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Abstract

We proposea new algorithmto estimatethe intrinsic dimensionof data
sets. The methodis basedon geometricpropertiesof the dataandre-
quiresneitherparametricassumptionson thedatageneratingmodelnor
input parametersto set. The methodis comparedto a similar, widely-
usedalgorithmfrom the samefamily of geometrictechniques.Experi-
mentsshow thatourmethodismorerobustin termsof thedatagenerating
distributionandmorereliablein thepresenceof noise.

1 Introduction

High-dimensionaldatasetshave severalunfortunatepropertiesthatmake themhardto an-
alyze.Thephenomenonthatthecomputationalandstatisticalef�ciency of statisticaltech-
niquesdegraderapidly with thedimensionis oftenreferredto asthe“curseof dimension-
ality”. Oneparticularcharacteristicof high-dimensionalspacesis that asthe volumesof
constantdiameterneighborhoodsbecomelarge,exponentiallymany pointsareneededfor
reliabledensityestimation.Anotherimportantproblemis thatasthedatadimensiongrows,
sophisticateddatastructuresconstructedto speedup nearestneighborsearchesrapidly be-
comeinef�cient.

Fortunately, most meaningful, real life data do not uniformly �ll the spacesin which
they are represented.Rather, the datadistributions are observed to concentrateto non-
linearmanifoldsof low intrinsic dimension. Severalmethodshave beendevelopedto �nd
low-dimensionalrepresentationsof high-dimensionaldata,includingPrincipalComponent
Analysis(PCA),Self-OrganizingMaps(SOM) [1], MultidimensionalScaling(MDS) [2],
and,morerecently, Local Linear Embedding(LLE) [3] andthe ISOMAP algorithm[4].
Althoughmostof thesealgorithmsrequirethat the intrinsic dimensionof themanifoldbe
explicitly set, therehasbeenlittle effort devoted to designand analyzetechniquesthat
estimatetheintrinsicdimensionof datain thiscontext.

Thereare two principal areaswherea good estimateof the intrinsic dimensioncan be
useful. First, as mentionedbefore,the estimatecan be usedto set input parametersof
dimensionreductionalgorithms.Certainmethods(e.g.,LLE andtheISOMAP algorithm)
alsorequirea scaleparameterthatdeterminesthesizeof the local neighborhoodsusedin
thealgorithms.In this case,it is usefulif thedimensionestimateis providedasa function
of thescale(seeFigure1 for anintuitiveexamplewheretheintrinsicdimensionof thedata



dependson the resolution). Nearestneighborsearchingalgorithmscanalsopro�t from
a gooddimensionestimate.The complexity of searchdatastructures(e.g.,kd-treesand
R-trees)increaseexponentiallywith thedimension,andthesemethodsbecomeinef�cient
if the dimensionis morethanabout20. Nevertheless,it wasshown by Chávez et al. [5]
that thecomplexity increaseswith the intrinsic dimensionof thedataratherthenwith the
dimensionof theembeddingspace.

Figure1: Intrinsic dimensionD at dif-
ferent resolutions. (a) At very small
scalethe data looks zero-dimensional.
(b) If the scale is comparableto the
noise level, the intrinsic dimension
seemslarger than expected. (c) The
“right” scalein termsof noiseandcur-
vature.(d) At very largescaletheglobal
dimensiondominates.
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In thispaperwepresentanovel methodfor intrinsicdimensionestimation.Theestimateis
basedongeometricpropertiesof thedata,andrequiresnoparametersto set.Experimental
resultson botharti�cial andrealdatashow that thealgorithmis ableto capturethescale
dependenceof the intrinsic dimension.The main advantageof the methodover existing
techniquesis its robustnessin termsof thegeneratingdistribution. Thepaperis organized
asfollows. In Section2 we introducethe�eld of intrinsic dimensionestimation,andgive
ashortoverview of existingapproaches.Theproposedalgorithmis describedin Section3.
Experimentalresultsaregivenin Section4.

2 Intrinsic dimension estimation

Informally, theintrinsicdimensionof arandomvectorX is usuallyde�nedasthenumberof
“independent”parametersneededto representX. Althoughin practicethis informalnotion
seemsto have a well-de�ned meaning,formally it is ambiguousdueto the existenceof
space-�lling curves.So,insteadof this informalnotion,we turn to theclassicalconceptof
topological dimension, andde�ne theintrinsicdimensionof X asthetopologicaldimension
of the supportof the distribution of X . For the de�nition, we needto introducesome
notions.Givena topologicalspaceX, thecoveringof a subsetS is a collectionC of open
subsetsin X whoseunioncontainsS. A re�nementof acoveringCof S is anothercovering
C0suchthateachsetin C0 is containedin somesetin C. Thefollowing de�nition is based
on the observation that a d-dimensionalsetcanbe coveredby openballs suchthat each
pointbelongsto maximum(d+1) openballs.

De�nition 1 A subsetS of a topological spaceX hastopological dimension Dtop (also
knownas Lebesguecovering dimension) if every coveringC of S hasa re�nementC0 in
which everypointof Sbelongsto at most(Dtop +1) setsin C0, andDtop is thesmallestsuch
integer.

The main technicaldif�culty with the topologicaldimensionis that it is computationally
dif�cult to estimateon a �nite sample.Hence,practicalmethodsusevariousotherde�ni-
tionsof theintrinsic dimension.It is commonto categorizeintrinsic dimensionestimating
methodsinto two classes,projectiontechniquesandgeometricapproaches.

Projectiontechniquesexplicitly constructa mapping,and usually measurethe dimen-
sion by usingsomevariantsof principal componentanalysis. Indeed,given a setSn =



f X1; : : : ;Xng;Xi 2 X; i = 1; : : : ;n of datapointsdrawn independentlyfrom thedistribution
of X, probablythemostobviousway to estimatethe intrinsic dimensionis by looking at
theeigenstructureof thecovariancematrixC of Sn. In thisapproach,bDpca is de�ned asthe
numberof eigenvaluesof C thatarelargerthanagiventhreshold.The�rst disadvantageof
thetechniqueis therequirementof a thresholdparameterthatdetermineswhich eigenval-
uesareto discard. In addition,if themanifold is highly nonlinear, bDpca will characterize
theglobal(intrinsic)dimensionof thedataratherthanthelocaldimensionof themanifold.
bDpca will alwaysoverestimateDtop; thedifferencedependson the level of nonlinearityof
themanifold. Finally, bDpca canonly beusedif thecovariancematrix of Sn canbecalcu-
lated(e.g.,whenX = Rd). Although in Section4 we will only considerEuclideandata
sets,therearecertainapplicationswhereonly adistancemetricd : X � X 7! R+ [ f 0g and
thematrixof pairwisedistancesD = [di j ] = d(xi ;x j) aregiven.

Bruske andSommer[6] presentan approachto circumvent the secondproblem. Instead
of doingPCA on theoriginal data,they �rst clusterthedata,thenconstructanoptimally
topologypreservingmap(OPTM)ontheclustercenters,and�nally , carryoutPCAlocally
on the OPTM nodes.The advantagesof the methodarethat it works well on non-linear
data,andthatit canproducedimensionestimatesatdifferentresolutions.At thesametime,
the thresholdparametermuststill be setasin PCA, moreover, otherparameters,suchas
the numberof OPTM nodes,mustalsobe decidedby the user. The techniqueis similar
in spirit to the way the dimensionparameterof LLE is set in [3]. The algorithmrunsin
O(n2d) time (wheren is thenumberof pointsandd is theembeddingdimension)which
is slightly worsethantheO(ndbDpca) complexity of the fastPCA algorithmof Roweis [7]
whencomputingbDpca.

Anothergeneralschemein thefamily of projectiontechniquesis to turnthedimensionality
reductionalgorithmfrom an embeddingtechniqueinto a probabilistic,generative model
[8], andoptimizethedimensionasany otherparameterby usingcross-validationin amax-
imum likelihoodsetting. The main disadvantageof this approachis that the dimension
estimatedependson the generative model and the particularalgorithm, so if the model
doesnot �t thedataor if thealgorithmdoesnot work well on theparticularproblem,the
estimatecanbeinvalid.

Thesecondbasicapproachto intrinsicdimensionestimationis basedongeometricproper-
tiesof thedataratherthenprojectiontechniques.Methodsfrom this family usuallyrequire
neitherany explicit assumptionon theunderlyingdatamodel,nor input parametersto set.
Most of the geometricmethodsusethe correlation dimensionfrom the family of fractal
dimensionsdueto thecomputationalsimplicity of its estimation.Theformal de�nition is
basedontheobservationthatin aD-dimensionalsetthenumberof pairsof pointscloserto
eachotherthanr is proportionalto rD.

De�nition 2 Givena �nite setSn = f x1; : : : ;xng of a metricspaceX, let

Cn(r) =
2

n(n� 1)

n

å
i= 1

n

å
j= i+ 1

Ifk xi � x j k< rg

where IA is theindicator functionof theeventA. For a countablesetS= f x1;x2; : : :g � X,
thecorrelationintegral is de�nedasC(r) = limn! ¥ Cn(r). If thelimit exists,thecorrelation
dimensionof Sis de�nedas

Dcorr = lim
r! 0

logC(r)
logr

:

For a �nite sample,thezerolimit cannotbeachievedsotheestimationprocedureusually
consistsof plotting logC(r) versuslogr andmeasuringtheslope¶logC(r)

¶log r of thelinearpart



of the curve [9, 10, 11]. To formalizethis intuitive procedure,we presentthe following
de�nition.

De�nition 3 Thescale-dependentcorrelation dimensionof a �nite setSn = f x1; : : : ;xng
is

bDcorr(r1; r2) =
logC(r2) � logC(r1)

logr2 � logr1
:

It is known thatDcorr � Dtop andthatDcorr approximateswell Dtop if thedatadistribution
on themanifoldis nearlyuniform. However, usinganon-uniformdistributionon thesame
manifold,thecorrelationdimensioncanseverelyunderestimatethetopologicaldimension.
To overcomethisproblem,we turn to thecapacitydimension, which is anothermemberof
the fractal dimensionfamily. For the formal de�nition, we needto introducesomemore
concepts.Givena metricspaceX with distancemetricd(�; �), ther-coveringnumberN(r)
of asetS � X is theminimumnumberof openballsB(x0; r) = f x 2 Xjd(x0;x) < rg whose
union is a covering of S. The following de�nition is basedon the observation that the
coveringnumberN(r) of aD-dimensionalsetis proportionalto r � D.

De�nition 4 Thecapacitydimensionof a subsetSof a metricspaceX is

Dcap = � lim
r! 0

logN(r)
logr

:

Theprincipaladvantageof Dcap over Dcorr is thatDcap doesnot dependon thedatadistri-
bution on themanifold. Moreover, if bothDcap andDtop exist (which is certainlythecase
in machinelearningapplications),it is known that the two dimensionsagree.In spiteof
that,Dcap is usuallydiscardedin practicalapproachesdueto thehigh computationalcost
of its estimation. The main contribution of this paperis an ef�cient intrinsic dimension
estimatingmethodthatis basedon thecapacitydimension.Experimentson bothsynthetic
andrealdatacon�rm thatourmethodis muchmorerobustin termsof thedatadistribution
thanmethodsbasedon thecorrelationdimension.

3 Algorithm

Findingthecoveringnumberevenof a �nite setof datapointsis computationallydif�cult.
To tacklethis problem,�rst we rede�neDcap by usingpacking numbers ratherthancover-
ing numbers.Givena metricspaceX with distancemetricd(�; �), a setV � X is saidto
ber-separatedif d(x;y) � r for all distinctx;y 2 V . Ther-packing numberM(r) of a set
S � X is de�ned asthemaximumcardinalityof an r-separatedsubsetof S. The follow-
ing propositionfollows from thebasicinequalitybetweenpackingandcoveringnumbers
N(r) � M(r) � N(r=2).

Proposition1 Dcap = � lim
r! 0

logM(r)
logr

.

For a �nite sample,thezerolimit cannotbeachievedso,similarly to thecorrelationdimen-
sion,weneedto rede�nethecapacitydimensionin ascale-dependentmanner.

De�nition 5 Thescale-dependentcapacitydimensionof a �nite setSn = f x1; : : : ;xng is

bDcap(r1; r2) = �
logM(r2) � logM(r1)

logr2 � logr1
:



Finding M(r) for a datasetSn = f x1; : : : ;xng is equivalentto �nding the cardinalityof a
maximumindependentvertex set MI(Gr) of the graphGr(V;E) with vertex setV = Sn
andedgesetE = f (xi ;x j)jd(xi ;x j) < rg. This problemis known to beNP-hard.Thereare
resultsthatshow thatfor ageneralgraph,eventheapproximationof MI(G) within a factor
of n1� e, for any e > 0, is NP-hard[12]. On the positive side,it wasshown that for such
geometricgraphsasGr , MI(G) canbeapproximatedarbitrarily well by polynomialtime
algorithms[13]. However, approximatingalgorithmsof this kind scaleexponentiallywith
thedatadimensionbothin termsof thequalityof theapproximationandtherunningtime1

sothey areof little practicalusefor d > 2. Hence,insteadof usingoneof thesealgorithms,
weapplythefollowing greedyapproximationtechnique.GivenadatasetSn, westartwith
anemptysetof centersC, andin aniterationover Sn we addto C datapointsthatareat a
distanceof at leastr from all thecentersin C (lines4 to 10 in Figure2). TheestimatebM(r)
is thecardinalityof Caftereverypoint in Sn hasbeenvisited.

Theprocedureis designedto produceanr-packingbut certainlyunderestimatesthepacking
numberof themanifold,�rst, becauseweareusinga �nite sample,andsecond,becausein
general bM(r) < M(r). Nevertheless,we canstill obtaina goodestimatefor bDcap by using
bM(r) in theplaceof M(r) in De�nition 5. To seewhy, observe that,for agoodestimatefor
bDcap, it is enoughif we canestimateM(r) with a constantmultiplicative biasindependent
of r. Althoughwe have no formal proof that thebiasof bM(r) doesnot changewith r, the
simplegreedyproceduredescribedabove seemsto work well in practice.

Even thoughthe bias of bM(r) doesnot affect the estimationof bDcap as long as it does
not changewith r, the varianceof bM(r) can distort the dimensionestimate. The main
sourceof the varianceis the dependenceof bM(r) on the the orderof the datapoints in
which they arevisited. To eliminatethis variance,we repeatthe procedureseveral times
on randompermutationsof thedata,andcomputetheestimatebDpack by usingtheaverage
of the logarithmsof the packingnumbers.The numberof repetitionsdependson r1, r2,
anda presetparameterthatdeterminestheaccuracy of the�nal estimate(setto 99%in all
experiments). Thecompletealgorithmis givenformally in Figure2.

Therunningtimeof thealgorithmis O
�
nM(r)d

�
wherer = min(r1; r2). At smallerscales,

whereM(r) is comparablewith n, it is O
�
n2d

�
. Ontheotherhand,sincethevarianceof the

estimatealsotendsto besmallerat smallerscales,thealgorithmiterateslessfor thesame
accuracy.

4 Experiments

Thetwo mainobjectivesof thefour experimentsdescribedhereis to demonstratetheability
of the methodto capturethe scale-dependentbehavior of the intrinsic dimension,andto
underlineits robustnessin termsof thedatageneratingdistribution. In all experiments,the
estimatebDpack is comparedto thecorrelationdimensionestimatebDcorr. Both dimensions
aremeasuredon consecutive pairsof a sequencer1; : : : ; rm of resolutions,andtheestimate
is plottedhalfway betweenthetwo parameters(i.e., bD(r i ; r i+ 1) is plottedat (r i + r i+ 1)=2.)
In the �rst threeexperimentsthemanifold is eitherknown or canbeapproximatedeasily.
In theseexperimentsweusea two-sidedmultivariatepowerdistributionwith density

p(x) = If x2[� 1;1]dg

� p
2

� d d

Õ
i= 1

�
1� jx(i) j

� p� 1 (1)

1Typically, the computation of an independent vertex set of G of size at least
�
1 � 1

k

� d
MI(G)

requires O(nkd
) time.



PACKINGDIMENSION(Sn; r1; r2;e)

1 for `  1 to ¥ do
2 PermuteSn randomly
3 for k  1 to 2 do
4 C  /0
5 for i  1 to n do
6 for j  1 to jCj do
7 if d

�
Sn[i];C[ j]

�
< rk then

8 j  n+1
9 if j < n+1 then

10 C  C[ f Sn[i]g
11 bLk[`] = logjCj

12 bDpack = �
µ(bL2) � µ(bL1)

logr2 � logr1

13 if ` > 10and 1:65
p

s2(bL1)+ s2(bL2)p
`(log r2� log r1)

< bDpack � (1� e)=2 then

14 return bDpack

Figure2: ThealgorithmreturnsthepackingdimensionestimatebDpack(r1; r2) of a dataset
Sn with eaccuracy ninetimesoutof ten.

with differentexponentsp to generateuniform (p = 1) andnon-uniformdatasetson the
manifold.

The �rst syntheticdatais that of Figure1. We generated5000pointson a spiral-shaped
manifoldwith a small uniform perpendicularnoise. Thecurvesin Figure3(a) re�ect the
scale-dependency observedin Figure1. As thedistributionbecomesuneven, bDcorr severely
underestimatesbDtop while bDpack remainsstable.
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Figure3: Intrinsic dimensionof (a) a spiral-shapedmanifoldand(b) hypercubesof differ-
entdimensions.Thecurvesre�ect thescale-dependency observed in Figure1. Themore
uneventhedistribution, themore bDcorr underestimatesbDtop while bDpack remainsrelatively
stable.

The secondsetof experimentsweredesignedto testhow well the methodsestimatethe
dimensionof 5000 datapoints generatedin hypercubesof dimensionstwo to six (Fig-
ure3(b)). In general,both bDcorr and bDpack underestimatesbDtop. Thenegative biasgrows
with the dimension,probablydue to the fact that datasetsof equalcardinalitybecome



sparserin a higher dimensionalspace. To compensatethis bias on a generaldataset,
CamastraandVinciarelli [10] proposeto correctthe estimateby the biasobserved on a
uniformly generateddatasetof the samecardinality. Our experimentshows that, in the
caseof bDcorr, this calibratingprocedurecanfail if thedistribution is highly non-uniform.
On theotherhand,thetechniqueseemsmorereliablefor bDpack dueto therelative stability
of bDpack.

We alsotestedthemethodson two setsof imagedata.Bothsetscontained64� 64 images
with 256 gray levels. The imageswerenormalizedso that the distancebetweena black
anda white imageis 1. The �rst set is a sequenceof 481 snapshotsof a handturning a
cup from the CMU database2 (Figure4(a)). The sequenceof imagessweepsa curve in
a 4096-dimensionalspaceso its informal intrinsic dimensionis one. Figure5(a) shows
thatat a small scale,bothmethods�nd a local dimensionbetween1 and2. At a slightly
higherscalethe intrinsic dimensionincreasesindicatinga relatively high curvatureof the
imagesequencecurve. To testthedistributiondependenceof theestimates,weconstructed
a polygonalcurve by connectingconsecutive pointsof the sequence,andresampled481
pointsby using the power distribution (1) with p = 2;3. We alsoconstructeda highly-
uniform,lattice-likedatasetby drawing approximatelyequidistantconsecutivepointsfrom
thepolygonalcurve. Our resultsin Figure5(a)con�rm again that bDcorr variesextensively
with thegeneratingdistributionon themanifoldwhile bDpack remainsremarkablystable.
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Figure4: Therealdatasets.(a) Sequenceof snapshotsof a handturninga cup. (b) Faces
databasefrom ISOMAP[4].

The�nal experimentwasconductedon the“f aces”databasefrom theISOMAP paper[4]
(Figure4(b)). The datasetcontained698 imagesof facesgeneratedby usingthreefree
parameters:vertical andhorizontalorientation,andlight direction. Figure5(b) indicates
thatbothestimatesarereasonablycloseto theinformal intrinsicdimension.
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Figure5: Theintrinsicdimensionof imagedatasets.

We foundin all experimentsthatat a very smallscalebDcorr tendsto behigherthan bDpack,

2http://vasc.ri.cmu.edu/idb/html/motion/hand/index.html



while bDpack tendsto bemorestableasthescalegrows. Hence,if thedatacontainsverylittle
noiseandit is generateduniformly on themanifold, bDcorr seemsto becloserto the“real”
intrinsic dimension.On theotherhand,if thedatacontainsnoise(in which caseat a very
small scalewe areestimatingthedimensionof thenoiseratherthanthedimensionof the
manifold),or the distribution on the manifold is non-uniform, bDpack seemsmorereliable
than bDcorr.

5 Conclusion

We have presenteda new algorithmto estimatethe intrinsic dimensionof datasets. The
methodestimatesthe packingdimensionof the dataandrequiresneitherparametricas-
sumptionson thedatageneratingmodelnor input parametersto set. Themethodis com-
paredto a widely-usedtechniquebasedon thecorrelationdimension.Experimentsshow
thatourmethodis morerobustin termsof thedatageneratingdistributionandmorereliable
in thepresenceof noise.
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