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Abstract

Log-concavity is an important property in the context ofigpztation,
Laplace approximation, and sampling; Bayesian methodschars Gaus-
sian process priors have become quite popular recentlydssification,
regression, density estimation, and point process irtieesitimation.
Here we prove that the predictive densities correspondirgcth of these
applications are log-concave, given any observed data. [¥éepaove
that the likelihood is log-concave in the hyperparametergrolling the
mean function of the Gaussian prior in the density and paintgss in-
tensity estimation cases, and the mean, covariance, ardvalisn noise
parameters in the classification and regression casesetult leads to
a useful parameterization of these hyperparametersdtingca suitably
large class of priors for which the corresponding maximaposteriori
problem is log-concave.

Introduction

Bayesian methods based on Gaussian process priors handlyrdmmome quite popular
for machine learning task4), These techniques have enjoyed a good deal of theoretical
examination, documenting their learning-theoretic (galization) properties?), and de-
veloping a variety of efficient computational schemes (€335, and references therein).
We contribute to this theoretical literature here by présgresults on the log-concavity of
the predictive densities and likelihood associated witles# of these methods, specifically
techniques for classification, regression, density esitimaand point process intensity es-
timation. These results, in turn, imply that it is relativelasy to tune the hyperparameters
for, approximate the posterior distributions of, and sanipim these models.

Our results are based on methods which we believe will bacgipé more widely in ma-
chine learning contexts, and so we give all necessary detbihe (fairly straightforward)
proof techniques used here.



Log-concavity background

We begin by discussing the log-concavity property: its ysesie examples of log-concave
(l.c.) functions, and the key theorem on which our resuleslzsed. Log-concavity is
perhaps most important in a maximization context: givenafienction f ofsome vector
paramete#, if g(f(9)) is concave for some invertible functignand the parameteésive

in some convex set, thefiis unimodal, with no non-global local maxima. (Note that in
this case a global maximum, if one exists, is not necessanilgue, but maximizers of

do form a convex set, and hence maxima are essentially uimgaisense.) Thus ascent
procedures for maximization can be applied without fearedfi trapped in local maxima;
this is extremely useful when the space to be optimized avéigh-dimensional. This
logic clearly holds for any arbitrary rescaliggof course, we are specifically interested in
g(t) = logt, since logarithms are useful in the context of taking prasl(ia a probabilistic
context, read conditional independence): log-concasitgreserved under multiplication,
since the logarithm converts multiplication into additi@nd concavity is preserved under
addition.

Log-concavity is also useful in the context of Laplace (cahnlimit theorem - type) ap-
proximations 8), in which the logarithm of a function (typically a probahjil density or
likelihood function) is approximated via a second-ordenadyatic) expansion about its
maximum or meang); this log-quadratic approximation is a reasonable apgrdar func-
tions whose logs are known to be concave.

Finally, I.c. distributions are in general easier to sanfpden than arbitrary distributions,
as discussed in the context of adaptive rejection and sicgbng (7, 8) and the random-
walk-based samplers analyzed ).(

We should note that log-concavity is not a generic propérty:probability densities nec-
essarily have exponential tails (ruling out power law talsd more generally distributions
with any infinite moments). Log-concavity also induces aaiardegree of smoothness;
for example, |.c. densities must be continuous on the imtefitheir support. See, e.g9)(
for more detailed information on the various special prépstimplied by log-concavity.

A few simple examples of |.c. functions are as follows: thei&dan density in any dimen-
sion; the indicator of any convex set (e.g., the uniform dgr/er any convex, compact
set); the exponential density; the linear half-rectifieor®linteresting well-known exam-
ples include the determinant of a matrix, or the inverseitg@antfunction of an energy-

based probabilistic model (e.g., an exponential famifg)! (6) = ([ /@D az)=1 1.c.in
g wheneverf (Z, §) is convex ind for all Z. Finally, log-concavity is preserved under taking

products (as noted above), affine translations of the daraailYor pointwise limits, since
concavity is preserved under addition, affine translatiand pointwise limits, respectively.

Sums of |.c. functions are not necessarily I.c., as is easityvn (e.g., a mixture of Gaus-
sians with widely-separated means, or the indicator of thieruof disjoint convex sets).
However, a key theoreni(, 1] gives:

Theorem (Integrating out preserves log-concavity).If f(Z, ) isjointly l.c. in(Z, 7)), for
Z andy finite dimensional, then

fol®@) = / &)
isl.c.inZ.

Think of i as a latent variable or hyperparameter we want to margaalizr. This

very useful fact has seen applications in various branchetatistics and operations re-
search, but does not seem well-known in the machine leagongnunity. The theorem
implies, for example, that convolutions of |.c. functiong &c.; thus the random vectors



with |.c. densities form a vector space. Moreover, indedimitegrals of I.c. functions are
l.c.; hence the error function, and more generally the cativd distribution function of
any l.c. density, is I.c., which is useful in the setting ohgealized linear model<lp) for
classification. Finally, the mass under a l.c. probabilitgasure of a convex set which
is translated in a convex manner is itself a I.c. functionhaf tonvex translation parame-
ter (11).

Gaussian process methods background

We now give a brief review of Gaussian process methods. Oalsgwe modest; we will

do little more than define notation. See, e.@),dnd references for further details. Gaus-
sian process methods are based on a Bayesian “latent edragipproach: dependencies
between the observed input and output daid and{#;} are modeled as arising through a
hidden (unobserved) Gaussian proog$s). Recall that a Gaussian process is a stochastic
process whose finite-dimensional projections are all varitaite Gaussian, with means and
covariances defined consistently for all possible projestj and is therefore specified by
its meanu(t) and covariance functio@'(f;, ).

The applications we will consider may be divided into twdisegs; “supervised” and “un-
supervised” problems. We discuss the somewhat simplepangised case first (however,
it should be noted that the supervised cases have receiyeificantly more attention in
the machine learning literature to date, and might be censatlof more importance to this
community).

Density estimation We are given unordered dafa, }; the setup is valid for any sample
space, but assuntg € R¢, d < oo, for concreteness. We model the data as i.i.d. samples
from an unknown distributiop. The prior over these unknown distributions, in turn, is
modeled as a conditioned Gaussian progess G(t): p is drawn from a Gaussian process
G(t) of meanu(t) and covariance” (to ensure that the resulting random measures are
well-defined, we will assume throughout thGltis moderately well-behaved; almost-sure
local Lebesgue integrability is sufficient), conditionedbte nonnegative and to integrate
to one over some arbitrarily large compact set (the lattearbgbvious limiting argument,

to prevent conditioning on a set of measure zero; the intiolu of the compact set is to
avoid problems of the sort encountered when trying to definifotm probability measures

on unbounded spaces) with respect to some natural basemmeashe sample space (e.g.,
Lebesgue measure iR?) (13). It is worth emphasizing that this setup differs somewhat
from some earlier proposals,(l4, 15, which postulated that nonnegativity be enforced by,
e.g., modelindog p or ,/p as Gaussian, instead of the Gausgidrere; each approach has
its own advantages, and it is unclear at the moment whethreesults can be extended to
this context (as will be clear below, the roadblock is in tlhemalization constraint, which

is transformed nonlinearly along with the density in thelim@ar warping setup).

Point process intensity estimation A nearly identical setup can be used if we assume the
data{t;} represent a sample from a Poisson process with an unknovetlyimg intensity
function (16—19; the random density above is simply replaced by the randdensity
function here (this type of model is known as a Cox, or doudthchastic, process in the
point-process literature). The only difference is thagivgity functions are not required to
be normalized, so we need only condition the Gaussian pg@égs from which we draw
the intensity functions to be nonnegative. It turns out wk e free to use any l.c. and
convex warping of the range space of the Gaussian pra@éssto enforce positivity;
suitable warpings include exponentiation (corresponttingodeling the logarithm of the
intensity as Gaussiaid 7)) or linear half-rectification.

The supervised cases require a few extra ingredients. \giame paired data, inputg; }



with corresponding output§y; }. We model the outputs as noise-corrupted observations
from the Gaussian proceé%(f) at the points(t; }; denote the additional hidden “observa-
tion” noise process ai(t;)}. This noise process is not always taken to be Gaussian; for

computational reason$i(i;)} is typically assumed i.i.d., and also independen€¢f),
but both of these assumptions will be unnecessary for thdtsestated below.

Regression We assume/(i;) = G(i;) + o,7i(t;); in words, drawG/(t) from a Gaussian
process of mea;a (t) and covariance”; the outputs are then obtained by sampling this
functionG(#) at#; and adding noisg(#;) of scaleo;.

Classification y(t;) = 1 (G(f;) + oin(f;) > 0), wherel (.) denotes the indicator function
of an event. This case is as in the regression model, excemniyeobserve a binary-
thresholded version of the real output.

Results

Ouir first result concerns the predictive densities assediaith the above models: the pos-
terior density of any continuous linear functional@ft), given observed dat® = {t;}
and/or{y;}, under the Gaussian process prior &@ft). The simplest and most impor-
tant case of such a linear projection is the projection onfaite collection of coor-
dinates,{ﬁ,red}, say; in this special case, the predictive density is theepios density
p({G(tyrea) }|D). It turns out that all we need to assume is the log-concavithe dis-
tribution p(G, ); this is clearly more general than what is needed for thetstiGaussian
cases considered above (for example, Laplacian prior§ @ne permitted, which could
lead to more robust performance). Also note that dependeh(€, 77) is allowed; this
permits, for example, coupling of the effective scales ef dhservation noisg; = 7(i;)
for nearby pointg;. Additonally, we allow nonstationarity and anisotropigregations in
G. The result applies for any of the applications discussedab

Proposition 1 (Predictive density). Given a |.c. prior on(G, 7i), the predictive density is
always l.c., for any data.

In other words, conditioning on data preserves these lacgases (where an I.c. process,
like a Gaussian process, is defined by the log-concavitysdiinite-dimensional projec-
tions). This represents a significant generalization obthdous fact that in the regression
setup under Gaussian noise, conditioning preserves Gayssicesses.

Our second result applies to the likelihood of the hypenpaters corresponding to the
above applications: the mean functipnthe covariance functiot, and the observation
noise scalego;}. We first state the main result in some generality, then pegiome
useful examples and interpretation below. For each0, let Ajﬁ denote a family of linear

maps from some finite-dimensional vector spgeeio RV, wheredg = dim(G(%;)),
andN is the number of observed data points. Our main assumptienssgfollows: first,
assumeA 7 May be Wr|ttenAi = Y 0,K, 1, where{K; ;} is a fixed set of matrices

and the mverse is defined as a map from rarige) to G; /ker(A, ;). Second, assume
thatdlm(Aj gl(V)) is constant ird for any setl/. Finally, equip the (doubly) latent space

G; x ®NVde = {(Gy, )} with a translation family of I.c. measures,,, (G, ) indexed
by the mean parametgy,, i.e.,p; .., (Gr,7) = p;((Gr, ) — pur), for some fixed measure
p;(.). Then if the sequenge (G, 77) induced byp,; andA; converges pointwise to the joint
densityp(G, i7), then:

Proposition 2 (Likelihood). In the supervised cases, the likelihood is jointly I.c. ie th
latent mean function, covariance parameters, and invecsserscales.., 6, {o;'}), for



all data D. In the unsupervised cases, the likelihood is I.c. in themfeactiong.

Note that the mean function(f) is induced in a natural way by;, andAi’g, and that we
allow the noise scale parametdks; } to vary independently, increasing the robustness of
the supervised method$9) (since outliers can be “explained,” without large peratibns

of the underlying predictive distributions 6(#), by simply increasing the corresponding
noise scaler;). Of course, in practice, it is likely that to avoid overfiigi one would want

to reduce the effective number of free parameters by reptiesey(t) and§ in finite-
dimensional spaces, and restricting the freedom of theseveoise scale§s; }. The log-
concavity in the mean function(#) demonstrated here is perhaps most useful in the point
process setting, whene(t) can model the effect of excitatory or inhibitory inputs o th
intensity function, with spatially- or temporally-vargmpatterns of excitation, and/or self-
excitatory interactions between observation siiéby letting () depend on the observed
pointst; (16, 20).

In the special case that the I.c. prior measuyés taken to be Gaussian with covariance
Cy, the main assumption here is effectively on the parameitioiz of the covarianc€’;
ignoring the (technical) limiting operation ihfor the moment, we are assuming roughly
that there exists a single basis in which, for all allowledhe covariance may be written
C= A(;COAE, whereA; is of the special form described above.

We may simplify further by assuming that, is white and stationary. One important
example of a suitable two-parameter family of covariancendls satisfying the condi-

tions of Proposition 2 is provided by the Ornstein-Uhlerkeernels (which correspond to
exponentially-filtered one-dimensional white noise):

Clty,ty) = o 2I=l/T

For this kernel, one can parameterize= AgAg, with Aeil = 6,1 — §,D*, wherel
and D denote the identity and differential operators, respebtjvandd;, > 0 to ensure
thatC is positive-definite. (To derive this reparameterizatioote thatC'(|¢; — t2|) solves

(I — aD*)C(|t1 — ta]) = bd(t), for suitable constants, b.) Thus Proposition 2 gener-
alizes a recent neuroscientific result: the likelihood faesgtain neural model (the leaky
integrate-and-fire model driven by Gaussian noise, for wthie corresponding covariance
is Ornstein-Uhlenbeck) is I.c2(, 29 (of course, in this case the model was motivated by
biophysical instead of learning-theoretic concerns).

In addition, multidimensional generalizations of this fymare straightforward: corre-
sponding kernels solve the Helmholtz problem,

(I - al)C(E) = bi(E),

with A denoting the Laplacian. Solutions to this problem are \Wetiwn: in the isotropic
case, we obtain a family of radial Bessel functions, with again setting the overall mag-
nitude and correlation scale 6}(t,%5) = C(||t; — f2||2). Generalizing in a different
direction, we could letl ; include higher-order differential termAbi1 =30 0, DF; the
resulting covariance kernels correspond to higher-ord&ragression process priors.

An even broader class of kernel parameterizations may teajsed in the spectral domain:
still assuming stationary white noise inputs, we may diadiae C' in the Fourier basis,
that is,C(d) = O'P(4)0, with O the (unitary) Fourier transform operator afd.) the
power spectral density. Thus, comparing to the conditidrm/e, if the spectral density
may be written asP(&) ! = |, 0xhik(D)|* (where|.| denotes complex magnitude),
for 6, > 0 and functionshy (&) such that sigfreal(&))) is constant ink for any &,

then the likelihood will be I.c. ird; Az here may be taken as the multiplication operator



O (3, 01y (3))~1). Remember that the smoothness of the sample patfigiptlepends
on the rate of decay of the spectral density@; thus we may obtain smoother (or rougher)
kernel families by choosing . 0.« (&) as more rapidly- (or slowly-)increasing.

Proofs

Predictive density.This proof is a straightforward application of the Prekdpedrem L0).
Write the predictive distributions as

p({LrG}|D) = K(D) /p({LkG},{G(ti),n(ti)})p({yi,ti}\{LkG},{G(ti),n(ti)}L

where{L,} is a finite set of continuous linear functionals@f K (D) is a constant that
depends only on the data, the integral is ove{@l(¢;), n(¢;)}, and{n;,y;} is ignored in
the unsupervised case. Now we need only prove that the ricdtifgls on the right hand
side above are |.c. The log-concavity of the left term is as=dj the right term, in turn,
can be rewritten as

P{wi, ti{Le G} AG ), n(ti) }) = p({yi, tiH{G (8), n(t:) }),

by the Markovian nature of the models. We prove the log-ceibgaf the right individually
for each of our applications.

In the supervised case, } is given and so we only need to lookdf y; }|{G(t;),n(t;)}).
In the classification case, this is simply an indicator ofgshe

§O7yi =0
ﬂ <G(tl)+gznz{> 0,y; = 1 )7

which is jointly convex in{ G(t;), n(t;) }, completing the proof in this case.

The regression case is proven in a similar fashion: wii{e; }|{G(t;), n(t;)}) as the limit
ase — 0 of the indicator of the convex set

N UG(t:) + oini —yil <€),

K3

then use the fact that pointwise limits preserve log-coitgafT he predictive distributions
of {y(t)} will also be I.c. here, by a nearly identical argument.)

In the density estimation case, the term
p{tiH{Gt:)}) = [[G)

is obviously I.c. in{G(t;)}. However, recall that we perturbed the distributionce(t)

in this case as well, by conditioning(t) to be positive and normalized. The fact that
p({LxG},{G(t;)}) is l.c. follows upon writing this term as a marginalizatiohdensities
which are products of |.c. densities with indicators of acansets (enforcing the linear
normalization and positivity constraints).

Finally, for the point process intensity case, write thelilxood term, as usual,

p{t:}{G(1)}) = e TICOHT] (G,

wheref is the scalar warping function that takes the original GamskinctionG () into
the space of intensity functions. This term is clearly |.beweverf(s) is both convex and
l.c. in s; for more details on this class of functions, see €@).( O



Likelihood. We begin with the unsupervised cases. In the density estimaase, write

the likelihood as
L) = [ dpu(@1e(G@N [[ 6.

with p,(G) the probability ofG undery. Herelc is the (l.c.) indicator function of the
convex set enforcing the linear constraints (positivitgd aormalization) orGG. All three
terms in the integrand on the right are clearly jointly Ir.(G, ). In the point process

case,
L{y) = / dp, (G)e= 1 1O (G(F))

the joint log-concavity of the three multiplicands on thghtiis again easily demonstrated.

The Prekopa theorem cannot be directly applied here, siedenctions.(.) ande=/ /()
depend in an infinite-dimensional way 6handy; however, we can apply the Prekopa the-
orem to any finite-dimensional approximation of these fioms (e.g., by approximating
the normalization condition and exponential integral bgrRann sums and the positivity
condition at a finite number of points), then obtain the tkeoin the limit as the approxi-
mation becomes infinitely fine, using the fact that pointviisgts preserve log-concavity.

For the supervised cases, write

L0 (™)) = tm [ dpj<GL,ﬁ>1(Aj,9<GL+u€>+a<ﬁ+uz> eV)
J

li?ﬂ/dpj(GL, 7)1 (GL, Zek eV, 0.7 )+ML>7

with V an appropriate convex constraint set (or limit thereof)raefiby the observed data
{yl} p$ andu? the projection ofuy, into G; or RYV4e | respectively, anddenoting point-
wise operations on vectors. The result now follows immedljarom Rinott’s theorem on
convex translations of sets under I.c. probability meas(irg, 22. O

Again, we have not assumed anything more alpoGt; , 77) than log-concavity; as before,
this allows dependence 6f andr, anisotropic correlations, etc. Itis worth noting, though
that the above result is somewhat stronger in the supereasgithan the unsupervised; the
proof of log-concavity in the covariance parametétoes not seem to generalize easily to
the unsupervised setup (briefly, becalagg °, 65y ) is not jointly concave ir{d;., v ) for

all (0x, yx), Oxyr > 0, precluding a direct application of the Prekopa or Rino#otiems

in the unsupervised case). Extensions to ensure that thupernssed likelihood is I.c. i

are possible, but require further restrictions on the fofm(o}|§) and will not be pursued
here.

Discussion

We have provided some useful results on the log-concavitiie@predictive densities and
likelihoods associated with several common Gaussian psotethods for machine learn-
ing. In particular, our results preclude the existence of-gtmbal local maxima in these
functions, foranyobserved data; moreover, Laplace approximations of theszibns will
not, in general, be disastrous, and efficient sampling noistiaoe available.

Perhaps the main practical implication of our results stém® our proposition on the
likelihood; we recommend a certain simple way to obtain pet@rized families of ker-
nels which respect this log-concavity property. Kernel ifeas which may be obtained
in this manner can range from extremely smooth to singutat,raay model anisotropies



flexibly. Finally, these results indicate useful classesafstraints (or more generally, reg-
ularizing priors) on the hyperparameters; any prior whichd. (or any constraint set which
is convex) in the parameterization discussed here will tedd. a posterioriproblems.

More generally, we have introduced some straightforwagiegtions of a useful and in-
teresting theorem. We expect that further applications dchine learning (e.g., in latent
variable models, marginalization of hyperparameters) etitl be easy to find.
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