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Abstract

The Googlesearchenginehasenjoyed hugesuccesswith its web page
ranking algorithm, which exploits global, rather than local, hyperlink
structureof the web using randomwalks. Here we proposea simple
universalrankingalgorithmfor datalying in the Euclideanspace,such
astext or imagedata. The coreideaof our methodis to rank the data
with respectto theintrinsicmanifoldstructurecollectively revealedby a
greatamountof data.Encouragingexperimentalresultsfrom synthetic,
image,andtext dataillustratethevalidity of ourmethod.

1 Intr oduction

TheGooglesearchengine[2] accomplisheswebpagerankingusingPageRankalgorithm,
which exploits theglobal,ratherthanlocal,hyperlink structureof theweb[1]. Intuitively,
it canbethoughtof asmodellingthebehavior of a randomsurferon thegraphof theweb,
who simply keepsclicking on successive links at randomandalsoperiodically jumpsto
a randompage.The web pagesareranked accordingto the stationarydistribution of the
randomwalk. Empiricalresultsshow PageRankis superiorto thenaiverankingmethod,in
which thewebpagesaresimply rankedaccordingto thesumof inboundhyperlinks,and
accordinglyonly thelocal structureof thewebis exploited.

Ourinteresthereis in thesituationwheretheobjectsto berankedarerepresentedasvectors
in Euclideanspace,suchastext or imagedata. Our goal is to rank the datawith respect
to the intrinsic globalmanifoldstructure[6, 7] collectively revealedby a hugeamountof
data.We believe for many realworld datatypesthis shouldbesuperiorto a local method,
which rankdatasimplyby pairwiseEuclideandistancesor innerproducts.

Let us considera toy problemto explain our motivation. We are given a set of points
constructedin two moonspattern(Figure1(a)).A queryis givenin theuppermoon,andthe
taskis to ranktheremainingpointsaccordingto their relevancesto thequery. Intuitively,
the relevant degreesof points in the uppermoonto the queryshoulddecreasealongthe
moonshape.This shouldalsohappenfor thepointsin the lower moon. Furthermore,all
of thepointsin theuppermoonshouldbemorerelevantto thequerythanthepointsin the
lower moon.If we rankthepointswith respectto thequerysimply by Euclideandistance,
then the left-mostpoints in the lower moonwill be more relevant to the query than the
right-mostpointsin theuppermoon(Figure1(b)). Apparentlythis resultis not consistent
with our intuition (Figure1(c)).

We proposea simpleuniversalrankingalgorithm,whichcanexploit theintrinsicmanifold



(a) Two moons ranking problem

query

(b) Ranking by Euclidean distance (c) Ideal ranking

Figure1: Rankingon the two moonspattern. The marker sizesareproportionalto the
ranking in the last two �gures. (a) toy datasetwith a singlequery; (b) rankingby the
Euclideandistances;(c) idealrankingresultwehopeto obtain.

structureof data.Thismethodisderivedfromourrecentresearchonsemi-supervisedlearn-
ing [8]. In fact therankingproblemcanbeviewedasanextremecaseof semi-supervised
learning,in whichonly positive labeledpointsareavailable.An intuitivedescriptionof our
methodis asfollows. We �rst form a weightednetwork on thedata,andassigna positive
rankingscoreto eachqueryandzeroto theremainingpointswhicharerankedwith respect
to thequeries.All pointsthenspreadtheir rankingscoreto their nearbyneighborsvia the
weightednetwork. The spreadprocessis repeateduntil a global stablestateis achieved,
andall pointsexceptqueriesarerankedaccordingto their �nal rankingscores.

Therestof thepaperis organizedasfollows. Section2 describestherankingalgorithmin
detail. Section3 discussestheconnectionswith PageRank.Section4 further introducesa
variantof PageRank,which canrankthedatawith respectto thespeci�c queries.Finally,
Section5 presentsexperimentalresultson toy data,ondigit image,andontext documents,
andSection6 concludesthispaper.

2 Algorithm

Givenasetof pointX = f x1; :::; xq; xq+1 ; :::; xn g � Rm ; the�rst q pointsarethequeries
andtherestarethepointsthatwewantto rankaccordingto their relevancesto thequeries.

Let d : X � X � ! R denotea metric on X , suchasEuclideandistance,which assigns
eachpair of pointsx i andx i a distanced(x i ; x j ): Let f : X � ! R denotea ranking
function which assignsto eachpoint x i a rankingvalue f i : We canview f as a vector
f = [f 1; ::; f n ]T : We alsode�ne a vectory = [y1; ::; yn ]T , in which yi = 1 if x i is a
query, andyi = 0 otherwise.If wehave prior knowledgeaboutthecon�dencesof queries,
thenwe canassigndifferentrankingscoresto thequeriesproportionalto their respective
con�dences.

Thealgorithmis asfollows:

1. Sort thepairwisedistancesamongpointsin ascendingorder. Repeatconnecting
the two pointswith an edgeaccordingthe orderuntil a connectedgraphis ob-
tained.

2. Form the af�nity matrix W de�ned by Wij = exp[� d2(x i ; x j )=2� 2] if thereis
an edgelinking x i andx j : Note that Wii = 0 becausethereareno loopsin the
graph.

3. SymmetricallynormalizeW by S = D � 1=2W D � 1=2 in which D is thediagonal
matrixwith (i; i )-elementequalto thesumof thei -th row of W:



4. Iteratef (t + 1) = � Sf (t) + (1 � � )y until convergence,where� is aparameter
in [0; 1):

5. Let f �
i denotethelimit of thesequencef f i (t)g: Rankeachpoint x i accordingits

rankingscoresf �
i (largestranked�rst).

This iterationalgorithmcanbeunderstoodintuitively. Firstaconnectednetwork is formed
in the �rst step. The network is simply weightedin the secondstepand the weight is
symmetricallynormalizedin thethird step.Thenormalizationin thethird stepis necessary
to provethealgorithm'sconvergence.In theforth step,all pointsspreadtheir rankingscore
to their neighborsvia theweightednetwork. Thespreadprocessis repeateduntil a global
stablestateis achieved,andin the �fth stepthepointsarerankedaccordingto their �nal
rankingscores.Theparameter� speci�estherelative contributionsto therankingscores
from neighborsandtheinitial rankingscores.It is worthmentioningthatself-reinforcement
is avoidedsincethediagonalelementsof theaf�nity matrix aresetto zeroin thesecond
step.In addition,theinformationis spreadsymmetricallysinceS is asymmetricmatrix.

About theconvergenceof thisalgorithm,wehave thefollowing theorem:

Theorem1 Thesequencef f (t)g convergesto f � = � (I � � S) � 1y; where � = 1 � � :

Seealso[8] for therigorousproof. Herewe only demonstratehow to obtainsucha closed
form expression.Supposef (t) convergesto f � : Substitutingf � for f (t + 1) andf (t) in
theiterationequationf (t + 1) = � Sf (f ) + (1 � � )y; wehave

f � = � f � + (1 � � )y; (1)

whichcanbetransformedinto

(I � � S)f � = (1 � � )y:

Since(I � � S) is invertible,wehave

f � = (1 � � )( I � � S) � 1y:

Clearly, thescalingfactor� doesnot make contributionsfor our rankingtask. Hencethe
closedform is equivalentto

f � = (I � � S) � 1y: (2)

Wecanusethisclosedform to computetherankingscoresof pointsdirectly. In large-scale
real-world problems,however, we preferusingiterationalgorithm.Our experimentsshow
thata few iterationsareenoughto yield highquality rankingresults.

3 Connectionswith Google

Let G = (V; E) denotea directedgraphwith vertices.Let W denotethen � n adjacency
matrixW; in whichWij = 1 if thereis alink in E from vertex x i to vertex x j ; andWij = 0
otherwise.Note thatW is possiblyasymmetric.De�ne a randomwalk on G determined
by thefollowing transitionprobabilitymatrix

P = (1 � � )U + �D � 1W; (3)

whereU is thematrixwith all entriesequalto 1=n. Thiscanbeinterpretedasaprobability
� of transitionto anadjacentvertex, anda probability1 � � of jumpingto any pointon the
graphuniform randomly. Thentherankingscoresover V computedby PageRankis given
by thestationarydistribution � of therandomwalk.

In our case,we only considergraphswhich areundirectedandconnected.Clearly, W is
symmetricin thissituation.If wealsorankall pointswithoutqueriesusingourmethod,as
is doneby Google,thenwehave thefollowing theorem:



Theorem2 For thetaskof rankingdatarepresentedbya connectedandundirectedgraph
withoutqueries,f � andPageRankyield thesamerankinglist.

Proof.We �st show thatthestationarydistribution � of therandomwalk usedin Googleis
proportionalto thevertex degreeif thegraphG is undirectedandconnected.Let 1 denote
the1 � n vectorwith all entriesequalto 1. Wehave

1DP = 1D[(1 � � )U + �D � 1W ] = (1 � � )1DU + � 1DD � 1W
= (1 � � )1D + � 1W = (1 � � )1D + � 1D = 1D:

Let vol G denotethe volume of G; which is given by the sum of vertex degrees. The
stationarydistribution is then

� = 1D=vol G: (4)

Note that � doesnot dependon �: Hence� is also the the stationarydistribution of the
randomwalk determinedby thetransitionprobabilitymatrixD � 1W:

Now we considertherankingresultgivenby our methodin thesituationwithout queries.
Theiterationequationin thefourthstepof ourmethodbecomes

f (t + 1) = Sf (t): (5)

A standardresult[4] of linearalgebrastatesthat if f (0) is a vectornot orthogonalto the
principal eigenvector, thenthe sequencef f (t)g convergesto the principal eigenvectorof
S. Let 1 denotesthen � 1 vectorwith all entriesequalto 1: Then

SD 1=21 = D � 1=2W D � 1=2D 1=21 = D � 1=2W 1 = D � 1=2D1 = D 1=21:

Further, noticing that themaximaleigenvalueof S is 1 [8], we know theprincipaleigen-
vectorof S is D 1=21: Hence

f � = D 1=21: (6)

Comparing(4) with (6), it is clearthatf � and� give thesamerankinglist. Thiscompletes
ourproof.

4 PersonalizedGoogle

AlthoughPageRankis designedto rankall pointswithout respectto any query, it is easyto
modify for query-basedrankingproblems.Let P = D � 1W: Therankingscoresgivenby
PageRankaretheelementsof theconvergencesolution� � of theiterationequation

� (t + 1) = � P T � (t): (7)

By analogywith thealgorithmin Section2, wecanaddaquerytermontheright-handside
of (7) for thequery-basedranking,

� (t + 1) = � P T � (t) + (1 � � )y: (8)

This canbe viewed asthe personalizedversionof PageRank.We canshow that the se-
quencef � (t)g convergesto � � = (1 � � )( I � � P T ) � 1y asbefore,which is equivalent
to

� � = (I � � PT ) � 1y: (9)

Now let usanalyzetheconnectionbetween(2) and(9). Note that (9) canbetransformed
into

� � = [(D � � W )D � 1]� 1y = D(D � � W ) � 1y:

In addition,f � canberepresentedas

f � = [D � 1=2(D � � W )D � 1=2]� 1y = D 1=2(D � � W ) � 1D 1=2y: (10)



Hencethemaindifferencebetween� � andf � is that in the latter the initial rankingscore
yi of eachqueryx i is weightedwith respectto its degree.

The above observation motivatesus to proposea more generalpersonalizedPageRank
algorithm,

� (t + 1) = � P T � (t) + (1 � � )D k y; (11)
in whichweassigndifferentimportanceto querieswith respectto theirdegree.Theclosed
form of (11) is givenby

� � = (I � � PT ) � 1D k y: (12)
If k = 0; (12) is just (9); andif k = 1; wehave

� � = (I � � PT ) � 1Dy = D(D � � W ) � 1Dy;
which is almostassameas(10).

We canalsouse(12) for classi�cationproblemswithout any modi�cation, besidessetting
theelementsof y to 1 or -1 correspondingto thepositive or negative classesof thelabeled
points,and0 for the unlabeleddata. This shows the rankingandclassi�cationproblems
arecloselyrelated.

We cando a similar analysisof the relationsto Kleinberg's HITS [5], which is another
popularweb pagerankingalgorithm. The basicideaof this methodis alsoto iteratively
spreadthe rankingscoresvia the existing web graph. We omit further discussionof this
methoddueto lackof space.

5 Experiments

We validateour methodusinga toy problemandtwo real-world domains:imageandtext.
In ourfollowing experimentsweusetheclosedform expressionin which� is �x edat0:99:
As a true labeling is known in theseproblems,i.e. the imageanddocumentcategories
(which is not truein real-world rankingproblems),wecancomputetherankingerrorusing
theReceiver OperatorCharacteristic(ROC) score[3] to evaluaterankingalgorithms.The
returnedscoreis between0 and1, ascoreof 1 indicatingaperfectranking.

5.1 Toy Problem

In this experimentwe consideredthe toy rankingproblemmentionedin the introduction
section.Theconnectedgraphdescribedin the�rst stepof ouralgorithmis shown in Figure
2(a). Therankingscoreswith differenttime steps:t = 5; 10; 50; 100areshown in Figures
2(b)-(e).Notethatthescoresoneachmoondecreasealongthemoonshapeaway from the
query, andthescoreson themooncontainingthequerypoint arelarger thanon theother
moon. Rankingby Euclideandistanceis shown in Figure2(f), which fails to capturethe
two moonsstructure.

It is worth mentioningthatsimply rankingthedataaccordingto theshortestpaths[7] on
thegraphdoesnotwork well. In particular, wedraw thereader'sattentionto thelongedge
in Figure2(a) which links the two moons. It appearsthat shortestpathsaresensitive to
thesmall changesin thegraph. Therobustsolutionis to assembleall pathsbetweentwo
points,andweight themby a decreasingfactor. This is exactly whatwe have done.Note
thattheclosedform canbeexpandedasf � =

P
i � i Si y:

5.2 ImageRanking

In this experimentwe addressa task of ranking on the USPShandwritten16x16 digits
dataset.Werankdigits from 1 to 6 in ourexperiments.Thereare1269,929,824,852,716
and834examplesfor eachclass,for a total of 5424examples.



(a) Connected graph

Figure2: Rankingon thepatternof two moons.(a) connectedgraph;(b)-(e)rankingwith
thedifferenttimesteps:t = 5; 10; 50; 100;(f) rankingby Euclideandistance.
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(e) Query digit 5
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Figure3: ROC on USPSfor queriesfrom digits 1 to 6. Notethatthis experimentalresults
alsoprovide indirectproofof theintrinsicmanifoldstructurein USPS.



Figure4: Rankingdigits on USPS.The top-left digit in eachpanelis thequery. The left
panelshows the top 99 by themanifold ranking;andthe right panelshows the top 99 by
theEuclideandistancebasedranking. Notethat therearemany more2s with knotsin the
right panel.

We randomlyselectexamplesfrom oneclassof digits to be the querysetover 30 trials,
andthenrank the remainingdigits with respectto thesesets. We usea RBF kernelwith
thewidth � = 1:25 to constructtheaf�nity matrix W; but thediagonalelementsaresetto
zero.TheEuclideandistancebasedrankingmethodis usedasthebaseline:givena query
setf xsg(s 2 S), thepointsx arerankedaccordingto that thehighestrankingis givento
thepoint x with thelowestscoreof mins2 Skx � xsk:

Theresults,measuredasROC scores,aresummarizedin Figure3; eachplot corresponds
to a differentqueryclass,from digit oneto six respectively. Our algorithmis comparable
to the baselinewhena digit 1 is the query. For the otherdigits, however, our algorithm
signi�cantly outperformsthebaseline.Thisexperimentalresultalsoprovidesindirectproof
of theunderlyingmanifoldstructurein theUSPSdigit dataset[6, 7].

Thetopranked99imagesobtainedby ouralgorithmandEuclideandistance,with arandom
digit 2 asthe query, areshown in Figure4: The top-left digit in eachpanelis the query.
Note that therearesome3s in the right panel. Furthermore,therearemany curly 2s in
theright panel,which do not matchwell with thequery: the2s in the left panelaremore
similar to the querythanthe 2s in the right panel. This subtlesuperioritymakesa great
dealof sensein thereal-word rankingtask,in which usersareonly interestedin very few
leadingrankingresults. The ROC measureis too simpleto re�ect this subtlesuperiority
however.

5.3 Text Ranking

In thisexperiment,we investigatethetaskof text rankingusingthe20-newsgroupsdataset.
We choosethetopic recwhich containsautos,motorcycles,baseballandhockey from the
version20-news-18828.

The articlesareprocessedby the Rainbow softwarepackagewith the following options:
(1) passingall words throughthe Porterstemmerbeforecountingthem; (2) tossingout
any token which is on the stoplistof the SMART system;(3) skippingany headers;(4)
ignoring wordsthat occurin 5 or fewer documents.No further preprocessingwasdone.
Removing theemptydocuments,weobtain3970documentvectorsin a8014-dimensional
space.Finally thedocumentsarenormalizedinto TFIDF representation.

Weusetherankingmethodbasedonnormalizedinnerproductasthebaseline.Theaf�nity
matrix W is alsoconstructedby innerproduct,i.e. linearkernel.TheROC scoresfor 100
randomlyselectedqueriesfor eachclassaregivenin Figure5.
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Figure5: ROC scorescatterplotsof 100randomqueriesfrom thecategory autos,motor-
cycles,baseballandhockey containedin the20-newsgroupsdataset.

6 Conclusion

Futureresearchshouldaddressmodelselection.Potentially, if onewasgiven a small la-
beledsetor a querysetgreaterthansize1, onecould usestandardcrossvalidationtech-
niques. In addition,it may be possibleto look to the theoryof stability of algorithmsto
chooseappropriatehyperparameters.Therearealsoa numberof possibleextensionsto
theapproach.For exampleonecould implementan iterative feedback framework: asthe
userspeci�espositive feedbackthis canbe usedto extendthe querysetandimprove the
rankingoutput.Finally, andmostimportantly, we areinterestedin applyingthis algorithm
to wide-rangingreal-wordproblems.
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