK GLIIHUHQW VPRRWKQHVV �KDDU� GE��� GE���� ,Q WKH FDVH RI LPDJH
VHSDUDWLRQ� ZH XVHG WKH 'LVFUHWH &RVLQH 7UDQVIRUP �'&7� LQVWHDG RI WKH 67)7� DQG WKH
V\P� DQG V\P� PRWKHU ZDYHOHW LQVWHDG RI GE�� DQG GE��� ZKHQ XVLQJ ZDYHOHW WUDQVIRUP
DQG ZDYHOHW SDFNHWV�
7KH ULJKW SDUW RI )LJXUH � SUHVHQWV DQ H[DPSOH RI VFDWWHU SORWV RI WKH ZDYHOHW SDFNHW FR�
HI¿FLHQWV REWDLQHG DW YDULRXV QRGHV RI WKH ZDYHOHW SDFNHW WUHH� 7KH XSSHU OHIW VFDWWHU SORW�
PDUNHG ZLWK ¶&¶� FRUUHVSRQGV WR WKH FRPSOHWH VHW RI FRHI¿FLHQWV DW DOO QRGHV� 7KH UHVW DUH
WKH VFDWWHU SORWV RI VHWV RI FRHI¿FLHQWV LQGH[HG RQ D ZDYHOHW SDFNHW WUHH� *HQHUDOO\ VSHDN�
LQJ� WKH PRUH GLVWLQFW WKH WZR GRPLQDQW RULHQWDWLRQV DSSHDU RQ WKHVH SORWV� WKH PRUH SUHFLVH



LV WKH HVWLPDWLRQ RI WKH PL[LQJ PDWUL[� DQG� WKHUHIRUH� WKH EHWWHU LV WKH TXDOLW\ RI VHSDUDWLRQ�
1RWH� WKDW RQO\ WZR QRGHV� F 	 	 DQG F 	�� � VKRZ FOHDU RULHQWDWLRQV� 7KHVH QRGHV ZLOO PRVW
OLNHO\ EH VHOHFWHG E\ WKH DOJRULWKP IRU IXUWKHU HVWLPDWLRQ SURFHVV�

6LJQDOV UDZ 67)7 :7 :7 :3 :3
GDWD GE� KDDU GE� KDDU

%ORFNV ����� ����� ����� ����� ����� �����
%)0 VLQH ����� ����� ����� ���� ��� �����
)0 VLQH ����� ���� ����� ����� ����� �����
)OXWHV ���� ����� ����� ����� ����� �����

UDZ '&7 :7 :7 :3 :3
,PDJHV GDWD V\P� KDDU V\P� KDDU

���� ����� ����� ����� ����� �����
7DEOH �� ([SHULPHQWDO UHVXOWV� QRUPDOL]HG PHDQ�VTXDUHG VHSDUDWLRQ HUURU ��� IRU QRLVH�
IUHH VLJQDOV DQG LPDJHV� DSSO\LQJ WKH )&0 VHSDUDWLRQ WR UDZ GDWD DQG GHFRPSRVLWLRQ FRHI�
¿FLHQWV LQ YDULRXV GRPDLQV� ,Q WKH FDVH RI ZDYHOHW SDFNHWV �:3� WKH EHVW QRGHV VHOHFWHG E\
RXU DOJRULWKP ZHUH XVHG�

7DEOH � VXPPDUL]HV UHVXOWV RI H[SHULPHQWV LQ ZKLFK ZH DSSOLHG RXU DSSURDFK RI WKH EHVW
IHDWXUHV VHOHFWLRQ DORQJ ZLWK WKH )&0 VHSDUDWLRQ WR HDFK QRLVH�IUHH IHDWXUH VHW� ,Q WKHVH
H[SHULPHQWV� ZH FRPSDUHG WKH TXDOLW\ RI VHSDUDWLRQ RI GHWHUPLQLVWLF VLJQDOV E\ FDOFXODWLQJ
QVH¶V �L�H�� UHVLGXDO FURVVWDON HUURUV�� ,Q WKH FDVH RI UDQGRP EORFN DQG %)0 VLJQDOV� ZH
SHUIRUPHG ��� 0RQWH�&DUOR VLPXODWLRQV DQG FDOFXODWHG WKH QRUPDOL]HG PHDQ�VTXDUHG HU�
URUV �QPVH� IRU WKH DERYH IHDWXUH VHWV� )URP 7DEOH � LW LV FOHDU WKDW XVLQJ RXU DGDSWLYH
EHVW QRGHV PHWKRG RXWSHUIRUPV DOO RWKHU IHDWXUH VHWV �LQFOXGLQJ FRPSOHWH VHW RI ZDYHOHW
FRHI¿FLHQWV�� IRU HDFK W\SH RI VLJQDOV� 6LPLODU LPSURYHPHQW ZDV DFKLHYHG E\ XVLQJ RXU
PHWKRG DORQJ ZLWK WKH %6 ,QIR0D[ VHSDUDWLRQ� ZKLFK SURYLGHG HYHQ EHWWHU UHVXOWV IRU LP�
DJHV� ,Q WKH FDVH RI WKH UDQGRP EORFN VLJQDOV� XVLQJ WKH +DDU ZDYHOHW IXQFWLRQ IRU WKH
ZDYHOHW SDFNHW UHSUHVHQWDWLRQ \LHOGV D EHWWHU VHSDUDWLRQ WKDQ XVLQJ VRPH VPRRWK ZDYHOHW�
H�J� GE��� 7KH UHDVRQ LV WKDW WKHVH EORFN VLJQDOV� WKDW DUH QRW QDWXUDO VLJQDOV� KDYH D VSDUVHU
UHSUHVHQWDWLRQ LQ WKH FDVH RI WKH +DDU ZDYHOHWV� ,Q FRQWUDVW� DV H[SHFWHG� QDWXUDO VLJQDOV
VXFK DV WKH )OXWH¶V VLJQDOV DUH EHWWHU UHSUHVHQWHG E\ VPRRWK ZDYHOHWV� WKDW LQ WXUQ SURYLGH
D EHWWHU VHSDUDWLRQ� 7KLV LV DQRWKHU DGYDQWDJH RI XVLQJ VHWV RI IHDWXUHV DW PXOWLSOH QRGHV
DORQJ ZLWK YDULRXV IDPLOLHV RI ¶PRWKHU¶ IXQFWLRQV� RQH FDQ FKRRVH EHVW QRGHV IURP VHYHUDO
GHFRPSRVLWLRQ WUHHV VLPXOWDQHRXVO\�
,Q RUGHU WR YHULI\ WKH SHUIRUPDQFH RI RXU PHWKRG LQ SUHVHQFH RI QRLVH� ZH DGGHG YDULRXV
W\SHV RI QRLVH �ZKLWH JDXVVLDQ DQG VDOW	SHSSHU� WR WKUHH PL[WXUHV RI WKUHH LPDJHV DW YDULRXV
VLJQDO�WR�QRLVH HQHUJ\ UDWLRV �615�� 7DEOH � VXPPDUL]HV WKHVH H[SHULPHQWV LQ ZKLFK ZH
DSSOLHG RXU DSSURDFK DORQJ ZLWK WKH %6 ,QIR0D[ VHSDUDWLRQ� ,W WXUQV RXW WKDW WKH LGHDV
XVHG LQ ZDYHOHW EDVHG VLJQDO GHQRLVLQJ �VHH IRU H[DPSOH >��@ DQG UHIHUHQFHV WKHUHLQ�� DUH
DSSOLHG WR VLJQDO VHSDUDWLRQ IURP QRLV\ PL[WXUHV� ,Q SDUWLFXODU� LQ FDVH RI ZKLWH JDXVVLDQ
QRLVH� WKH QRLVH HQHUJ\ LV XQLIRUPO\ GLVWULEXWHG RYHU DOO ZDYHOHW FRHI¿FLHQWV DW YDULRXV
VFDOHV� 7KHUHIRUH� DW VXI¿FLHQWO\ KLJK 615¶V� WKH ODUJH FRHI¿FLHQWV RI WKH VLJQDOV DUH RQO\
VOLJKWO\ GLVWRUWHG E\ WKH QRLVH FRHI¿FLHQWV� DQG WKH HVWLPDWLRQ RI WKH XQPL[LQJ PDWUL[ LV
DOPRVW QRW DIIHFWHG E\ WKH SUHVHQFH RI QRLVH� �,Q FRQWUDVW� WKH %6 ,QIR0D[ DSSOLHG WR
WKUHH QRLV\ PL[WXUHV WKHPVHOYHV� IDLOHG FRPSOHWHO\� DUULYLQJ DW QVH RI ��� HYHQ LQ WKH
FDVH RI 615 ��G%�� :H VKRXOG VWUHVV KHUH WKDW� DOWKRXJK RXU DGDSWLYH EHVW QRGHV PHWKRG
SHUIRUPV UHDVRQDEO\ ZHOO LQ WKH SUHVHQFH RI QRLVH� LW LV QRW VXSSRVHG WR IXUWKHU GHQRLVH WKH
UHFRQVWUXFWHG LPDJHV �WKLV FDQ EH DFKLHYHG E\ VRPH GHQRLVLQJ PHWKRG� DIWHU VRXUFH VLJQDOV
DUH VHSDUDWHG�� 0RUH H[SHULPHQWDO UHVXOWV� DV ZHOO DV SDUDPHWHUV RI VLPXODWLRQV� FDQ EH
IRXQG LQ >��@�



615 >G%@ " �2 �� �f H
0L[WXUHV Z� ZKLWH JDXVVLDQ QRLVH ����� ����� ����� ����� �����
0L[WXUHV Z� VDOW	SHSSHU QRLVH ����� ����� ����� ����� �����

7DEOH �� 3HUIRUPDQFH RI WKH DOJRULWKP LQ SUHVHQFH RI YDULRXV VRXUFHV RI QRLVH LQ PL[WXUHV
RI LPDJHV� QRUPDOL]HG PHDQ�VTXDUHG VHSDUDWLRQ HUURU ���� DSSO\LQJ RXU DGDSWLYH DSSURDFK
DORQJ ZLWK WKH %6 ,QIR0D[ VHSDUDWLRQ�

� &RQFOXVLRQV
([SHULPHQWV ZLWK ERWK RQH� DQG WZR�GLPHQVLRQDO VLPXODWHG DQG QDWXUDO VLJQDOV GHPRQ�
VWUDWH WKDW PXOWLQRGH VSDUVH UHSUHVHQWDWLRQV LPSURYH WKH HI¿FLHQF\ RI EOLQG VRXUFH VHSDUD�
WLRQ� 7KH SURSRVHG PHWKRG LPSURYHV WKH VHSDUDWLRQ TXDOLW\ E\ XWLOL]LQJ WKH VWUXFWXUH RI
VLJQDOV� ZKHUHLQ VHYHUDO VXEVHWV RI WKH ZDYHOHW SDFNHW FRHI¿FLHQWV KDYH VLJQL¿FDQWO\ EHWWHU
VSDUVLW\ DQG VHSDUDELOLW\ WKDQ RWKHUV� ,Q WKLV FDVH� VFDWWHU SORWV RI WKHVH FRHI¿FLHQWV VKRZ
GLVWLQFW RULHQWDWLRQV HDFK RI ZKLFK VSHFL¿HV D FROXPQ RI WKH PL[LQJ PDWUL[� :H FKRRVH
WKH ¶JRRG VXEVHWV¶ DFFRUGLQJ WR WKH JOREDO GLVWRUWLRQ DGRSWHG DV D PHDVXUH RI FOXVWHU TXDO�
LW\� )LQDOO\� ZH FRPELQH WRJHWKHU FRHI¿FLHQWV IURP WKH EHVW FKRVHQ VXEVHWV DQG UHVWRUH
WKH PL[LQJ PDWUL[ XVLQJ RQO\ WKLV QHZ VXEVHW RI FRHI¿FLHQWV E\ WKH ,QIRPD[ DOJRULWKP RU
FOXVWHULQJ� 7KLV \LHOGV VLJQL¿FDQWO\ EHWWHU UHVXOWV WKDQ WKRVH REWDLQHG E\ DSSO\LQJ VWDQGDUG
,QIRPD[ DQG FOXVWHULQJ DSSURDFKHV GLUHFWO\ WR WKH UDZ GDWD� 7KH DGYDQWDJH RI RXU PHWKRG
LV LQ SDUWLFXODU QRWLFHDEOH LQ WKH FDVH RI QRLV\ PL[WXUHV�
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>�@ 0� =LEXOHYVN\ DQG %� $� 3HDUOPXWWHU� ³%OLQG VHSDUDWLRQ RI VRXUFHV ZLWK VSDUVH UHSUH�
VHQWDWLRQV LQ D JLYHQ VLJQDO GLFWLRQDU\�́ 1HXUDO &RPSXWDWLRQ� YRO� ��� QR� �� SS� ���±
���� �����

>�@ -��)� &DUGRVR� ³,QIRPD[ DQG PD[LPXP OLNHOLKRRG IRU EOLQG VHSDUDWLRQ�́ ,((( 6LJQDO
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>�@ 0� 6� /HZLFNL DQG 7� -� 6HMQRZVNL� ³/HDUQLQJ RYHUFRPSOHWH UHSUHVHQWDWLRQV�́ 1HXUDO
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>�@ 6� $PDUL� $� &LFKRFNL� DQG +� +� <DQJ� ³$ QHZ OHDUQLQJ DOJRULWKP IRU EOLQG VLJQDO
VHSDUDWLRQ�́ ,Q $GYDQFHV LQ 1HXUDO ,QIRUPDWLRQ 3URFHVVLQJ 6\VWHPV �� 0,7 3UHVV�
�����

>�@ 6� 0DNHLJ� ,&$�((* WRROER[� &RPSXWDWLRQDO 1HXURELRORJ\ /DERUDWRU\� WKH 6DON
,QVWLWXWH� KWWS���ZZZ�FQO�VDON�HGX�×WHZRQ�LFDBFQO�KWPO� �����

>�@ $� 3ULHWR� &� *� 3XQWRQHW� DQG %� 3ULHWR� ³$ QHXUDO DOJRULWKP IRU EOLQG VHSDUDWLRQ RI
VRXUFHV EDVHG RQ JHRPHWULF SUSHUWLHV��́ 6LJQDO 3URFHVVLQJ� YRO� ��� QR� �� SS� ���±����
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>��@ '� /� 'RQRKR� ³'H�1RLVLQJ E\ 6RIW 7KUHVKROGLQJ�� ,((( 7UDQV� ,QI� 7KHRU\� YRO� ���
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