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Abstract

We proposea new algorithmto estimatethe intrinsic dimensionof data
sets. The methodis basedon geometricpropertiesof the dataandre-

quiresneitherparametricassumption®n the datageneratingnodelnor

input parameterso set. The methodis comparedo a similar, widely-

usedalgorithmfrom the samefamily of geometrictechniques.Experi-

mentsshav thatourmethods morerobustin termsof thedatagenerating
distribution andmorereliablein the presencef noise.

1 Introduction

High-dimensionatlatasetshave severalunfortunatepropertiegshatmake themhardto an-
alyze.The phenomenothatthe computationahndstatisticalef ciency of statisticaltech-
niguesdegraderapidly with the dimensionis oftenreferredto asthe “curseof dimension-
ality”. Oneparticularcharacteristiof high-dimensionakpacess that asthe volumesof

constandiametemeighborhood®ecomdarge, exponentiallymary pointsareneededor

reliabledensityestimation Anotherimportantproblemis thatasthedatadimensiorngrows,

sophisticatedlatastructureconstructedo speedup nearesheighborsearchesapidly be-
comeinef cient.

Fortunately most meaningful,real life datado not uniformly Il the spacesin which
they are represented.Rather the datadistributions are obsened to concentrateo non-
linearmanifoldsof low intrinsic dimension Severalmethodshave beendevelopedto nd
low-dimensionatepresentationsf high-dimensionatlata,including Principal Component
Analysis(PCA), Self-OmganizingMaps (SOM) [1], MultidimensionalScaling(MDS) [2],
and, morerecently Local Linear Embedding(LLE) [3] andthe ISOMAP algorithm [4].
Although mostof thesealgorithmsrequirethatthe intrinsic dimensionof the manifold be
explicitly set, therehasbeenlittle effort devotedto designand analyzetechniqueghat
estimatethe intrinsic dimensionof datain this context.

Thereare two principal areaswherea good estimateof the intrinsic dimensioncan be
useful. First, as mentionedbefore,the estimatecan be usedto setinput parametersof
dimensionreductionalgorithms.Certainmethodge.g.,LLE andthe ISOMAP algorithm)
alsorequirea scaleparametethat determineghe size of the local neighborhoodsisedin
thealgorithms.In this caseijt is usefulif the dimensionestimateis providedasa function
of thescale(seeFigurel for anintuitive examplewheretheintrinsic dimensiornof thedata



dependson the resolution). Nearestneighborsearchingalgorithmscanalsoprot from
a gooddimensionestimate. The compleity of searchdatastructurege.g., kd-treesand
R-trees)increasexponentiallywith the dimensionandthesemethodsbecomenef cient
if the dimensionis morethanabout20. Neverthelessit wasshavn by Chawezet al. [5]
thatthe compleity increasesvith theintrinsic dimensionof the dataratherthenwith the
dimensionof theembeddingspace.
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Figurel: Intrinsic dimensionD at dif-
ferent resolutions. (a) At very small
scalethe datalooks zero-dimensional.
(b) If the scaleis comparableto the
noise level, the intrinsic dimension
seemslarger than expected. (c) The
“right” scalein termsof noiseandcur-
vature.(d) At verylargescaletheglobal
dimensiondominates.

In this papemwe present novel methodfor intrinsic dimensiorestimation. The estimatds
basedn geometrigpropertiesof the data,andrequiresno parameterso set. Experimental
resultson botharti cial andrealdatashav thatthe algorithmis ableto capturethe scale
dependencef the intrinsic dimension. The main adwantageof the methodover existing
techniquess its robustnessn termsof the generatinglistribution. The paperis organized
asfollows. In Section2 we introducethe eld of intrinsic dimensionestimationandgive
ashortoverview of existing approachesTheproposedlgorithmis describedn Section3.
Experimentatesultsaregivenin Section4.

2 Intrinsic dimension estimation

Informally, theintrinsicdimensiorof arandomvectorX is usuallyde ned asthenumberof

“independent’parameteraeededo represenk. Althoughin practicethisinformal notion

seemdo have a well-de ned meaning,formally it is ambiguousdueto the existenceof

space- lling curves. So,insteadof thisinformal notion,we turn to the classicakonceptof

topolagical dimensionandde ne theintrinsicdimensiorof X asthetopologicaldimension
of the supportof the distribution of X . For the de nition, we needto introducesome
notions. Given atopologicalspaceX, the covering of a subsefSis a collectionC of open
subsetsn X whoseunioncontainsS. A re nementof acoveringC of Sis anothercovering

CPsuchthateachsetin CPis containedn somesetin C. Thefollowing de nition is based
on the obsenation that a d-dimensionalsetcanbe coveredby openballs suchthat each
pointbelongsto maximum(d + 1) openballs.

De nition 1 A subsetS of a topolagical spaceX hastopological dimension Doy (also
knownas Lebesguecovering dimension if every covering C of S hasa re nementC®in
which everypointof Sbelongso at most(Digp + 1) setsin C% and Dtop isthesmallessudh
integer.

The maintechnicaldif culty with the topologicaldimensionis thatit is computationally
dif cult to estimateona nite sample.Hence practicalmethodsusevariousotherde ni-
tionsof theintrinsic dimension.It is commonto cateyorizeintrinsic dimensionestimating
methodsnto two classesprojectiontechniquesandgeometricapproadces

Projectiontechniquesexplicitly constructa mapping, and usually measurethe dimen-
sion by using somevariantsof principal componenianalysis. Indeed,givena set S, =



of X, probablythe mostobvious way to estimatethe intrinsic dimensionis by looking at
theeigenstructuref thecovariancematrix C of §,. In this approachlbpca is de ned asthe
numberof eigervaluesof C thatarelargerthanagiventhreshold.The rst disadantageof
thetechniques the requiremenof a thresholdparametethatdeterminesvhich eigerval-
uesareto discard. In addition,if the manifoldis highly nonlinear Dpca will characterize
theglobal(intrinsic) dimensionof the dataratherthanthelocal dimensionof the manifold.
fgpca will alwaysoverestimateDyqp; the differencedependson the level of nonlinearityof
the manifold. Finally, Ibpca canonly be usedif the covariancematrix of S, canbe calcu-
lated (e.g.,when X = RY). Althoughin Section4 we will only considerEuclideandata
setstherearecertainapplicationsvhereonly adistancemetricd : X X 7! R* [ fOgand
the matrix of pairwisedistance® = [d;j] = d(x;; x;) aregiven.

Bruske and Sommer|6] presentan approacho circumwentthe secondproblem. Instead
of doing PCA on the original data,they rst clusterthe data,thenconstructan optimally
topologypreservingnap(OPTM) ontheclustercentersand nally , carryout PCAlocally
on the OPTM nodes. The advantagesf the methodarethat it workswell on non-linear
data,andthatit canproducedimensiorestimatestdifferentresolutions At thesametime,
the thresholdparametemuststill be setasin PCA, morewer, otherparameterssuchas
the numberof OPTM nodes,mustalsobe decidedby the user The techniqueis similar
in spirit to the way the dimensionparametenf LLE is setin [3]. The algorithmrunsin
O(n?d) time (wheren is the numberof pointsandd is the embeddingdimension)which

is slightly worsethanthe O(ndlbpca) compleity of thefastPCA algorithmof Roweis[7]
whencomputingBpca.

Anothergenerabchemen thefamily of projectiontechniquess to turnthe dimensionality
reductionalgorithmfrom an embeddingechniqueinto a probabilistic,generatie model
[8], andoptimizethedimensiorasary otherparameteby usingcross-alidationin amax-
imum likelihood setting. The main disadwantageof this approachis that the dimension
estimatedependson the generatie model and the particularalgorithm, so if the model
doesnot t thedataor if the algorithmdoesnot work well on the particularproblem,the
estimatecanbeinvalid.

Thesecondasicapproacho intrinsic dimensionestimationis basedn geometriqproper
tiesof the dataratherthenprojectiontechniquesMethodsfrom this family usuallyrequire
neitherary explicit assumptioron the underlyingdatamodel,nor input parameterso set.
Most of the geometricmethodsusethe correlation dimensionfrom the family of fractal
dimensionslueto the computationakimplicity of its estimation.The formal de nition is
basedntheobsenationthatin a D-dimensionaketthe numberof pairsof pointscloserto
eachotherthanr is proportionatto rP.
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wheke I is theindicator functionof the eventA. For a countablesetS=fxy;xp;:::g X,
thecorrelationintegralis de nedasC(r) =limp y Cy(r). If thelimit exists,thecorrelation
dimensionof Sis de nedas

logC(r) .

Deorr = lim ———=:
T 00 logr

For a nite sample the zerolimit cannotbe achieved sothe estimationprocedureusually

consistof plottinglogC(r) versudogr andmeasuringhe slope’“%.‘é‘rr) of thelinearpart



of thecune [9, 10, 11]. To formalizethis intuitive procedurewe presentthe following
de nition.

is

logC(r logC(r
Ibcorr(l’l;rz) = glo(g?z logrl( 1)2

It is known thatDeorr  Diop @andthatDeorr approximatesvell Dy if the datadistribution
onthemanifoldis nearlyuniform. However, usinga non-uniformdistribution on the same
manifold, thecorrelationdimensioncanseverely underestimatéhetopologicaldimension.
To overcomethis problem,we turnto the capacitydimensionwhichis anothememberof

the fractal dimensionfamily. For the formal de nition, we needto introducesomemore
conceptsGivenametricspaceX with distancemetricd( ; ), ther-coveringnumberN(r)

ofasetS X istheminimumnumberof openballsB(Xo;r) = f x 2 Xjd(xo; X) < rg whose
unionis a covering of S. The following de nition is basedon the obsenation that the
coveringnumberN(r) of a D-dimensionaketis proportionatto r P

De nition 4 Thecapacity dimensionof a subsetS of a metricspaceX is

jim 29N(T).
rr o logr
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The principaladvantageof Degp 0ver Deorr is that Degy doesnot dependon the datadistri-
bution on the manifold. Moreover, if both D¢y andDygp exist (whichis certainlythe case
in machinelearningapplications)jt is known that the two dimensionsagree. In spite of
that, D¢gp is usuallydiscardedn practicalapproacheslueto the high computationatost
of its estimation. The main contritution of this paperis an ef cient intrinsic dimension
estimatingmethodthatis basedn the capacitydimension.Experimenton bothsynthetic
andrealdatacon rm thatour methodis muchmorerobustin termsof the datadistribution
thanmethodsasedn the correlationdimension.

3 Algorithm

Findingthe coveringnumberevenof a nite setof datapointsis computationallydif cult.
To tacklethis problem, rst we rede ne D¢y by usingpadking numbes ratherthancover-
ing numbers.Given a metric spaceX with distancemetricd( ; ), asetV X is saidto
ber-sepantedif d(x;y) r for all distinctx;y 2 V. Ther-padking numberM(r) of a set
S X s de ned asthe maximumcardinality of anr-separategubsetbf S. The follow-
ing propositionfollows from the basicinequalitybetweenpackingand covering numbers
N(r) M(r) N(r=2).

. . logM(r
Proposition1 Dcgp = Illng)o?oigr().
r

Fora nite samplethezerolimit cannotbeachievedso,similarly to thecorrelationdimen-
sion,we needto rede nethecapacitydimensionin ascale-dependemanner

logM(r2) logM(ry)

Becp(riirz) = logr, logry




maximumindependenvertex setMI(G;) of the graph G, (V; E) with vertex setV = §,

andedgesetE = f (x;;X;)jd(x; Xj) < rg. This problemis known to be NP-hard.Thereare
resultsthatshow thatfor ageneralgraph,eventheapproximatiorof M1(G) within afactor
of nt € for ary e> 0, is NP-hard[12]. On the positive side, it wasshavn thatfor such
geometricgraphsasG;, MI(G) canbe approximatedarbitrarily well by polynomialtime
algorithms[13]. However, approximatingalgorithmsof this kind scaleexponentiallywith

thedatadimensiorbothin termsof the quality of theapproximatiorandthe runningtime?

sothey areof little practicalusefor d > 2. Hencejnsteadof usingoneof thesealgorithms,
we applythefollowing greedyapproximatiortechnique Givena datasetS,, we startwith

anemptysetof centersC, andin aniterationover S, we addto C datapointsthatareata
distanceof atleastr from all thecentersn C (lines4 to 10in Figure2). Theestimatel\h(r)

is the cardinalityof C afterevery pointin S, hasbeenvisited.

Theprocedureas designedo produceanr-packingbut certainlyunderestimatethepacking
numberof themanifold, rst, becauseve areusinga nite sample andsecondpecausén

generalM(r) < M(r). Neverthelessye canstill obtaina goodestimatefor Ibcap by using
M (r) in theplaceof M(r) in De nition 5. To seewhy, obsere that,for agoodestimatefor
cap it iS enoughif we canestimateM(r) with a constanimultiplicative biasindependent

of r. Althoughwe have no formal proof thatthe biasof l\h(r) doesnot changewith r, the
simplegreedyproceduredescribedabose seemdo work well in practice.

Even thoughthe bias of M(r) doesnot affect the estimationof Ibcap aslong asit does
not changewith r, the varianceof M(r) can distort the dimensionestimate. The main
sourceof the varianceis the dependencef M(r) on the the order of the datapointsin
which they arevisited. To eliminatethis variance we repeatthe procedureseveral times

on randompermutation®f the data,andcomputethe estimatelbpack by usingthe average
of the logarithmsof the packingnumbers. The numberof repetitionsdependnry, ro,
anda presetparametethatdetermineshe accurag of the nal estimateg(setto 99%in all
experiments) Thecompletealgorithmis givenformally in Figure2.

Therunningtime of thealgorithmis O nM(r)d wherer = min(r1;r2). At smallerscales,

whereM(r) is comparablavith n, it isO n?d . Ontheotherhand sincethevarianceof the
estimatealsotendsto be smallerat smallerscalesthe algorithmiteratedessfor the same
accurag.

4 Experiments

Thetwo mainobjectivesof thefour experimentsiescribedereis to demonstratéheability
of the methodto capturethe scale-dependeitehaior of the intrinsic dimension,andto
underlineits robustnessn termsof the datageneratinglistribution. In all experimentsthe

estimatelbpack is comparedo the correlationdimensionestimateB ;. Both dimensions
is plottedhalfway betweernthe two parametergi.e., Ib(ri i+ 1) is plottedat (r; 4 ri+1)=2.)

In the rst threeexperimentshe manifoldis eitherknown or canbe approximatedasily
In theseexperimentsve usea two-sidedmultivariatepower distribution with density
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ITypically, the computation of an independent vertex set of G of size at least 1 % dMI(G)
requires O(nkd) time.



PACKINGDIMENSION(Sy;r1;r2;€)
1 for> 1to¥ do
2 PermuteS, randomly
3 fork 1to2do
4 cC o
5 fori  1ltondo
6 forj 1tojCjdo
7 if d §[i;C[j] < rkthen
8 j n+1
9 if j < n+1then
10 C C[fSiig
11 By['] :ngjq b
H(B2) H(Ba)
12 b = ———
P ogrz fpgny
13 if * > 10and 1:65p S C 20 < B (1 e)=2then
(logrz logrs)
14 return Bpack

Figure2: Thealgorithmreturnsthe packingdimensionestimatelbpack(rl;rz) of adataset
S, with eaccuray ninetimesout of ten.

with differentexponentsp to generateuniform (p = 1) andnon-uniformdatasetson the
manifold.

The rst syntheticdatais that of Figure1l. We generatedb000 pointson a spiral-shaped
manifold with a small uniform perpendiculanoise. The curvesin Figure3(a)re ect the

scale-dependepobseredin Figurel. As thedistribution becomesineven, Beo, Severely
underestimateBop while By remainsstable.

(a) Spiral (b) Hypercube
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Figure3: Intrinsic dimensionof (a) a spiral-shapednanifold and(b) hypercube®f differ-
entdimensions.The curvesre ect the scale-dependep®bseredin Figurel. Themore
uneventhe distribution, the more By underestimateB;o, while Bya remainsrelatively
stable.

The secondsetof experimentswere designedo testhow well the methodsestimatethe
dimensionof 5000 datapoints generatedn hypercubesof dimensionstwo to six (Fig-
ure 3(b)). In generalboth Beor andByak underestimateyqp. The negative biasgrows
with the dimension,probablydueto the fact that datasetsof equal cardinality become



sparserfin a higher dimensionalspace. To compensatéhis bias on a generaldataset,
Camastraand Vinciarelli [10] proposeto correctthe estimateby the biasobsered on a
uniformly generatediatasetof the samecardinality Our experimentshaws that, in the
caseof Beor, this calibratingprocedurecanfail if the distribution is highly non-uniform.
Onthe otherhand,thetechniqueseemsmorereliablefor Ibpack dueto therelative stability

We alsotestedthe methodson two setsof imagedata.Both setscontainedb4 64 images
with 256 gray levels. The imageswere normalizedso that the distancebetweena black
anda white imageis 1. The rst setis a sequencef 481 snapshot®f a handturning a
cup from the CMU database (Figure 4(a)). The sequencef imagessweepsa curve in
a 4096-dimensionaspaceso its informal intrinsic dimensionis one. Figure 5(a) shovs
thatat a smallscale,both methodsnd alocal dimensionbetweenl and2. At a slightly
higherscalethe intrinsic dimensionincreasesndicatinga relatively high curvatureof the
imagesequenceurve. To testthedistribution dependencef the estimateswe constructed
a polygonalcurve by connectingconsecutie points of the sequenceandresampled81
points by using the power distribution (1) with p = 2;3. We also constructeda highly-
uniform, lattice-like datasetby drawing approximatelyequidistantonsecutie pointsfrom
the polygonalcurve. Our resultsin Figure5(a) con rm acgin that Be,r variesextensiely

with the generatinglistribution on the manifoldwhile Ibpack remainsremarkablystable.
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Figure4: Therealdatasets(a) Sequencef snapshotef a handturninga cup. (b) Faces
databasé&om ISOMAP [4].

The nal experimentwasconductedbn the “faces"databasérom the ISOMAP paper{4]
(Figure 4(b)). The datasetcontained698 imagesof facesgeneratedy usingthreefree
parametersyertical and horizontalorientation,andlight direction. Figure 5(b) indicates
thatbothestimatesrereasonablgloseto theinformalintrinsic dimension.
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Figure5: Theintrinsic dimensionof imagedatasets.

We foundin all experimentgshatata very small scaleB tendsto be higherthan Ibpack,

2http:/ivasc.ri.cmu.edu/idb/html/motion/hand/index.html



while Ibpack tendsto bemorestableasthescalegrows. Hencejf thedatacontainsverylittle
noiseandit is generatediniformly on the manifold, B seemso becloserto the “real”
intrinsic dimension.On the otherhand,if the datacontainsnoise(in which caseata very
small scalewe areestimatingthe dimensionof the noiseratherthanthe dimensionof the
manifold), or the distribution on the manifold is non-uniform, Ibpack seemamorereliable
thanBeorr.

5 Conclusion

We have presentedh new algorithmto estimatethe intrinsic dimensionof datasets. The
methodestimateghe packingdimensionof the dataand requiresneitherparametricas-
sumptionson the datageneratingnodelnor input parameterso set. The methodis com-
paredto a widely-usedtechniquebasedon the correlationdimension. Experimentshav
thatourmethods morerobustin termsof thedatageneratinglistributionandmorereliable
in the presenc®f noise.
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