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Abstract

Wedescribemethodsfor computinganimplicit modelof ahypersurface
that is given only by a �nite sampling.The methodswork by mapping
thesamplepointsinto areproducingkernelHilbert spaceandthendeter-
mining regionsin termsof hyperplanes.

1 Intr oduction

Supposewe are given a �nite sampling (in machine learning terms, training data)
x1; : : : ; xm 2 X ; wherethedomainX is somehypersurfacein EuclideanspaceRd. The
cased = 3 is especiallyinterestingsincethesedaystherearemany devices,e.g., laser
rangescanners,that allow the acquisitionof point data from the boundarysurfacesof
solids. For further processingit is often necessaryto transformthis datainto a continu-
ousmodel.Todaythemostpopularapproachis to addconnectivity informationto thedata
by transformingtheminto a trianglemesh(see[4] for anexampleof sucha transformation
algorithm).But recentlyalsoimplicit models,wherethesurfaceis modeledasthezeroset
of somesuf�ciently smoothfunction,gainedsomepopularity[1]. They bearresemblance
to level setmethodsusedin computervision [6]. Oneadvantageof implicit modelsis that
they easilyallow the derivation of higherorderdifferentialquantitiessuchascurvatures.
Anotheradvantageis thatan inside-outsidetest,i.e., testingwhethera querypoint lies on
the boundedor unboundedsideof the surface,boils down to determiningthe sign of a
function-evaluationat thequerypoint. Inside-outsidetestsareimportantwhenonewants
to intersecttwo solids.

Thegoalof thispaperis, looselyspeaking,to �nd a functionwhich takesthevaluezeroon
asurfacewhich

(1) containsthetrainingdataand

(2) is a “reasonable”implicit modelof X .

To capturepropertiesof its shapeevenin theabove generalcase,we needto exploit some
structureon X . In line with a sizeableamountof recentwork on kernelmethods[11], we
assumethatthisstructureis givenby a(positivede�nite) kernel, i.e.,a realvaluedfunction

� Partially supportedby the SwissNational ScienceFoundationunder the project “Non-linear
manifoldlearning”.
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Figure 1: In the 2-D toy exampledepicted,
the hyperplanehw; �( x)i = � separatesall
but oneof thepointsfrom theorigin. Theout-
lier �( x) is associatedwith aslackvariable� ,
which is penalizedin the objective function
(4). The distancefrom the outlier to the hy-
perplaneis � =kwk; thedistancebetweenhy-
perplaneandorigin is �= kwk. The latter im-
plies thata smallkwk correspondsto a large
margin of separationfrom theorigin.

k onX � X whichcanbeexpressedas

k(x; x0) = h�( x); �( x0)i (1)

for somemap� into a Hilbert spaceH. The spaceH is the reproducingkernel Hilbert
space(RKHS)associatedwith k, and� is calledits feature map. A popularexample,in
thecasewhereX is anormedspace,is theGaussian(where� > 0)

k(x; x0) = exp
�

�
kx � x0k2

2 � 2

�
: (2)

Theadvantageof usingapositivede�nite kernelasasimilarity measureis thatit allowsus
to constructgeometricalgorithmsin Hilbert spaces.

2 Single-ClassSVMs

Single-classSVMs were introduced[8, 10] to estimatequantilesC � f x 2 X jf (x) 2
[�; 1 [g of anunknown distributionP onX usingkernelexpansions.Here,

f (x) =
X

i

� i k(x i ; x) � �; (3)

wherex1; : : : ; xm 2 X areunlabeleddatageneratedi.i.d. accordingto P. Thesingle-class
SVM approximatelycomputesthe smallestsetC 2 C containinga speci�ed fraction of
all trainingexamples,wheresmallnessis measuredin termsof thenorm in theRKHS H
associatedwith k, andCis thefamily of setscorrespondingto half-spacesin H . Depending
on thekernel,thisnotionof smallnesswill coincidewith theintuitive ideathatthequantile
estimateshouldnot only containa speci�ed fraction of the training points,but it should
alsobe suf�ciently smoothso that the sameis approximatelytrue for previously unseen
pointssampledfrom P.

Let usbrie�y describethemainideasof theapproach.Thetrainingpointsaremappedinto
H usingthefeaturemap� associatedwith k, andthenit is attemptedto separatethemfrom
theorigin with a largemargin by solvingthefollowing quadraticprogram:for � 2 (0; 1],1

minimize
w2H ;� 2 Rm ;� 2 R

1
2

kwk2 +
1

� m

X

i

� i � � (4)

subjectto hw; �( x i )i � � � � i ; � i � 0: (5)

Sincenon-zeroslackvariables� i arepenalizedin theobjectivefunction,wecanexpectthat
if w and� solve thisproblem,thenthedecisionfunction,f (x) = sgn(hw; �( x)i � � ) will

1Hereandbelow, bold facegreekcharacterdenotevectors,e.g.,� = (� 1 ; : : : ; � m )> , andindices
i; j by default runover1; : : : ; m.



Figure2: Modelscomputedwith a singleclassSVM usinga Gaussiankernel (2). The
threeexamplesdiffer in thevaluechosenfor � in thekernel- a largevalue(0.224timesthe
diameterof thehemisphere)in the left �gure anda smallvalue(0.062timesthediameter
of the hemisphere)in the middle andright �gure. In the right �gure alsonon-zeroslack
variables(outliers)wereallowed. Notethat that theoutliersin theright �gure correspond
to asharpfeature(non-smoothness)in theoriginal surface.

equal1 for mostexamplesx i containedin the trainingset,2 while theregularizationterm
kwk will still besmall. For an illustration,seeFigure1. Thetrade-off betweenthesetwo
goalsis controlledby aparameter� .

Onecanshow thatthesolutiontakestheform

f (x) = sgn

 
X

i

� i k(x i ; x) � �

!

; (6)

wherethe� i arecomputedby solvingthedualproblem,

minimize
� 2 Rm

1
2

X

ij

� i � j k(x i ; x j ) (7)

subjectto 0 � � i �
1

� m
and

X

i

� i = 1: (8)

Notethataccordingto (8), thetrainingexamplescontributewith nonnegativeweights� i �
0 to thesolution(6). Onecanshow thatasymptotically, afraction� of all trainingexamples
will have strictly positiveweights,andtherestwill bezero(the“ � -property”).

In our applicationwe arenot primarily interestedin a decisionfunction itself but in the
boundariesof theregionsin input spacede�ned by thedecisionfunction. That is, we are
interestedin f � 1(0), wheref is thekernelexpansion(3) andthepointsx1; : : : ; xm 2 X
aresampledfrom someunknown hypersurfaceX � Rd. We want to considerf � 1(0) as
a modelfor X . In thefollowing we focuson thecased = 3. If we assumethat thex i are
sampledwithout noisefrom X – which for exampleis a reasonableassumptionfor data
obtainedwith astateof theart3d laserscanningdevice– weshouldsettheslackvariables
in (4) and(5) to zero. In the dual problemthis resultsin removing the upperconstraints
on the� i in (8). Notethatsamplepointswith non-zeroslackvariablecannotbecontained
in f � 1(0). But alsosamplepointswhoseimagein featurespacelies above the optimal
hyperplanearenot containedin f � 1(0) (seeFigure1) — we will addressthis in thenext
section.It turnsout that it is usefulin practiceto allow non-zeroslackvariables,because
they preventf � 1(0) from decomposinginto many connectedcomponents(seeFigure2 for
anillustration).

In our experience,onecanensurethat the imagesof all samplepointsin featurespacelie
closeto (or on) the optimal hyperplanecanbe achieved by choosing� in the Gaussian

2Weusetheconventionthatsgn(z) equals1 for z � 0 and� 1 otherwise.



o

o

o

o

w
xF ( )

o

o

o

o

o

||w||(r+d)/
x/||w||

. x / ||w||*

*xF (  )

||w||(r+d  )/*

Figure 3: Two parallel hy-
perplaneshw; �( x)i = � +
� ( � ) enclosing all but two
of the points. The outlier
�( x ( � ) ) is associatedwith
a slack variable � ( � ) , which
is penalizedin the objective
function(9).

kernel(2) suchthat theGaussiansin thekernelexpansion(3) arehighly localized.How-
ever, highly localizedGaussiansarenotwell suitedfor interpolation— theimplicit surface
decomposesinto severalcomponents.Allowing outliersmitigatesthesituationto acertain
extent. Anotherway to dealwith the problemis to further restrict the optimal region in
featurespace.In thefollowing wewill pursuethelatterapproach.

3 SlabSVMs

A richerclassof solutions,wheresomeof theweightscanbenegative, is obtainedif we
changethegeometricsetup.In thiscase,weestimatearegionwhich is aslabin theRKHS,
i.e., theareaenclosedbetweentwo parallelhyperplanes(seeFigure3).

To thisend,weconsiderthefollowing modi�ed program:3

minimize
w2H ;� ( � )

2 Rm ;� 2 R

1
2

kwk2 +
1

� m

X

i

(� i + � �
i ) � � (9)

subjectto � � � i � hw; �( x i )i � � � � � + � �
i (10)

and � ( � )
i � 0: (11)

Here,� ( � ) are�x edparameters.Strictly speaking,oneof themis redundant:onecanshow
thatif we subtractsomeoffsetfrom both,thenwe obtainthesameoverall solution,with �
changedby thesameoffset.Hence,wecangenerallysetoneof themto zero,say, � = 0.

Below we summarizesomerelationshipsof this convex quadraticoptimizationproblemto
known SV methods:

1. For � = 0 and� � = 1 (i.e., no upperconstraint),we recover the single-classSVM
(4)–(5).

2. If wedrop� from theobjective functionandset� = � " , � � = " (for some�x ed" � 0),
we obtainthe "-insensitive supportvectorregressionalgorithm[11], for a datasetwhere
all outputvaluesy1; : : : ; ym arezero.Notethat in this case,thesolutionis trivial, w = 0.
Thisshows thatthe� in ourobjective functionplaysanimportantrole.

3. For � = � � = 0, theterm
P

i (� i + � �
i ) measuresthedistanceof thepoint �( x i ) from the

hyperplanehw; �( x i )i � � = 0 (up to a scalingof kwk). If � tendsto zero,this termwill
dominatetheobjective function.Hence,in this case,thesolutionwill bea hyperplanethat
approximatesthedatawell in thesensethatthepointslie closeto it in theRKHSnorm.

3Hereandbelow, thesuperscript(� ) simultaneouslydenotesthevariableswith andwithoutaster-
isk, e.g.,� ( � ) is ashorthandfor � and� � .



Fromthefollowing constraintsandLagrangemultipliers
� i � � + hw; �( x i )i � � � 0; � i � 0 (12)

� �
i + � � + � � hw; �( x i )i � 0; � �

i � 0 (13)

� ( � )
i � 0; � ( � )

i � 0 (14)

wederive theLagrangiandualoptimizationproblemof (9) - (11):4

minimize
� 2 Rm

1
2

X

ij

(� i � � �
i )( � j � � �

j )k(x i ; x j ) � �
X

i

� i + � �
X

i

� �
i (15)

subjectto 0 � � ( � )
i �

1
� m

(16)

and
X

i

(� i � � �
i ) = 1; (17)

Note that for � = � � , we cansimplify theoptimizationproblemusingthe transformation
� new = � � � � . For � = � � = 0, we thusobtain the single-classSVM (7) with the
modi�ed boxconstraint� 1

� m � � new
i � 1

� m .

The dual problemcan be solved using standardquadraticprogrammingpackages.The
offset� canbecomputedfrom thevalueof thecorrespondingvariablein thedoubledual,or
usingtheKarush-Kuhn-Tucker (KKT) conditions,just asin othersupportvectormethods.
Oncethis is done,wecanevaluatefor eachtestpointx whetherit satis�es� � hw; �( x)i �
� � � � . In otherwords,we have an implicit descriptionof the region in input spacethat
correspondsto the region in betweenthe two hyperplanesin theRKHS. For � = � � , this
is a singlehyperplane,correspondingto a hypersurfacein input space.5 To computethis
surfaceweusethekernelexpansion

hw; �( x)i =
X

i

(� i � � �
i )k(x i ; x): (18)

Support Vectorsand Outliers In our discussionof singleclassSVMs for surfacemod-
elingwealreadymentionedthatweaimfor many supportvectors(aswewantmosttraining
pointsto lie on thesurface)andthatoutliersmight representfeatureslike certainsingular-
ities in theoriginalhypersurface.

Herewe analyzehow the parameter� in�uences the SVs andoutliers. To this end,we
introducethefollowing shorthandsfor thesetsof SV andoutlier indices:

SV := f i j hw; �( x i )i � � � � � 0g (19)
SV � := f i j hw; �( x i )i � � � � � � 0g (20)

OL ( � ) := f i j � ( � )
i > 0g (21)

It is clearfrom theprimal optimizationproblemthatfor all i , � i > 0 implieshw; �( x i )i �
� � � < 0 (andlikewise,� �

i > 0 implieshw; �( x i )i � � � � � > 0), henceOL ( � ) � SV ( � ) .
Thedifferenceof theSV andOL setsarethosepointsthat lie preciselyon theboundaries
of theconstraints.6 Below, jAj denotesthecardinalityof thesetA.

4Note that dueto (17), the dual solutionis invariantwith respectto the transformation� ( � ) !
� ( � ) + const: — sucha transformationonly addsa constantto the objective function, leaving the
solutionunaffected.

5subjectto suitableconditionsonk
6Thepresentusagediffersslightly from thestandardde�nition of SVs,which areusuallythose

thatsatisfy� ( � )
i > 0. In our de�nition, SVsarethosepointswheretheconstraintsareactive. How-

ever, the differenceis marginal: (i) It follows from the KKT conditionsthat � ( � )
i > 0 implies that

thecorrespondingconstraintis active. (ii) while it canhappenin theorythataconstraintis activeand
neverthelessthecorresponding� ( � )

i is zero,thisalmostneveroccursin practice.



Proposition1 Thesolutionof (9)–(11)satis�es

jSV j
m

�
jOL � j

m
� � �

jOL j
m

�
jSV � j

m
: (22)

Theproof is analogousto theoneof the“ � -property” for standardSVMs, cf. [8]. Dueto
lackof space,weskip it, andinsteadmerelyaddthefollowing observations:

1. Theabove statementsarenot symmetricwith respectto exchangingthequantitieswith
asterisksandtheir counterpartswithout asterisk.This is dueto thesignof � in theprimal
objective function. If we used+ � ratherthan� � , we would obtainalmostthesamedual,
the only differencebeing that the constraint(17) would have a “ � 1” on the right hand
side.In thiscase,theroleof thequantitieswith andwithoutasteriskswouldbereversedin
Proposition1.

2. The � -propertyof single classSVMs is obtainedas the specialcasewhereOL � =
SV � = ; .

3. Essentially, if we requirethatthedistributionhasa densityw.r.t. theLebesguemeasure,
andthatk is analyticandnon-constant(cf. [8, 9]), it canbeshown thatasymptotically, the
two inequalitiesin thepropositionbecomeequalitieswith probability1.

Implementation Onlargerproblems,solvingthedualwith standardQPsolversbecomes
too expensive (scalingwith m3). For this case,we canusedecompositionmethods.The
adaptationof known decompositionmethodsto thepresentcaseis straightforward,noticing
thatthedualof thestandard"-SV regressionalgorithm[11] becomesalmostidenticalto the
presentdualif we set" = (� � � � )=2 andyi = � (� � + � )=2 for all i . Theonly difference
is that in our case,thereis a “1” in (17), whereasin theSVR case,we would have a “0”.
As a consequence,we have to changethe initialization of the optimizationalgorithmto
ensurethatwe startwith a feasiblesolution. As anoptimizer, we useda modi�ed version
of libSVM [2].

Experimental Results In all our experimentswe useda Gaussiankernel(2). To render
the implicit surfaces,i.e., thezero-setf � 1(0), we generateda trianglemeshthatapproxi-
matesit. To computethemeshwe usedanadaptationof themarching cubesalgorithm[5]
which is a standardtechniqueto transforman implicitly givensurfacesinto a mesh.The
mostcostlyoperationsin themarchingcubesalgorithmareevaluationsof thekernelexpan-
sion(18). To reducethenumberof theseevaluationswe implementeda surfacefollowing
techniquethat exploits the fact that we know quite somesamplepoints on the surface,
namelythesupportvectors.7 Someresultscanbeseenin Figure4.

Our experimentsindicatea nicegeometricinterpretationof negative coef�cients � i � � �
i .

It seemsthat negative coef�cients correspondto concavities in the original model. The
coef�cients seemwell suitedto extractshapefeaturesfrom thesamplepoint set,e.g.,the
detectionof singularitieslikesharpedgesor featurelines— which is animportanttopic in
computergraphics[7].

We alsotried a multi-scaleapproach.In this approachat �rst a roughmodelis computed
from ten percentof the samplepointsusinga slabSVM. For the remaining90% of the
samplepointswe computetheresidualvalues,i.e., we evaluatethekernelexpansion(18)
at the samplepoints. Finally we usesupportvector regression(SVR) and the residual
valuesto derive a new kernelexpansion(usinga smallerkernelwidth) whosezerosetwe
useasoursurfacemodel.An examplehow thisapproachworkscanbeseenin Figure5.

7In the experiments,both the SVM optimizationandthe marchingcubesrenderingtook up to
about2 hours.



Figure4: First row: Computingamodelof theStanfordbunny (35947points)andof agolf
club (16864points)with the slabSVM. The closeup of the earsandnoseof the bunny
shows thesamplepointscoloredaccordingto thecoef�cients � i � � �

i . Dark graypoints
have negative coef�cients andlight graypointspositive ones.In theright �gure we show
thebottomof thegolf club model.Themodelon theleft of this �gure wascomputedwith
a differentmethod[4]. Notethatwith this method�ne detailslike the�gure threebecome
visible. Suchdetailsgetleveledoutby thelimited resolutionof themarchingcubesmethod.
Howevertheinformationaboutthesedetailsis preservedanddetectedin theSVM solution,
ascanbeseenfrom thecolor coding.Secondrow: In theleft andin themiddle�gure we
show the resultsof the slabSVM methodon the screwdriver model (27152points)and
the dinosaurmodel(13990points),respectively. In the right �gure a color codingof the
coef�cients for the rockerarmdataset(40177points)is shown. Note thatwe canextract
sharpfeaturesfrom thisdatasetby �ltering thecoef�cients accordingto somethreshold.

Figure5: First row: The multi-scaleapproachappliedto a knot dataset(10000points).
Theblobbysupportsurface(left �gure) wascomputedfrom 1000randomlychosensample
pointswith theslabSVM. In themiddlewe show a color codingof theresidualvaluesof
all samplepoints(cf. http://books.nips.ccfor color images).In theright �gure weshow the
surfacethatwegetafterapplyingsupportvectorregressionusingtheresidualvalues.



4 Discussionand Outlook

An approximatedescriptionof thedataasthezerosetof a functioncanbeusefulasacom-
pactrepresentationof thedata.It couldpotentiallyalsobeemployedin othertaskswhere
modelsof thedataareuseful,suchasdenoisingandimagesuper-resolution.We therefore
considerit worthwhile to explore thealgorithmicaspectsof implicit surfaceestimationin
moredepth,includingthestudyof regressionbasedapproaches.

Someacquisitiondevices do not only provide us with points from a surfaceembedded
in R3, but also with the normalsat thesepoints. Using methodssimilar to the onesin
[3], it shouldbe possibleto integratesuchadditionalinformationinto our approach.We
expectthatit will improve thequality of thecomputedmodelsin thesensethatevenmore
geometricdetailsarepreserved.

A featureof ourapproachis thatits complexity dependsonly marginally on thedimension
of the input space(in our examplesthis wasthree). Thusthe approachshouldwork also
well for hypersurfacesin higherdimensionalinput spaces.Fromanapplicationspoint of
view hypersurfacesmight not be as interestingasmanifoldsof higherco-dimension.It
wouldbeinterestingto seeif ourapproachcanbegeneralizedto handlealsothissituation.
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