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Abstract

Gaussianprocessesareusuallyparameterisedin termsof their covari-
ancefunctions. However, this makes it dif�cult to deal with multiple
outputs,becauseensuringthat thecovariancematrix is positive de�nite
is problematic.An alternative formulationis to treatGaussianprocesses
aswhitenoisesourcesconvolvedwith smoothingkernels,andto param-
eterisethe kernelinstead.Using this, we extendGaussianprocessesto
handlemultiple,coupledoutputs.

1 Intr oduction

Gaussianprocessregressionhasmany desirableproperties,suchaseaseof obtainingand
expressinguncertaintyin predictions,the ability to capturea wide variety of behaviour
througha simpleparameterisation,anda naturalBayesianinterpretation[15, 4, 9]. Be-
causeof this they have beensuggestedasreplacementsfor supervisedneuralnetworks in
non-linearregression[8, 18], extendedto handleclassi�cationtasks[11, 17, 6], andused
in a variety of otherways (e.g. [16, 14]). A Gaussianprocess(GP), asa setof jointly
Gaussianrandomvariables,is completelycharacterisedby a covariancematrix with en-
triesdeterminedby a covariancefunction. Traditionally, suchmodelshave beenspeci�ed
by parameterisingthe covariancefunction (i.e. a function specifyingthe covarianceof
outputvaluesgivenany two input vectors). In generalthis needsto bea positive de�nite
functionto ensurepositivede�nitenessof thecovariancematrix.

MostGPimplementationsmodelonly asingleoutputvariable.Attemptsto handlemultiple
outputsgenerallyinvolve usingan independentmodelfor eachoutput- a methodknown
asmulti-kriging [18] - but suchmodelscannotcapturethestructurein outputsthatcovary.
As anexample,considerthe two tightly coupledoutputsshown at the top of Figure2, in
whichoneoutputis simplyashiftedversionof theother. Herewehavedetailedknowledge
of output1, but samplingof output2 is sparse.A modelthattreatstheoutputsasindepen-
dentcannotexploit theirobvioussimilarity - intuitively, weshouldmakepredictionsabout
output2 usingwhatwe learnfrom bothoutput1 and2.

Jointpredictionsarepossible(e.g.co-kriging[3]) but areproblematicin thatit is not clear
how covariancefunctionsshouldbede�ned [5]. Althoughtherearemany known positive
de�nite autocovariancefunctions(e.g. Gaussiansandmany others[1, 9]), it is dif�cult to
de�ne cross-covariancefunctionsthatresultin positive de�nite covariancematrices.Con-
trastthis to neuralnetwork modelling,wherethehandlingof multipleoutputsis routine.



An alternative to directlyparameterisingcovariancefunctionsis to treatGPsastheoutputs
of stablelinear�lters. For a linear�lter , theoutputin responseto aninput x(t) is
y(t) = h(t) ? x(t) =

R1
�1 h(t � � )x(� )d� , whereh(t) de�nes the impulseresponseof

the�lter and? denotesconvolution. Providedthelinear�lter is stableandx(t) is Gaussian
white noise,theoutputprocessy(t) is necessarilya Gaussianprocess.It is alsopossible
to characterisep-dimensionalstablelinear �lters, with M -inputsandN -outputs,by a set
of M � N impulseresponses.In general,theresultingN outputsaredependentGaussian
processes.Now we canmodelmultiple dependentoutputsby parameterisingthe setof
impulseresponsesfor amultipleoutputlinear�lter , andinferringtheparametervaluesfrom
datathatweobserve. Insteadof specifyingandparameterisingpositivede�nite covariance
functions,wenow specifyandparameteriseimpulseresponses.Theonly restrictionis that
the�lter belinearandstable,andthis is achievedby requiringtheimpulseresponsesto be
absolutelyintegrable.

ConstructingGPsby stimulatinglinear �lters with Gaussiannoiseis equivalent to con-
structingGPsthroughkernelconvolutions. A GaussianprocessV (s) canbe constructed
over a region S by convolving a continuouswhite noiseprocessX (s) with a smoothing
kernelh(s), V (s) = h(s) ? X (s) for s 2 S, [7]. To this canbe addeda secondwhite
noisesource,representingmeasurementuncertainty, andtogetherthisgivesamodelfor ob-
servationsY . Thisview of GPsis shown in graphicalform in Figure1(a). Theconvolution
approachhasbeenusedto formulate�e xible nonstationarycovariancefunctions[13, 12].
Furthermore,this ideacanbe extendedto modelmultiple dependentoutputprocessesby
assumingasinglecommonlatentprocess[7]. For example,two dependentprocessesV1(s)
andV2(s) areconstructedfrom ashareddependenceonX (s) for s 2 S0, asfollows

V1(s) =
Z

S0 [S 1

h1(s � � )X (� )d� and V2(s) =
Z

S0 [S 2

h2(s � � )X (� )d�

whereS = S0 [ S1 [ S2 is aunionof disjointsubspaces.V1(s) is dependentonX (s); s 2
S1 but notX (s); s 2 S2. Similarly, V2(s) is dependentonX (s); s 2 S2 but notX (s); s 2
S1. ThisallowsV1(s) andV2(s) to possessindependentcomponents.

In this paper, we modelmultiple outputssomewhatdifferentlyto [7]. Insteadof assuming
a singlelatentprocessde�ned over a unionof subspaces,we assumemultiple latentpro-
cesses,eachde�ned over < p. Someoutputsmaybedependentthrougha sharedreliance
on commonlatentprocesses,andsomeoutputsmaypossessunique,independentfeatures
throughaconnectionto a latentprocessthataffectsnootheroutput.

2 Two DependentOutputs

Considertwo outputsY1(s) andY2(s) overaregion< p, wheres 2 < p. WehaveN1 obser-
vationsof output1 andN2 observationsof output2, giving usdataD1 = f s1;i ; y1;i g

N 1
i =1

and D2 = f s2;i ; y2;i g
N 2
i =1 . We wish to learn a model from the combineddataD =

fD 1; D2g in order to predict Y1(s0) or Y2(s0), for s0 2 < p. As shown in Figure 1(b),
wecanmodeleachoutputasthelinearsumof threestationaryGaussianprocesses.Oneof
these(V ) arisesfrom anoisesourceuniqueto thatoutput,underconvolutionwith akernel
h. A second(U) is similar, but arisesfrom a separatenoisesourceX 0 thatin�uencesboth
outputs(althoughvia differentkernels,k). Thethird is additive noiseasbefore.

ThuswehaveYi (s) = Ui (s) + Vi (s) + Wi (s), whereWi (s) is astationaryGaussianwhite
noiseprocesswith variance,� 2

i , X 0(s); X 1(s) andX 2(s) areindependentstationaryGaus-
sianwhitenoiseprocesses,U1(s); U2(s); V1(s) andV2(s) areGaussianprocessesgivenby
Ui (s) = ki (s) ? X 0(s) andVi (s) = hi (s) ? X i (s).



Figure1: (a) Gaussianprocessprior for a singleoutput. TheoutputY is thesumof two
Gaussianwhitenoiseprocesses,oneof whichhasbeenconvolved(?) with akernel(h).
(b) The modelfor two dependentoutputsY1 andY2. All of X 0; X 1; X 2 andthe “noise”
contributionsareindependentGaussianwhite noisesources.Noticethatif X 0 is forcedto
zeroY1 andY2 becomeindependentprocessesasin (a) - weusethisasacontrolmodel.

Thek1; k2; h1; h2 areparameterisedGaussiankernelswherek1(s) = v1 exp
�
� 1

2 sT A1s
�
,

k2(s) = v2 exp
�
� 1

2 (s � � )T A2(s � � )
�
, andhi (s) = wi exp

�
� 1

2 sT B i s
�
. Note that

k2(s) is offsetfrom zeroby � to allow modellingof outputsthatarecoupledandtranslated
relative to oneanother.

We wish to derive the setof functionsCY
ij (d) that de�ne the autocovariance(i = j ) and

cross-covariance(i 6= j ) betweenthe outputsi and j , for a given separationd between
arbitraryinputssa andsb. By solvinga convolution integral,CY

ij (d) canbeexpressedin a
closedform [2], andis fully determinedby theparametersof theGaussiankernelsandthe
noisevariances� 2

1 and� 2
2 asfollows:

CY
11(d) = CU

11(d) + CV
11(d) + � ab� 2

1 CY
12(d) = CU

12(d)

CY
22(d) = CU

22(d) + CV
22(d) + � ab� 2

2 CY
21(d) = CU

21(d)

where

CU
ii (d) =

�
p
2 v2

ip
jA i j

exp
�

�
1
4

dT A i d
�

CU
12(d) =

(2� )
p
2 v1v2p

jA1 + A2j
exp

�
�

1
2

(d � � )T �( d � � )
�

CU
21(d) =

(2� )
p
2 v1v2p
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exp

�
�

1
2

(d + � )T �( d + � )
�

= CU
12(� d)

CV
ii (d) =

�
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2 w2

ip
jB i j

exp
�

�
1
4

dT B i d
�

with � = A1(A1 + A2) � 1A2 = A2(A1 + A2) � 1A1.

Given CY
ij (d) then,we canconstructthecovariancematricesC 11; C12; C21, andC22 as

follows

C ij =

2

6
4

CY
ij (si; 1 � sj ;1) � � � CY

ij (si; 1 � sj ;N j )
...

...
...

CY
ij (si;N i � sj ;1) � � � CY

ij (si;N i � sj ;N j )

3

7
5 (1)



Togetherthesede�ne thepositivede�nite symmetriccovariancematrixC for thecombined
outputdataD:

C =
�
C11 C12
C21 C22

�
(2)

Wede�ne asetof hyperparameters� thatparameterise
f v1; v2; w1; w2; A1; A2; B1; B2; �; � 1; � 2g. Now, wecancalculatethelikelihood

L = �
1
2

log
�
�C

�
� �

1
2

y T C � 1y �
N1 + N2

2
log2�

where y T = [y1;1 � � � y1;N 1 y2;1 � � � y2;N 2 ]

andC is a functionof � andD.

Learninga modelnow correspondsto eithermaximisingthe likelihoodL , or maximising
theposteriorprobabilityP(� j D). Alternatively, we cansimulatethepredictive distribu-
tion for y by takingsamplesfrom thejoint P(y ; � j D), usingMarkov ChainMonteCarlo
methods[10].

Thepredictive distribution at a point s0 on outputi given� andD is Gaussianwith mean
ŷ0 andvariance� 2

ŷ0 givenby

ŷ0 = kT C � 1y

and � 2
ŷ0 = � � kT C � 1k

where � = CY
ii (0) = v2

i + w2
i + � 2

i

and k =
�
CY

i 1(s0 � s1;1) : : : CY
i 1(s0 � s1;N 1 ) CY

i 2(s0 � s2;1) : : : CY
i 2(s0 � s2;N 2 )

� T

2.1 Example1 - Strongly dependentoutputs over 1d input space

Considertwo outputs,observedovera1d input space.Let A i = exp(f i ), B i = exp(gi ),
and� i = exp(� i ). Ourhyperparametersare� = f v1; v2; w1; w2; f 1; f 2; g1; g2; �; � 1; � 2g
whereeachelementof � is ascalar. As in [2] wesetGaussianpriorsover � .

WegeneratedN = 48datapointsby takingN1 = 32samplesfrom output1 andN2 = 16
samplesfrom output2. The samplesfrom output1 were linearly spacedin the interval
[� 1; 1] andthosefrom output2 wereuniformly spacedin theregion[� 1; � 0:15][ [0:65; 1].
All samplesweretakenunderadditiveGaussiannoise,� = 0:025. To build ourmodel,we
maximisedP(� jD ) / P(D j � ) P(� ) usinga multistartconjugategradientalgorithm,
with 5 starts,samplingfrom P(� ) for initial conditions.

The resultingdependentmodelis shown in Figure2 alongwith an independent(control)
modelwith no coupling(seeFigure1). Observe that thedependentmodelhaslearnedthe
couplingandtranslationbetweentheoutputs,andhas�lled in output2 wheresamplesare
missing.Thecontrolmodelcannotachievesuchin�lling asit is consistsof two independent
Gaussianprocesses.

2.2 Example2 - Strongly dependentoutputs over 2d input space

Considertwo outputs,observedovera2d input space.Let

A i =
1

� 2
i

I B i =
1
� 2

i
I whereI is theidentitymatrix.

Furthermore,let � i = exp(� i ). In this toy example,we set� = 0, soour hyperparameters
become� = f v1; v2; w1; w2; � 1; � 2; � 1; � 2� 1; � 2g whereeachelementof � is a scalar.
Again,wesetGaussianpriorsover � .
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Figure2: Stronglydependentoutputswhereoutput2 is simply a translatedversionof out-
put 1, with independentGaussiannoise,� = 0:025. Thesolid lines representthemodel,
thedottedlinesarethetruefunction,andthedotsaresamples.Theshadedregionsrepre-
sent1� errorbarsfor themodelprediction. (top) Independentmodelof the two outputs.
(bottom)Dependentmodel.

Wegenerated117datapointsby taking81samplesfrom output1 and36samplesfrom out-
put2. Bothsetsof samplesformeduniformlatticesovertheregion[� 0:9; 0:9]
 [� 0:9; 0:9]
andweretaken with additive Gaussiannoise,� = 0:025. To build our model,we max-
imisedP(� jD ) asbefore.

Thedependentmodelis shown in Figure3 alongwith anindependentcontrolmodel.The
dependentmodelhas�lled in output2wheresamplesaremissing.Again,thecontrolmodel
cannotachieve suchin-�lling asit is consistsof two independentGaussianprocesses.

3 Time SeriesForecasting

Considertheobservationof multiple time series,wheresomeof theseriesleador predict
the others. We simulateda set of threetime seriesfor 100 stepseach(�gure 4) where
series3 waspositively coupledto a laggedversionof series1 (lag = 0:5) andnegatively
coupledto a laggedversionof series2 (lag = 0:6). Giventhe300observations,we built
a dependentGP modelof the threetime seriesandcomparedthemwith independentGP
models.ThedependentGPmodelincorporateda prior belief thatseries3 wascoupledto
series1 and2, with the lagsunknown. The independentGPmodelassumedno coupling
betweenits outputs,andconsistedof threeindependentGPmodels.Wequeriedthemodels
for forecastsof thefuture10 valuesof series3. It is clearfrom �gure 4 thatthedependent
GP model doesa far betterjob at forecastingthe dependentseries3. The independent
modelbecomesinaccurateafter just a few time stepsinto the future. This inaccuracy is
expectedasknowledgeof series1 and2 is requiredto accuratelypredict series3. The



Figure3: Stronglydependentoutputswhereoutput2 is simply a copy of output1, with
independentGaussiannoise.(top) Independentmodelof thetwo outputs.(bottom)Depen-
dentmodel.Output1 is modelledwell by bothmodels.Output2 is modelledwell only by
thedependentmodel

dependentGPmodelperformswell asit haslearnedthatseries3 is positively coupledto a
laggedversionof series1 andnegatively coupledto a laggedversionof series2.

4 Multiple Outputs and Non-stationary Kernels

Theconvolution framework describedherefor constructingGPscanbeextendedto build
modelscapableof modellingN -outputs,eachde�ned over a p-dimensionalinput space.
In general,we can de�ne a model where we assumeM -independentGaussianwhite
noiseprocessesX 1(s) : : : X M (s), N -outputsU1(s) : : : UN (s), andM � N kernels
ff kmn (s)gM

m =1 gN
n =1 wheres 2 < p. The autocovariance(i = j ) and cross-covariance

(i 6= j ) functionsbetweenoutputprocessesi andj become

CU
ij (d) =

MX

m =1

Z

< p
kmi (s)kmj (s + d)ds (3)

andthematrixde�ned by equation2 is extendedin theobviousway.

Thekernelsusedin (3) neednotbeGaussian,andneednotbespatiallyinvariant,or station-
ary. We requirekernelsthatareabsolutelyintegrable,

R1
�1 : : :

R1
�1 jk(s)jdps < 1 . This

providesalargedegreeof �e xibility , andis aneasyconditionto uphold.It wouldseemthat
anabsolutelyintegrablekernelwould beeasierto de�ne andparameterisethana positive
de�nite function. On theotherhand,we requirea closedform of CY

ij (d) andthis maynot
beattainablefor somenon-Gaussiankernels.
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Figure4: Threecoupledtime series,whereseries1 andseries2 predictseries3. Forecast-
ing for series3 beginsafter100time stepswheret = 7:8. Thedependentmodelforecast
is shown with a solid line, andthe independent(control) forecastis shown with a broken
line. Thedependentmodeldoesa far betterjob at forecastingthenext 10 stepsof series3
(blackdots).

5 Conclusion

We have shown how theGaussianProcessframework canbeextendedto multiple output
variableswithout assumingthemto be independent.Multiple processescanbe handled
by inferring convolution kernelsinsteadof covariancefunctions. This makes it easyto
constructtherequiredpositivede�nite covariancematricesfor covaryingoutputs.

Oneapplicationof this work is to learnthespatialtranslationsbetweenoutputs.However
the framework developedhereis moregeneralthanthis, as it canmodeldatathat arises
from multiple sources,only someof which areshared.Our examplesshow thein�lling of
sparselysampledregionsthatbecomespossiblein a modelthatpermitscouplingbetween
outputs. Another applicationis the forecastingof dependenttime series. Our example
shows how learningcouplingsbetweenmultiple time seriesmayaid in forecasting,partic-
ularly whenthe seriesto be forecastis dependenton previous or currentvaluesof other
series.

DependentGaussianprocessesshouldbeparticularlyvaluablein caseswhereoneoutput
is expensive to sample,but covariesstronglywith asecondthatis cheap.By inferringboth
thecouplingandthe independentaspectsof thedata,thecheapobservationscanbeused
asaproxy for theexpensive ones.
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