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Abstract

Gaussiarprocessesre usually parameterisedh termsof their covari-
ancefunctions. However, this makesit dif cult to dealwith multiple
outputs,becausensuringthat the covariancematrix is positive de nite
is problematic.An alternatve formulationis to treatGaussiarprocesses
aswhite noisesourcesonvolvedwith smoothingkernels,andto param-
eterisethe kernelinstead. Using this, we extend Gaussiarprocesse$o
handlemultiple, coupledoutputs.

1 Intr oduction

Gaussiarprocesgegressiorhasmary desirableproperties suchaseaseof obtainingand
expressinguncertaintyin predictions,the ability to capturea wide variety of behaiour
througha simple parameterisatiorand a naturalBayesianinterpretation[15, 4, 9]. Be-
causeof this they have beensuggestedsreplacementfor supervisecheuralnetworksin

non-linearregression8, 18], extendedto handleclassi cationtasks[11, 17, 6], andused
in a variety of otherways(e.g. [16, 14]). A GaussiarprocesyGP), asa setof jointly

Gaussiarrandomvariables,is completelycharacterisedy a covariancematrix with en-
tries determinecby a covariancefunction. Traditionally, suchmodelshave beenspeci ed
by parameterisinghe covariancefunction (i.e. a function specifyingthe covarianceof
outputvaluesgiven ary two input vectors).In generalthis needso be a positive de nite

functionto ensurepositive de nitenessof the cavariancematrix.

MostGPimplementationsnodelonly asingleoutputvariable.Attemptsto handlemultiple

outputsgenerallyinvolve usingan independentmodelfor eachoutput- a methodknown

asmulti-kriging [18] - but suchmodelscannotcapturethe structurein outputsthatcovary.

As anexample,considerthe two tightly coupledoutputsshavn at the top of Figure2, in

which oneoutputis simply a shiftedversionof theother Herewe have detailedknowledge
of outputl, but samplingof output2 is sparse A modelthattreatsthe outputsasindepen-
dentcannotexploit their obvioussimilarity - intuitively, we shouldmale predictionsabout
output2 usingwhatwe learnfrom bothoutputl and2.

Jointpredictionsarepossible(e.g. co-kriging[3]) but areproblematian thatit is notclear
how covariancefunctionsshouldbe de ned [5]. Althoughtherearemary known positive
de nite autocwariancefunctions(e.g. Gaussiansndmary others[1, 9]), it is dif cult to
de ne cross-cwoariancefunctionsthatresultin positive de nite covariancematrices.Con-
trastthis to neuralnetwork modelling,wherethe handlingof multiple outputsis routine.



An alternatve to directly parameterisingovariancefunctionsis to treatGPsastheoutputs
of stablelinear Iters. pForalinear lter, theoutputin responséo aninputx(t) is

y(t) = h(t) ? x(t) = i h(t )x( )d , whereh(t) de nestheimpulseresponsef

the lter and? denotesonvolution. Providedthelinear Iter is stableandx(t) is Gaussian
white noise,the outputprocessy(t) is necessarilya Gaussiarprocess.lt is alsopossible
to characterisg@-dimensionaktablelinear Iters, with M -inputsandN -outputs,by a set
of M N impulseresponsesin generaltheresultingN outputsaredependenGaussian
processesNow we can model multiple dependenbutputsby parameterisinghe set of

impulseresponse®r amultiple outputlinear Iter , andinferringtheparametevaluesfrom

datathatwe obsere. Insteadof specifyingandparameterisingositive de nite covariance
functions,we now specifyandparameterisenpulseresponsesTheonly restrictionis that

the Iter belinearandstable andthisis achiezedby requiringtheimpulseresponseto be

absolutelyintegrable.

ConstructingGPsby stimulatinglinear Iters with Gaussiamoiseis equialentto con-
structingGPsthroughkernelconvolutions. A GaussiarprocessV (s) canbe constructed
over aregion S by convolving a continuouswhite noiseprocessX (s) with a smoothing
kernelh(s), V(s) = h(s) ?X(s) fors 2 S, [7]. To this canbe addeda secondwhite
noisesourcefepresentingneasurementncertaintyandtogethethis givesa modelfor ob-
senationsY . Thisview of GPsis shavn in graphicalform in Figurel(a). Thecorvolution
approachhasbeenusedto formulate e xible nonstationarycovariancefunctions[13, 12].
Furthermorethis ideacanbe extendedto modelmultiple dependenbutputprocessedy
assumingsinglecommonlatentprocesg7]. For exampletwo dependenprocesse¥; (s)
andV,(s) areconstructedrom a shareddependencen X (s) for s 2 Sp, asfollows
z z

Vi(s) = hi(s  )X()d and Vy(s) = ho(s )X ( )d
So[s 1 SO[S 2
whereS = Sg[ S1[ Sy isaunionof disjointsubspacesv/;(s) is dependentnX (s);s 2
S; butnotX (s);s 2 S,. Similarly, V»(s) is dependendon X (s);s 2 S, butnotX (s);s 2
S;. Thisallows V1 (s) andV(s) to possesindependentomponents.

In this paper we modelmultiple outputssomeavhatdifferentlyto [7]. Insteadof assuming
a singlelatentprocessle ned over a union of subspacesye assumenultiple latentpro-
cesseseachde ned over <P. Someoutputsmay be dependenthrougha sharedreliance
on commonlatentprocessesandsomeoutputsmay possessinique,independenteatures
througha connectiorto a latentprocesghataffectsno otheroutput.

2 Two DependentOutputs

Considerttwo outputsY: (s) andY;(s) overaregion<P, wheres 2 <P. We have N; obser
vationsof outputl andN, obsenationsof output2, giving usdataD; = fsy; ; Vi giN;l
andD, = fsy; Vo gile . We wish to learn a model from the combineddataD =
fD 1;D,g in orderto predictY;(s% or Y»(s%, for s° 2 <P. As shawn in Figure 1(b),
we canmodeleachoutputasthelinearsumof threestationaryGaussiarprocessesOneof
thesg(V) arisesfrom a noisesourceuniqueto thatoutput,undercorvolution with akernel
h. A secondU) is similar, but arisesfrom a separataoisesourceX o thatin uencesboth
outputs(althoughvia differentkernels k). Thethird is additive noiseasbefore.

Thuswe have Y; (s) = U;(s) + Vi (s) + W, (s), whereW; (s) is astationaryGaussiamwhite
noiseproceswith variance, 2, Xo(s); X 1(s) andX »(s) areindependenstationaryGaus-
sianwhite noiseprocessed):(s); U2(s); Va1(s) andV,(s) areGaussiamprocessegivenby
Ui(s) = ki(s) ?Xo(s) andVi(s) = hi(s) ?Xi(s).
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Figurel: (a) Gaussiarprocessrior for a singleoutput. The outputY is the sumof two
Gaussiawhite noiseprocessexneof which hasbeencorvolved (?) with akernel(h).
(b) The modelfor two dependenbutputsY; andY,. All of Xo; X 1; X2 andthe “noise”
contritutionsareindependenGaussiawhite noisesourcesNoticethatif X is forcedto
zeroY; andY, becomendependenprocesseasin (a) - we usethis asa controlmodel.

Theky; ky; hy; hy areparameterise@aussiarkernelswherek(s) = vy exp %STAls ,
ka(s) = voexp  3(s  )TAx(s ) ,andhi(s) = w; exp 21s"Bjs . Notethat
k2(s) is offsetfrom zeroby to allow modellingof outputsthatarecoupledandtranslated
relative to oneanother

We wish to derive the setof functionsC,f (d) thatde ne the autoccvariance(i = j)and
cross-cwariance(i 6 j) betweenthe outputsi andj, for a given separatiord between
arbitraryinputss, andsy,. By solvinga cornvolutionintegral, CY (d) canbeexpressedn a
closedform [2], and|s fuIIy determinedy the parametersf the Gaussiarkernelsandthe
noisevariances ? and 3 asfollows:

CYi(d) = CHi(d) + CYi(d) + a 7 CY,(d) = Cry(d)
CY(d) = CHh(d) + CH(d) + ap 3 C;y(d) = C3i(d)
where
Uiy — 2 Vi 1
Ci(d)=p=—=exp —dAd
JAI] 4
(2 )Zvivy 1 T
CY(d) = pP—f—= ex ~d d
12(d) Pm p 2( ) ( )
2 )rwv 1
co(d) = FE2VY2 o I+ )T (dv ) =cY( d)
JAL+ Ajj 2
w2 1
CY(d)= p—=exp -d"Bid
iBij 4
with = A]_(A]_ + A2) lAz = A2(A1 + Az) 1A1.

Given CY (d) then,we canconstructthe covariancematricesC 11; C12;C21, andC,, as
follows

Ci}( (Si1 Sj:1) Ci}( (i1 SjN;)
ci =14 : : 1)
Ci}( (Sin Sj 1) Ci}( (Sin | SjiN; )



Togethetthesede ne thepositive de nite symmetriccovariancematrix C for thecombined
outputdataD:

_ Cu Cp

€= Ca C2 )
We de ne asetof hyperparameters thatparameterise

fvi;vo;wy;wo; A AL B Bo; o 15 20. Now, we cancalculatethelik elihood

_ 1 1 T 1 Nl + NZ
L = > log C 2y C vy 5 log2
where y' = [y11 YIN, Y21 Y2iN, ]

andC is afunctionof andD.

Learninga modelnow correspondso eithermaximisingthelikelihoodL , or maximising
the posteriorprobabilityP(  jD). Alternatively, we cansimulatethe predictive distribu-
tion for y by takingsampledrom thejoint P(y; jD), usingMarkov ChainMonte Carlo
methodq10].

The predictive distribution at a point s® on outputi given andD is Gaussiarwith mean
y°andvariance J givenby

90: kTC ly
and 5= k'C 'k
where = CJ(0)=v?+w?+ ?

T
and k= CY(s® s11):::CY(S® sin,) CH(S® s21)::CH(S° san,)
2.1 Examplel - Strongly dependentoutputs over 1d input space

Considerntwo outputs,obseredovera ldinputspacelet A = exp(fi), B;i = exp(gi),
and j = exp( j). Ourhyperparameterare = fvi;vo;wi;Wo;faif2;000:; 10 29
whereeachelementof isascalarAsin [2] we setGaussiarpriorsover

We generatedN = 48 datapointsby takingN; = 32 sampledrom outputl andN, = 16
samplesfrom output2. The samplesfrom outputl werelinearly spacedn the interval
[ 1 1]andthosefrom output2 wereuniformly spacedn theregion[ 1; 0:15] [0:65; 1].
All samplesveretakenunderadditve Gaussiamoise, = 0:025. To build our model,we
maximisedP( jD) / P(Dj )P( ) usinga multistartconjugate gradientalgorithm,
with 5 starts,samplingfrom P () for initial conditions.

The resultingdependentnodelis shavn in Figure 2 alongwith anindependenfcontrol)
modelwith no coupling(seeFigurel). Obsene thatthe dependeninodelhaslearnedthe
couplingandtranslationbetweerthe outputs,andhas lled in output2 wheresamplesare
missing.Thecontrolmodelcannotachieze suchin lling asit is consistof two independent
Gaussiarprocesses.

2.2 Example2 - Strongly dependentoutputs over 2d input space

Considertwo outputs,obseredovera 2dinput spacel et
1 1

A=l Bi= | wherel is theidentity matrix.
i i
Furthermorelet ; = exp( ;). In thistoy example,weset = 0, soourhyperparameters
become = fvi;vo;wi;Wo; 1, 2; 1; 2 1; 20 whereeachelementof is ascalar

Again, we setGaussiarpriorsover



Output 1 independent model Output 2 independent model

------ True function
Model mean

Output 1 dependent model Output 2 dependent model

Figure2: Stronglydependenbutputswhereoutput?2 is simply a translatedrersionof out-
put 1, with independenGaussiamoise, = 0:025 Thesolid linesrepresenthe model,
the dottedlinesarethetrue function,andthe dotsaresamples.The shadedegionsrepre-
sentl errorbarsfor the modelprediction. (top) Independentodelof the two outputs.
(bottom)Dependentnodel.

We generated 17datapointsby taking81 sampledrom outputl and36 samplegrom out-
put2. Bothsetsof samplegormeduniformlatticesovertheregion[ 0:9;0:9] [ 0:9;0:9]
andweretaken with additve Gaussiamoise, = 0:025 To build our model,we max-
imisedP ( jD) asbefore.

Thedependenmodelis shavn in Figure3 alongwith anindependentontrolmodel. The
dependentnodelhaslled in output2 wheresamplesremissing.Again,thecontrolmodel
cannotachiere suchin- lling asit is consistf two independenGaussiarprocesses.

3 Time SeriesForecasting

Considerthe obsenation of multiple time serieswheresomeof the seriesleador predict
the others. We simulateda setof threetime seriesfor 100 stepseach( gure 4) where
series3 waspositively coupledto a laggedversionof seriesl (lag = 0:5) andnegatively
coupledto a laggedversionof series2 (lag = 0:6). Giventhe 300 obsenrations,we built
a dependenGP modelof the threetime seriesand comparedhemwith independenGP
models. The dependenGP modelincorporatedh prior belief that series3 wascoupledto
seriesl and2, with thelagsunknovn. The independenGP modelassumedo coupling
betweerits outputs andconsistef threeindependenGP models.We queriedthemodels
for forecastf thefuture 10 valuesof series3. It is clearfrom gure 4 thatthedependent
GP model doesa far betterjob at forecastingthe dependenteries3. The independent
modelbecomesnaccurateafter just a few time stepsinto the future. This inaccuray is
expectedas knowledgeof seriesl and?2 is requiredto accuratelypredictseries3. The



Figure 3: Stronglydependenbutputswhereoutput? is simply a copy of outputl, with

independenGaussiamoise.(top) Independentnodelof thetwo outputs.(bottom)Depen-
dentmodel. Outputl is modelledwell by bothmodels.Output2 is modelledwell only by
thedependentodel

dependenGP modelperformswell asit haslearnedthatseries3 is positively coupledto a
laggedversionof seriesl andnegatively coupledto alaggedversionof series2.

4 Multiple Outputs and Non-stationary Kernels

The corvolution framewnork describecherefor constructingGPscanbe extendedto build
modelscapableof modellingN -outputs,eachde ned over a p-dimensionainput space.
In general,we can de ne a model where we assumeM -independeniGaussianwhite
noiseprocesseX 1(s) ::: Xm (s), N-outputsUi(s):::Uy(s), andM N kernels

ff Kmn (S)gM-; gN-; wheres 2 <P. The autocwariance(i = j) andcross-ceariance
(i 6 j) functionsbetweeroutputprocessesandj become
W VA
Ci'(d) = Kmi (S)kmj (s + d)ds 3)
m=1 <P

andthematrix de ned by equatior?2 is extendedn the obviousway.

Thekernelsusedin (3) neemotbeGaussmnandneequtbesqgnallymvanant or station-
ary. We requirekernelsthatareabsolutelyintegrable, ; ::: | jk(s)jd’s < 1 . This
providesalargedegreeof e xibility, andis aneasyconditionto uphold.It would seenthat
an absolutelyintegrablekernelwould be easierto de ne and parameterisehana positive
de nite function. On the otherhand,we requirea closedform of C (d) andthis maynot
beattainabldor somenon-Gaussiakernels.
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Figure4: Threecoupledtime serieswhereseriesl andseries2 predictseries3. Forecast-
ing for series3 begins after 100time stepswheret = 7:8. The dependenmodelforecast
is shavn with a solid line, andthe independenfcontrol) forecastis shovn with a broken

line. Thedependenmodeldoesa far betterjob at forecastinghe next 10 stepsof series3

(blackdots).

5 Conclusion

We have shavn how the GaussiarProcessramevork canbe extendedto multiple output
variableswithout assuminghemto be independent.Multiple processeganbe handled
by inferring corvolution kernelsinsteadof covariancefunctions. This malkesit easyto
constructherequiredpositive de nite covariancematricesfor covaryingoutputs.

Oneapplicationof this work is to learnthe spatialtranslationdetweeroutputs.However

the framework developedhereis more generalthanthis, asit canmodeldatathat arises
from multiple sourcespnly someof which areshared Our examplesshav thein lling of

sparselysampledregionsthatbecomegpossiblein a modelthat permitscouplingbetween
outputs. Another applicationis the forecastingof dependentime series. Our example
shaws how learningcouplingsbetweermultiple time seriesmayaid in forecastingpartic-
ularly whenthe seriesto be forecastis dependenbn previous or currentvaluesof other
series.

DependentGaussiamprocesseshouldbe particularlyvaluablein casesvhereone output
is expensve to sample put covariesstronglywith a secondhatis cheap.By inferring both
the couplingandthe independenaspectf the data,the cheapobsenationscanbe used
asaproxy for theexpensve ones.
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