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j�JWVN^BVPG9C0^_V`C0E[V`X�RrLSM�C�iWE�T4TBJ[V¤E�iWXd�fVN^�CUG®MPC0EWEWV:M¹T_VNZ±MPC0X��6C0EWVNE�Tl@4��LSMPC0X��Wi,T_<DEWmFTBJ[V
VP<?m0VNE�>0VNM�TBC�^_@�C0G.Z�MPC0^_^BV:@]�6C0EfZ,<DE[m%TBC±VN<Dm�VPE�>.RUb?iWVq?WOnR0E[ZÏM�C�iWE�TB<?EWm�T_JWV$E�iWXd�fVN^���CUG
TBJ[C�@BV�>0VNM�TBC�^_@�	U½Y¨YJ[C�@BVªM�C0X��6C0EWVNE�T_@�T_R0Ì0V�G9VN¨ ZW<?@_M�^_V�T_V¤>.R0bDiWV:@ª�7@BVPVFÕk<?m0i[^BV�����­F�®R0MlJ
<?E[Z,V/� B�X�RrLª�6V�R0@_@]<?m0EWV:Z�T_CªRdm�^BC�iW�$��L�M�b?i[@gT_VP^_<DE[m¤�fR0@BVNZFC0EFTBJWV�>.RUb?iWV�CUG�	 $��p`�`p`���	��d­



2 3 4 5 6 7 8 9 10
10

7

10
 6

10
 5

10
 4

10
 3

0.06 0.04 0.02 0 0.02 0.04 0.06
 0.06

 0.04

 0.02

0

0.02

0.04

0.06

Õ�<Dm�iW^_V�� ���1��VPGzTl��\ @_RUX��Wb?V�G9^_C0X RFZWR.TlR$@BV�T�CUG 	U5dp~?�? ?WO � ?���L�� ?ªm0^lRrL�@_MPR0bDV�<?X�RUm�VN@NO
VNR�MlJÎC0EWVªTBJWC�iWm0J�T¤R�@`R±�fC�<DE�Td<?E�RÎp
��? ?�Z,<DX�VNE[@]<?C0EfRUbK>�VNM�TBC0^¤@]�fR0M�V�­SceEÏV:R0MlJÎ<?X�R0m0V�O
R%@]b?<?m0J�TBb?LS�Wb?iW^_^BV:Z±b?<DE[V�@BVP�fRU^lR.TBV:@�R�Z[RU^_Ì�G9^BC�X R��W^_<Dm�J�T��6C0^BTB<?C0E�­�j�JWV�C�^B<?VPE�T_RUTB<?C0E°CUG
TBJ[V¤b?<?EWV�RUE[Z°<hTl@�Z,<A@gTlRUE[MPV`G9^_C0X T_JWV�M�VNE�T_VP^�CUG®TBJWV�<?X�RUm0V�RU^_V¤>rR0^B<ARU�[bDV�­$�7Q�<AZWZ,b?V:��j�J[V
EWC�E,¥40NVP^_C�VP<?m0VPE�>.RUb?iWV:@ICUG�QÎ­0�k����<A@��6VP^BG9C0^_X¤V:Z¤¨Y<hT_J��G5�q ?W­kj�JWV=q.EfZ¤R0E[Z�ÐU^lZ¤@]X�RUb?b?VN@]T
VP<?m0VNE�>rR0bDi[VN@4R0^BV�C0GK@]X�R0bDb?VP^�@]<10PV`TBJ[R0E�TBJWVdCUT_JWVP^l@POfm0<?>�<DEWmFRUESiW�[�fVN^=�6C0iWEfZ�CUG®q�C�E�TBJ[V
<?E�T_^B<?E[@B<?M=Z,<?X¤VNE[@B<DC�E$CUGÈT_JWV�ZWR.TlR`@BV�TN­Y�1§Y<Dm�J�Tl�®j�JWV�q.¥�ZW<DX�VPEf@]<?C0E[R0bf�k���Ï^_VP�[^BV:@]VNE�TlR.T_<DC�E�­
j�JWV}�6C0bARU^ M�C�C0^lZ,<?E[R.T_VN@NO0R.GzT_VP^®^BV:@BMNRUb?<DEWmfO0RU^_VYT_JWV4Z,<A@gTlRUE[MPV}CUGÈT_JWV4Z,<?>�<?ZW<DEWm`bD<?EWV}G9^_C0X TBJ[V
M�VNE�TBVP^}R0E[ZF<hTl@YC0^_<DVNE�T_R.T_<DC�E�­
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Õ�<Dm�iW^_V±s��±j�JWVSZ[R.T_RÎ@BV�Tª<A@ªR0E[RUb?C0m�C0i[@dTBC�T_JWVSC�EWV�i[@BVNZ"RU�6C.>0VÎ��	 5dpp? ?�?WO � ?���L � ?
m0^lRrL,@BMNRUb?V}<?X�R0m0V:@PO,���k���6VP^BG9C0^_X�VNZ$¨Y<hT_J��G5�q�?��¹­Ij�JWV�C0^_<?VPE�T_RUTB<?C0EªC0G�TBJWV�b?<DE[V�ZW<D>�<AZ,<DE[m
TBJ[V ZWR0^BÌ=G9^_C0XÊTBJWV®�W^_<Dm�J�T��fC�^]T_<DC�E�<?@kEWC.¨ÎC�EWbDL�R0bDb?C.¨®V:Z=TBC�>rR0^BL�<?E�Tg¨®C�Z,<A@��gC�<DE�Tk<?E�TBVN^B>.RUbA@N­
�7QS<?ZWZWbDVr�4j�JWV¤EWC�E,¥40NVP^_CªVP<?m0VNE�>rR0bDi[VN@}C0G®QÎ­I�7��V�GzT�RUE[Z°§Y<Dm�J�Tl�}j�J[V¤Ð0^_ZSR0E[Z±s.TBJ��7^BV:@]��­
�UT_JdR0E[Z �UTBJf��VP<?m0VNE�>0VNM�TBC�^_@�CUG6Q RU^_V®if@]V:Z�G9C0^�T_JWVY�����±^BVN�W^_VN@BVPE�T_RUTB<?C0E�C0GWTBJWV Å[^l@]T��7^BV:@]��­
TBJ[V�@]V:M�C0EfZ[����¥�MPC0X��fC�EWVPE�T:­
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1st, 2nd and 3rd eigenvalues

4th, 5th and 6th eigenvalues

Õ�<Dm�iW^_V � ���1��VPGzTl� j�JWV�b?R�@gTY@B<��ªVN<Dm�VPE�>0V:M¹TBC�^_@KCUG Z G9C0^ TBJWV��W^_C0Ì�VPEª�fRU^lRU�6C0bAR�CUGIÕk<?m0i[^BVdp
@BJWC.¨YE�ONTBC0��T_C}�6CUT]T_C0X%Or<DE�^_VP>�VP^l@]VIC�^_Z,VN^�CUG,X�RUm�EW<DTBi[Z,VKCUG�TBJWV®M�C0^_^_VN@B�fC�E[Z,<?EWm�VP<?m0VPE�>.RUb?iWV�­
j�JWV � RI�,<A@=<A@�R0@_@BC�MP<?RUTBV:Z�TBCFTBJ[V¤<?E[Z,V�� Bl­��1§Y<?m0J�Tl��j�JWV�VP<?m0VNE�>rR0bDi[VN@=CUGKT_JWV�@BR0X�V%�7bDC�m@_MPRUb?V:��­ 	4CUT_<?MPV}TBJfR.TKT_JWV4bAR0@]T @B<#��R0^BV}�[^_R�M¹TB<AMPR0bDb?L 0PVP^_C[­Ij�JWV=VP<?m0VPE�>�VNM¹T_C0^l@nM�C�^B^_VN@B�fC�E[Z,<?EWm
TBCdTBJ[V4T_JW^BVNV=bAR0@]T®VN<Dm�VPE�>.RUb?iWVN@®J[Rr>�V=Z,<A@BMP^BVPTBV=>rR0bDi[VN@®<DE[ZW<?MNR.TB<?EWmdTBJ[RUT®T_JWV�ZWR.TlR`<A@�@]�Wb?<DT <?E
TBJ[^BVNV�m0^_C0iW�f@P­Kj�J[VP^_V`RU^_V � 5 � 0NVP^_CU¥�VP<?m0VPE�>.RUb?iWV:@®<?E[Z,<AMPRUTB<?EWm�TBJfR.T}T_JWV`Z,<?X�VPE[@B<DC�E�CUGITBJ[V
ZWRUT_R¤<?@4Â�� ����� ;Öp	5�p�­

ceE�T_JWV�\}�W�6VPE[ZW<��$�1\=�k¨®V @]J[C.¨°T_J[R.Tn@Bi[MlJ`R}�[^BC,M�V:@B@k<A@�^_C0�Wif@gT�¨Y<hT_J`^_VN@B�fV:M¹T�TBC4E�iWX�VN^B<AMPR0b
EWC�<?@BV0­Ic�T}<A@ R0b?@BC¤^BC��Wi[@]T T_C�@]X�RUb?bÈ�6VP^BTBiW^_�[R.T_<DC�E[@ CUGkTBJWV��Wb?C,MlÌ�¥eZ,<ARUm�C0E[R0b6@]TB^_i[M¹T_iW^_V=C0G Z
�7@BVPV�Õ�<Dm�iW^_V��U��­kj�JW<A@�X�RUÌ0V:@�T_JWV i[@]V®CUGf�k���SG9C0^�m0^_C0iW�W<?EWm=�WiW^_�fC�@]V:@�M�C�E�>0VPE[<DVNE�T:­�©�J[C0iWbAZ
TBJ[V ��¥�MPC0EWEWV:M¹T_VNZ`MPC0X��6C0EWVNE�Tl@I�fVYMPC0X��Wb?V�TBVNbDLd@]VN�[RU^lR.T_VNZÈOrT_JWVY�[RU^BTB<DTB<?C0E¤¨ C0iWbAZ��6VYVNR�@]<?bDL
C0�WT_RU<?EWV:Z$>�<AR¤R�X�C�^BV�V/�ªM�<?VPE�T}m�^_R0�WJ,¥e@]V:RU^lMlJ$RUb?m0C�^B<DTBJWX%­
j�JWV��W^_C�CUG®<A@�MPR0^B^_<?VNZSC�i,T�G9C0^�C�^_Z,VN^BV:Z�<?E[Z,<AM�VN@`R0@�<DE�Õ�<Dmf­�ÐF�[i,T�<hT�<A@�<DE�>.RU^_<ARUE�T�i[E[Z,VP^
<?E[Z,V/���fVN^BXdi,T_RUTB<?C0E�­
j�JWV�RUEfRUb?L�@B<A@dC0G�HK^BC��fC�@]<DTB<?C0E#p%X�RrLÎ�6V�V/��TBVNE[Z,VNZ�TBC�T_JWV�Z,<DX�VNE[@]<?C0EÖCUG�VNR�MlJ C0G4TBJ[V
�¡m�^BC�iW�[@�R0MNM�C0^lZ,<?EWmFTBC�H�^_C0�6C�@B<hT_<DC�E�qW­ªj�JWVP^_V�G9C�^BV�O�<DE�T_JWV�<?ZWVNRUb�MNR0@BV0O�¨ V�¨Y<?bDbnÅfE[Z �0PVN^BC0¥ÒVN<Dm�VPE�>.RUb?iWVN@�CUGUZ ¨YJW<AMlJ�OnT_C0m�V�TBJ[VP^¤¨Y<hT_JÏTBJ[VFE�iWXd�fVN^ �¢C��,T_R0<DEWV:ZÎ��LÏM�C�iWE�TB<?EWm
TBJ[V`Z,<A@BMP^BVPTBV�¥�>.RUb?iWVNZFVP<?m0VNE�>0VNM�TBC�^_@ X�RrL$�6V�i[@BVNZFTBC�V:@gT_<DX�RUTBV�T_JWV�X�RI�,<DX�R0b�Âªi[@B<?EWm ���
���7ÂUc#p:��­�j�JW<A@��fVNJ[Rr>�<DC�^ X�RrLª�6V�C0�f@]VN^B>�VNZªV��,�fVN^B<?X�VPE�T_R0bDb?L0OW@BVPV�Õ�<?m0iW^_VN@ ��RUEfZ�sW­

� � µ ´ �P�B·4��¸gµ ´ �
¯�V4J[Rr>�VYV/�WRUX�<?EWVNZ¤Tg¨ C�Z,<#��MPiWbDTB<?VN@®CUGÈTBJ[V4��C,MPR0bDb?L���<?EWVNR0^K��Xd�fV:ZWZ,<?EWm�X�V�T_JWC,ZS« q.¬6R0E[Z
@BJWC.¨YEªT_J[R.T:O,<DE%R¤EWVP<?m0J��6C0^_JWC�C�ZªCUGk<AZ,V:RUbÈM�C�E[Z,<DTB<?C0E[@NO�TBJWVNLªX�RrL��fV�@BC0b?>0V:Zª��LªR�MPRU^_V�G9i[b
V/�WR0X C0GÑVN<Dm�VPE�>0V:M¹T_C0^l@ICUGÑTBJWV=X�R.TB^_<#�mZ TBJfR.T R0^BV}R�@B@BC,M�<AR.T_VNZdTBC�>�VP^_Ld@BX�RUb?b[VP<?m0VNE�>rR0bDi[VN@N­
Q�C�^BV @]�6VNMP<hÅfMNRUb?bDL��ÑT_JWV®E�iWXd�fVN^kC0G[m0^_C0i[�[@�<?E`¨YJW<AMlJ�T_JWV Z[R.T_R4<?@k�[R0^]T_<hT_<DC�EWVNZ�MPC0^_^BV:@]�6C0EfZW@
TBCSTBJWVFE�i[X`�6VP^`C0G4Z,<A@BMP^BVPTBV�¥�>.RUb?iWVNZ�VN<Dm�VPE�>0V:M¹TBC�^_@NO�¨YJ[<Db?V�TBJ[V$X�RI�,<?X�R0b®Z,<?X�VPE[@B<?C0EÏÂ°CUG
TBJ[Vdb?C.¨�¥�ZW<DX�VPEf@]<?C0E[R0b�VNX`�6VNZWZ,<?EWmFX�RrL%�6VdC��,T_R0<DE[VNZ���L�Z,<?>�<AZ,<?EWmªT_JWV¤E�i[X`�6VP^�CUGK@BX�R0bDb
VP<?m0VNE�>rR0bDi[VN@ ��L � RUEfZ�@BiW�,T_^_R�M¹T_<DEWm%p�­
� CUT_J�TBJWV}m�^BC�iW�[@nR0E[Z¤TBJWV4bDC.¨�¥eZ,<?X¤VNE[@B<DC�E[RUb,VNX`�6VNZWZ,<?EWm`MPC�C0^lZ,<DEfR.TBV:@nX�RrL`�6V4M�C�X��Wi,TBV:Z
G9^_C0X T_JWV�M�C�X¤�6C0E[VPE�T_@�C0GI@Bi[MlJ�VP<?m0VPE�>�VNM¹T_C0^l@P­
�=iW^�RUb?m0C�^B<DTBJWX�@4J[Rr>0V�X�R0<DEWb?L��6VPVPE±TBV:@gT_VNZ�C�E°@BL�E�T_JWV�T_<?MNRUb?bDL%m0VNEWVP^lR.T_VNZ�ZWRUT_R[­�Õ[iW^]T_JWVP^
<?E�>�VN@]TB<?m�RUTB<?C0E�C0E�^_VNRUb�ZWR.TlR}@]VPT_@�<?@ÈE[VNM�V:@B@_RU^_L4<?E�C0^lZ,VN^ÈTBCY>.RUb?<AZWR.T_V�C0iW^�TBJWVNC0^_V�TB<AMPR0b0^_VN@BiWbDT_@N­
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1st and 2nd eigenvalues

3rd and 4th eigenvalues

Õ�<Dm�iW^_V � �%�7��V�GzTl�¤qU; ;=RUT_R±¼�½=Z,<A@gT_^B<?�Wi,T_VNZÏR0bDC�EWmSR��W^_C0Ì�VPE��[RU^lRU�6C0bARW­ 	4VP>0VN^]T_JWVPb?VN@_@NO
G9C0^ �G5dp��[OUTBJWV}MPC0X��fC�EWVPE�Tl@�RU^_VYEWCUTKMPC0X��Wb?V�T_VPb?L ��¥eZ,<A@BMPC0EWEWV:M¹T_VNZ��7R�Z,<#tÑVP^_VPE�TK@]L�Xd�fC�bW<?@
i[@BVNZFG9C0^�T_JWV�EWVN<Dm�J��6C0^l@ CUG�TBJWV�b?V�GzT_X�C�@]T}�fC�<DE�T}C0EFTBJ[V�^B<?m0J�TBX�C�@gT}M�C�X��fC�EWVPE�Tl��­}�7§Y<?m0J�T¹�
j�JWV�@BV�T}CUG�VP<?m0VNE�>.R0bDiWV:@®G9C0^YQÎ­[\�@BV�TYCUGkTg¨®C�RUb?X�C�@]T]¥k0PVN^BC¤VP<?m0VNE�>.R0bDiWV:@�RUE[Z�Rd@BV�T}C0G�Tg¨ C
CUGn@BX�R0bDb�@B<10PV�RU^_V�>�<A@B<D�Wb?V0­
� � � � � ��´ � � �
«hpP¬�� ���}w rB�Wult O 	4VPiW^lRUb 	4V�Tg¨ C0^_Ì�@¤G9C�^ªHnR.TBTBVP^_E"§YVNMPC0m0E[<hT_<DC�E�O �	��G9C�^_Z��}EW<?>Ñ­®HK^BV:@B@NO
�gpNo�o�s��¹­

« q.¬	� ��
��
�4u��K��w r����K���¤� � ~.�,v O6©,M�<?VPE[MPV0O e���� O,��­6qUÐ�q0Ð.¥gqUÐ�q��WOf�1q ? ?�?��¹­
« ÐU¬�� ��
f���Ñ�����l~.���������n�0� � wzv! r~"� � �#��~U� �%$ u.�B� O6©,MP<DVNE[M�V�O e&��� O,��­fqUÐ[pNoU¥eq0Ð�qUÐ[O[�1q�?�? ?��¹­

� � ��� ��´ ¶=¸('
ceE"H�^_C0�6C�@B<hT_<DC�E qSC0G�©�V:M¹T_<DC�E ��¨®V��W^_C.>0V:Z�TBJ[RUTªZ,iW^_<DEWm°TBJ[V%�k��� �W^_C�MPVNZ,i[^BV�¨®V%MPR0E
RUiWTBC0X�RUTB<AMPRUb?b?L±Z,V�T_VNM�T�TBJWV�E�iWXd�fVN^�CUG{,�¥eM�C�EWEWVNM�TBV:Z°MPC0X��fC�EWVPE�Tl@POk<DEÎMPR�@]V¤T_JWVP^_V�<?@�E[C
EWC�<?@BV0­n©�<?X¤<?bARU^_bDL�O0<?E�HK^BC��fC�@]<DTB<?C0E�pYCUG�©�V:M¹TB<?C0E�Ð�¨ VY�W^_C.>0VNZ`TBJfR.T�iWE[ZWVP^K<AZ,V:RUb[MPC0E[Z,<DTB<?C0Ef@
�9E[C4EWC�<?@BV0O:bDC,MNRUb?bDL=ÍfR.TIZWR.TlR���O:¨ V®MNRUE�Z,VPTBVN^BX�<?EWV®R0E�VN@]TB<?X�RUTBVKG9C0^�T_JWVK<?E�TB^_<DEf@]<AM�Z,<?X�VPE[@B<DC�E
CUG TBJ[VªZWR.TlRW­ �=iW^�EWV���T�m�C�R0bn<?@�T_C�VN@]T_RU�[bD<A@]J�R�M�VN^]TlRU<?E°^_C0�[i[@gT_EWVN@_@�CUG TBJWV:@]V�^_VN@BiWbDT_@�<?E
TBJ[V�MPR0@BV=TBJWVN^BV�<A@�E�iWX�VP^_<?MNRUbÈEWC�<?@BV0O,C�^®T_JWV�M�C�X��fC�EWVPE�T_@YR0^BV�EWC0T}M�C0X��Wb?V�T_VPb?L$@BVP�[R0^_RUTBVNZ�O
C0^�T_JWV�ZWRUT_R¤<?@�E[CUT}V/�WR�M¹TBb?Lªb?C,MPRUb?b?L�ÍfR.T:­
ceE%m0VNEWVP^lRUbÒOW@]i[�W�fC�@]V�¨ V�J[Rr>0V�R�EWC�E�Z,VNm0VNEWVP^lR.T_V�X�RUTB^_<��*)`OfR0E[ZFR0E%C0^BTBJWC�EWC0^_X�RUbÑ�[R0@B<A@
CUG�VP<?m0VNE�>0VNM�TBC�^_@ 	 $��p`#`1` ��	��dOk¨Y<DTBJ�VP<?m0VNE�>rR0bDi[VN@�+�$ �p`#`1` + �d­$\4@�R�MPC0E[@BVN¦�iWVNE[M�V�C0G�R%@BX�R0bDb
�6VP^BTBiW^_�[R.T_<DC�E�C0G4TBJ[VFX�R.T_^B<#��<?E�TBC,)McÔÂ-)`OK¨ VF¨Y<?b?bYJ[Rr>0VFVP<?m0VPE�>�VNM¹T_C0^l@�	U½�cÏÂ 	U½�¨Y<hT_J
VP<?m0VNE�>rR0bDi[VN@.+ ½ cÖÂ/+ ½ ­�j�JWV�iWEW<DT_R0^BL%EWC�^BX MPC0E[@]TB^lRU<?E�T=X�RUÌ�VN@�@]i[^BVdTBJ[RUT�Â 	 ½ <A@=C�^]T_JWC0m0¥
C0EfRUb�T_C�	 ½ R0E[ZÏMPC0iWbAZ��fV$TBJWVN^BVPG9C0^_V�¨Y^B<DT]T_VPE�R�@`Â 	 ½ 5 A1032"�½34 ½ 0 	 0 ­��=@]<?EWm±R0m�RU<?E�TBJ[V
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