Kernel Methods for Implicit Surface Modeling
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Abstract

We describemethodgor computinganimplicit modelof a hypersurfce
thatis givenonly by a nite sampling. The methodswork by mapping
thesamplepointsinto areproducindernelHilbert spaceandthendeter
mining regionsin termsof hyperplanes.

1 Intr oduction

Supposewe are given a nite sampling (in machine learning terms, training data)
X1;:11:Xm 2 X; wherethedomainX is somehypersurficein EuclideanspaceR?. The
cased = 3 is especiallyinterestingsincethesedaysthereare mary devices,e.g.,laser
rangescannersthat allow the acquisitionof point datafrom the boundarysurfacesof
solids. For further processingt is often necessaryo transformthis datainto a continu-
ousmodel. Todaythemostpopularapproachs to addconnectity informationto thedata
by transformingheminto atrianglemesh(see[4] for anexampleof suchatransformation
algorithm).But recentlyalsoimplicit models,wherethe surfaceis modeledasthe zeroset
of somesufciently smoothfunction,gainedsomepopularity[1]. They bearresemblance
to level setmethodsusedin computewision [6]. Oneadwantageof implicit modelsis that
they easilyallow the derivation of higherorderdifferentialquantitiessuchas curvatures.
Anotheradwantageis thataninside-outsideest,i.e., testingwhethera querypointlies on
the boundedor unboundedside of the surface, boils down to determiningthe sign of a
function-evaluationat the querypoint. Inside-outsiddestsareimportantwhenonewants
to intersectwo solids.

Thegoalof this paperis, looselyspeakingto nd afunctionwhichtakesthevaluezeroon
asurfacewhich

(1) containghetrainingdataand

(2) isa*“reasonable’implicit modelof X.
To capturepropertiesof its shapeevenin the above generalkcase we needto exploit some

structureon X . In line with a sizeableamountof recentwork on kernelmethodq11], we
assumehatthis structureis givenby a (positivede nite) kernel i.e.,arealvaluedfunction
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A Figure 1: In the 2-D toy exampledepicted,
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k(x;x9 = h( x); ( x9i @

for somemap into a Hilbert spaceH. The spaceH is the reproducingkernel Hilbert
space(RKHS)associatedvith k, and is calledits featue map A popularexample,in
thecasewhereX is anormedspaceijs the Gaussiarfwhere > 0)

kx  x%2

k(x; x% = exp >3

)

Theadwantageof usinga positive de nite kernelasa similarity measurés thatit allows us
to construcigeometricalgorithmsin Hilbert spaces.

2 Single-ClassSVMs

Single-classSVMs wereintroduced[8, 10] to estimatequantilesC ~ fx 2 Xjf (x) 2
[; 1 [gofanunknavn distribution P on X usingkernelexpansionsHere,
X

f(x) = ik(xi;x) (3)

SVM approximatelycomputeghe smallestsetC 2 C containinga speci ed fraction of
all training examples wheresmallnesss measuredn termsof the normin the RKHS H
associateavith k, andCis thefamily of setscorrespondingo half-spaces H. Depending
onthekernel,this notionof smallnessill coincidewith theintuitive ideathatthe quantile
estimateshouldnot only containa speci ed fraction of the training points, but it should
alsobe sufciently smoothso that the sameis approximatelytrue for previously unseen
pointssampledrom P.

Letusbrie y describehemainideasof theapproachThetrainingpointsaremappednto
H usingthefeaturemap associatedvith k, andthenit is attemptedo separatéhemfrom
the origin with alarge maigin by solvingthefollowing quadratigprogram:for 2 (0; 1],

o 1, 1X
minimize Zkwk? + — i 4

W2H ; 2R"; 2R 2 m .
subjectto hw; ()i i O (5)

Sincenon-zercslackvariables ; arepenalizedn theobjective function,we canexpectthat
if wand solvethis problem thenthedecisionfunction,f (x) = sgn(hw; ( x)i ) will




Figure 2. Models computedwith a single classSVM using a Gaussiarkernel (2). The
threeexamplediffer in thevaluechoserfor in thekernel- alargevalue(0.224timesthe
diameterof the hemispherejn theleft gure andasmallvalue (0.062timesthe diameter
of the hemisphere)n the middle andright gure. In theright gure alsonon-zeroslack
variables(outliers)wereallowed. Note thatthatthe outliersin theright gure correspond
to a sharpfeature(non-smoothnessh the original surface.

equall for mostexamplesx; containedn the training set? while the regularizationterm
kwk will still be small. For anillustration, seeFigurel. Thetrade-of betweerthesetwo
goalsis controlledby a parameter .

Onecanshaw thatthe solutiontakestheform

X
f(x) = sgn iK(Xi;x) ; (6)
[
wherethe ; arecomputedoy solvingthedualproblem,
L 1
m|n|2rrR1|mze > i K(Xi;Xj) (7

X

. 1
subjectto 0 I and 1 (8)
i
Notethataccordingo (8), thetrainingexamplescontributewith nonnegative weights
Otothesolution(6). Onecanshav thatasymptoticallyafraction of all trainingexamples
will have strictly positive weights,andtherestwill bezero(the* -property”).

In our applicationwe are not primarily interestedn a decisionfunction itself but in the
boundarief the regionsin input spacede ned by the decisionfunction. Thatis, we are

aresampledrom someunknovn hypersurbceX  RY. We wantto considerf (0) as
amodelfor X. In thefollowing we focuson thecased = 3. If we assumahatthex; are
sampledwithout noisefrom X — which for exampleis a reasonablessumptiorfor data
obtainedwith a stateof theart 3d laserscanningdevice — we shouldsetthe slackvariables
in (4) and(5) to zero. In the dual problemthis resultsin removing the upperconstraints
onthe ; in (8). Notethatsamplepointswith non-zeroslackvariablecannotbe contained
in f 1(0). But alsosamplepointswhoseimagein featurespacelies above the optimal

hyperplanearenot containedn f 1(0) (seeFigure1) — we will addresshisin the next

section. It turnsoutthatit is usefulin practiceto allow non-zeroslackvariables because
they preventf 1(0) from decomposingnto mary connectedomponentgseeFigure?2 for

anillustration).

In our experiencepnecanensurehattheimagesof all samplepointsin featurespacdie
closeto (or on) the optimal hyperplanecan be achiezed by choosing in the Gaussian

2\We usethecorventionthatsgn(z) equalslforz  Oand 1 otherwise.
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kernel(2) suchthatthe Gaussiang the kernelexpansion(3) arehighly localized. How-
ever, highly localizedGaussianarenotwell suitedfor interpolation— theimplicit surface
decomposemto severalcomponentsAllowing outliersmitigatesthe situationto a certain
extent. Anotherway to dealwith the problemis to further restrictthe optimal region in
featurespacen thefollowing we will pursuethelatterapproach.

3 SlabSVMs

A richer classof solutions,wheresomeof the weightscanbe negative, is obtainedif we
changehegeometricsetup.In this casewe estimatearegionwhichis a slabin theRKHS,
i.e.,theareaenclosedetweenwo parallelhyperplanegseeFigure3).

To this end,we considetthe following modi ed program?

. 1, o, 1X
minimize “kwk?+ — (i + ) 9
W2H ; (J2rm; 2R m .
subjectto i hw; (x)i + (10)
and O o (11)

Here, () are x edparametersStrictly speakingpneof themis redundantonecanshaw
thatif we subtractsomeoffsetfrom both,thenwe obtainthe sameoverall solution,with
changedy the sameoffset. Hence we cangenerallysetoneof themto zero,say = 0.

Below we summarizesomerelationshipof this corvex quadraticoptimizationproblemto
known SV methods:

1. For = 0and = 1 (i.e., noupperconstraint),we recoser the single-classSVM
(4)—5).

2. If wedrop fromtheobjectvefunctionandset = ", = " (forsomexed"” 0),
we obtainthe "-insensitve supportvectorregressionalgorithm[11], for a datasetwhere
all outputvaluesys;:::;ym arezero.Notethatin this casethe solutionis trivial, w = 0.
Thisshavsthatthe in our objective functionplaysanimportantrole.

P

3.For = = 0,theterm ,( ;+ ;) measurethedistanceof thepoint ( x;) fromthe
hyperplanehw; ( Xx;)i = 0 (upto ascalingof kwk). If tendsto zero,thistermwill

dominatethe objective function. Hence,in this case the solutionwill beahyperplanethat
approximateshe datawell in thesensehatthe pointslie closeto it in the RKHS norm.

3Hereandbelow, thesuperscripf ) simultaneouslylenoteshevariableswith andwithoutaster
isk,e.g., () isashorthandor and



Fromthefollowing constraintsandLagrangemultipliers

i + hw; ()i 0; i 0 (12)
Pt hw; (( x))i O .0 (13)
Do Do (14)
we derive the Lagrangiardual optimizationproblemof (9) - (11):#
! X
minimize S0 (0 OC; kGai) it (15)
ij i i
. 1
subjecto 0 () = (16)
X m
and (i )=1 a7
i
Notethatfor = , we cansimplify the optimizationproblemusingthe transformation
new  — . For = = 0, we thusobtainthe single-classSVM (7) with the
modi ed boxconstraint L. frew L

The dual problemcan be solved using standardquadraticprogrammingpackages.The
offset canbecomputedrom thevalueof thecorrespondingariablein thedoubledual,or
usingthe Karush-Kuhn-Tucker (KKT) conditionsjustasin othersupportvectormethods.
Oncethisis done,we canevaluatefor eachtestpointx whetherit satis es hw; ( x)i

. In otherwords,we have animplicit descriptionof the region in input spacethat
correspondso theregion in betweerthetwo hyperplanesn theRKHS.For = | this
is a single hyperplane correspondindo a hypersurficein input space’ To computethis
surfacewe usethekernelexpansion

hw; ( x)i = (i D K(Xi5x): (18)

[
Support Vectorsand Outliers  In our discussiorof singleclassSVMs for surfacemod-
elingwe alreadymentionedhatwe aimfor mary supportvectors(aswe wantmosttraining

pointsto lie onthe surface)andthatoutliersmight represenfeaturedik e certainsingular
itiesin the original hypersuréce.

Herewe analyzehow the parameter in uencesthe SVs andoutliers. To this end, we
introducethefollowing shorthandgor the setsof SV andoutlierindices:

SV = fij hw; (x)i Og (29)
SV = fijhw; (x)i Og (20)
oLO) = fij {)>o0g (21)
It is clearfrom the primal optimizationproblemthatfor all i, ; > Oimplieshw; ( x;)i
< 0(andlikewise, ; > Oimplieshw; ( x;)i > 0), henceOL() SV(),

Thedifferenceof the SV andOL setsarethosepointsthatlie preciselyon the boundaries
of the constraint$. Below, jAj denoteghe cardinalityof the setA.

“Note thatdueto (17), the dual solutionis invariantwith respecto the transformation ( ) !
() + const: — sucha transformatioronly addsa constantto the objective function, leaving the
solutionunafected.
Ssubjectto suitableconditionson k
5The presentusagediffers slightly from the standardde nition of SVs, which areusuallythose

thatsatisfy .( ) > 0. In ourde nition, SVsarethosepointswherethe constraintsareactive. How-

ever, the differenceis mawginal: (i) It follows from the KKT conditionsthat |( ) >0 impliesthat

thecorrespondingonstrainis active. (ii) while it canhapperin theorythata constraints active and
neverthelesshecorresponding ,( ) is zero,this almostnever occursin practice.



Proposition 1 Thesolutionof (9)—(11)satis es

jSVj JOL j JOL ] jSVJ: 22)
m m m m

The proofis analogougo the oneof the* -property”for standardSVMs, cf. [8]. Dueto
lack of spacewe skipit, andinsteadmerelyaddthefollowing obsenrations:

1. Theabove statementsrenot symmetricwith respecto exchangingthe quantitieswith
asterisksandtheir counterpartsvithout asterisk. This is dueto thesignof in the primal
objectve function. If we used+ ratherthan , we would obtainalmostthe samedual,
the only differencebeing that the constraint(17) would have a“ 1" on the right hand
side.In this casetherole of the quantitieswith andwithout asterisksvould bereversedn
Propositionl.

2. The -propertyof singleclassSVMs is obtainedasthe specialcasewhereOL =
SV =;.

3. Essentiallyif we requirethatthe distribution hasa densityw.r.t. the Lebesguemeasure,
andthatk is analyticandnon-constanfcf. [8, 9]), it canbe shavn thatasymptoticallythe
two inequalitiesin the propositionbecomesqualitieswith probability 1.

Implementation Onlargerproblemssolvingthedualwith standard)P solversbecomes
too expensve (scalingwith m3). For this case we canusedecompositiormethods.The
adaptatiorof knowvn decompositiomethodgo thepresentaseis straightforvard,noticing
thatthedualof thestandard -SV regressioralgorithm[11] becomeglmostidenticalto the
presendualif we set" = ( )=2andy; = ( + )=2foralli. Theonly difference
is thatin our casethereis a“1” in (17), whereasn the SVR case we would have a “0”.
As a consequenceaye have to changethe initialization of the optimizationalgorithmto
ensureghatwe startwith afeasiblesolution. As anoptimizer we useda modi ed version
of libSVM [2].

Experimental Results In all our experimentsve useda Gaussiarkernel(2). To render
theimplicit surfacesj.e., thezero-sef 1(0), we generated trianglemeshthatapproxi-
matesit. To computethe meshwe usedanadaptatiorof the marching cubesalgorithm([5]

which is a standardechniqueto transformanimplicitly givensurfacesinto a mesh.The
mostcostlyoperationsn themarchingcubesalgorithmareevaluationsof thekernelexpan-
sion (18). To reducethe numberof theseevaluationswe implementeda surfacefollowing

techniquethat exploits the fact that we know quite somesamplepoints on the surface,
namelythe supportvectors’ Someresultscanbeseenin Figure4.

Our experimentsndicatea nice geometridnterpretatiorof negative coefcients P
It seemghat negative coefcients correspondo concaities in the original model. The
coefcients seemwell suitedto extract shapefeaturesrom the samplepoint set,e.g.,the
detectionof singularitiedik e sharpedgesor featurelines— whichis animportanttopicin
computemgraphicq7].

We alsotried a multi-scaleapproach.In this approachat rst a roughmodelis computed
from ten percentof the samplepoints usinga slab SVM. For the remaining90% of the

samplepointswe computethe residualvalues,i.e., we evaluatethe kernelexpansion(18)

at the samplepoints. Finally we use supportvector regression(SVR) and the residual
valuesto derive a new kernelexpansion(usinga smallerkernelwidth) whosezerosetwe

useasour surfacemodel. An examplehow this approactworkscanbe seenin Figure5.

’In the experiments both the SVM optimizationand the marchingcubesrenderingtook up to
about2 hours.



Figure4: Firstrow: Computingamodelof the Stanfordbunry (3594 7points)andof agolf

club (16864 points)with the slab SVM. The closeup of the earsand noseof the bunry

shaws the samplepointscoloredaccordingto the coefcients i . Dark gray points
have negative coefcients andlight gray pointspositive ones.In theright gure we shav

thebottomof the golf club model. Themodelon the left of this gure wascomputedwith

adifferentmethod[4]. Notethatwith this method ne detailslike the gure threebecome
visible. Suchdetailsgetleveledout by thelimited resolutionof themarchingcubesmethod.
Howevertheinformationaboutthesedetailsis preseredanddetectedn the SVM solution,
ascanbe seenfrom the color coding. Secondrow: In theleft andin themiddle gure we

shaw the resultsof the slab SVM methodon the screvdriver model (27152 points) and
the dinosaumrmodel (13990points),respectiely. In theright gure a color codingof the

coefcients for therockerarmdataset(40177points)is shavn. Note thatwe canextract
sharpfeaturedrom this datasetby Itering thecoefcients accordingto somethreshold.

Figure5: Firstrow: The multi-scaleapproachappliedto a knot dataset(10000points).
Theblobbysupportsurface(left gure) wascomputedrom 1000randomlychosersample
pointswith the slabSVM. In the middle we shav a color codingof the residualvaluesof
all samplepoints(cf. http://books.nips.ctor colorimages).n theright gure we shav the
surfacethatwe getafterapplyingsupportvectorregressiorusingtheresidualvalues.



4 Discussionand Outlook

An approximatealescriptiorof the dataasthe zerosetof afunctioncanbeusefulasacom-
pactrepresentationf the data. It could potentiallyalsobe emplo/edin othertaskswhere
modelsof the dataareuseful,suchasdenoisingandimagesupefresolution.We therefore
considerit worthwhile to explore the algorithmicaspectof implicit surfaceestimationin

moredepth,includingthe studyof regressiorbasedapproaches.

Someacquisitiondevices do not only provide us with points from a surfaceembedded
in R3, but alsowith the normalsat thesepoints. Using methodssimilar to the onesin
[3], it shouldbe possibleto integratesuchadditionalinformationinto our approach.We
expectthatit will improve the quality of the computednodelsin the sensahatevenmore
geometricdetailsarepresered.

A featureof our approachs thatits compleity depend®nly mamginally onthedimension
of theinput space(in our examplesthis wasthree). Thusthe approachshouldwork also
well for hypersurficesin higherdimensionainput spacesFroman applicationgpoint of
view hypersurcesmight not be asinterestingas manifoldsof higher co-dimension. It
would beinterestingto seeif ourapproactcanbe generalizedo handlealsothis situation.
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