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Abstract

We consider the problem of constructing an aggregated asimfrom
a finite class of base functions which approximately mingsia con-
vex risk functional under thé constraint. For this purpose, we propose
a stochastic procedure, the mirror descent, which perfgmadient de-
scent in the dual space. The generated estimates are adtlitiaver-
aged in a recursive fashion with specific weights. Mirroraged algo-
rithms have been developed in different contexts and theykaown to
be particularly efficient in high dimensional problems. Mover their
implementation is adapted to the online setting. The masoltef the
paper is the upper bound on the convergence rate for the ajization
error.

1 Introduction

We consider the aggregation problem (cf. [16]) where we fzveand dinite class ofM

predictors which are to be combined linearly unde¢aconstraint|d|; = A on the vec-
tor § € RM that determines the coefficients of the linear combinatlarorder to exhibit
such a combination, we focus on the strategy of penalizedesorisk minimization which



is motivated by recent statistical studies of boosting an®1Salgorithms [11, 14, 18].
Moreover, we take a stochastic approximation approachhisigarticularly relevant in
the online setting since it leads to recursive algorithmenetihe update uses a single data
observation per iteration step. In this paper, we considgereeral setting for which we
propose a novel stochastic gradient algorithm and show tigher bounds on its expected
accuracy. Our algorithm builds on the ideas of mirror desoegthods, first introduced by
Nemirovski and Yudin [12], which consider updates of thedggat in the dual space. The
mirror descent algorithm has been successfully appliedgin timensional problems both
in deterministic and stochastic settings [2, 7]. In the enésvork, we describe a partic-
ular instance of the algorithm with an entropy-like proxydtion. This method presents
similarities with the exponentiated gradient descentrétigm which was derived under dif-
ferent motivations in [10]. A crucial distinction betwedrettwo is the additional averaging
step in our version which guarantees statistical perfonaaiihe idea of averaging recur-
sive procedures is well-known (see e.g. [13] and the reta®therein) and it has been
invoked recently by Zhang [19] for the standard stochastdignt descent (taking place
in the initial parameter space). Also it is worth noticingittimost of the existing online
methods are evaluated in terms of relative loss bounds wdriehielated to the empirical
risk while we focus on generalization error bounds (see [4,0% for insights on connec-
tions between the two types of criteria). The rest of the pép®rganized as follows.
We first introduce the setup (Section 2), then we describaltigrithm and state the main
convergence result (Section 3). Further we provide thatiatuunderlying the proposed
algorithm, and compare it to other methods (Section 4). Vdeugnwith a technical section
dedicated to the proof of our main result (Section 5).

2 Setup and notations

Let Z be a random variable with values in a measurable sp&cel). We set a parameter
A > 0, and an integef/ > 2. The unknown parameter is a vectbre RM which is
compelled to stay in the decision $8t= O, » defined by:

_Jp—_ () (M)\T M . MGy _
O {9 oM, .0 )6R+.Zi:19 A}. (1)

Now we introduce the loss functiof : © x Z — R, such that the random function
Q(-,7): © — R, is convex for almost al’ and define the convex risk functioh: © —
R, to be minimized as follows:

A(0) =EQ(0, 2) . 2
Assume a training sample is given in the form of a sequétige. .., Z;_1), where each

Z; has the same distribution & We assume for simplicity that the training sequence is
i.i.d. though this assumption can be weakened.

We propose to minimize the convex target functidver the decision séb on the basis
of the stochastic sub-gradients@f

ui(0) =VeQ0,2;), i=1,2,..., (3)
Note that the expectatiosu; () belong to the sub-differential ofi(-).

In the sequel, we will characterize the accuracy of an ew@a: @(Zl, oy Zi1) €O
of the minimizer ofA by the excess risk:
E A(6;) — min A(0) 4

where the expectation is taken over the santglg ..., Z;_1).



We now introduce the notation that is necessary to presemtigforithm in the next section.

For avectorz = (21, ..., z(M))T € RM define the norms

def \~M () def Ty _ ®)
IIZII1—Zj:1|z |, IIZHoo—”glllaiclz H—jzrga?fMlz |

The spac&®’ equipped with the norrjj - ||, is called the primal spac® and the same
space equipped with the dual nofm || is called the dual spadg*.

Introduce a so-called entropic proxy function:
M . .
Vo eo, V(a):/\ln(M/A)+§ : 19(1)11190)7 (5)
=

which has its minimum ay = (A\/M, ..., A\/M)T. Itis easy to check that this function is
a-strongly convex with respect to the notm||; with parametery = 1/, i.e.,

Visz+(1—s)y) <sV(z)+(1—-5)V(y) - %5(1 = s)llz —yl? (6)

forall z,y € © and anys € [0, 1].

Let 5 > 0 be a parameter. We caflconjugateof V' the following convex transform:
VzeRM Ws(2) o sup {—z"0— BV (0)} .
9co

As it straightforwardly follows from (5), thg-conjugate is given here by:
1 M

_ - -zM/8 M
Wg(z)/\ﬂln<MZk_1e ) VzeRM, (7)

which has a Lipschitz-continuous gradient w.i.t.||; , namely,

- A - -
IVW;s(2) = VW5(2)]; < 3 Iz = Zlo, Vz,zeRM (8)

Though we will focus on a particular algorithm based on thieaggric proxy function, our
results apply for a generic algorithmic scheme which takleaatage of the general proper-
ties of convex transforms (see [8] for details). The key propin the proof is the inequality

(8).
3 Algorithm and main result

The mirror descent algorithm is a stochastic gradient &lgorin the dual space. At each
iterations, a new data pointX;, Y;) is observed and there are two updates: one is the value
¢; as the result of the stochastic gradient descent in the gaaksthe other is the update of
the parametefl; which is the "mirror image” of;. In order to tune the algorithm properly,
we need two fixed positive sequendes);>1 (stepsize) andp;);>1 (temperature) such
that3; > ;1. Themirror descent algorithm with averagirig as follows:

Algorithm.

e Fix the initial valuesdy € © and(, = 0 € RM,
e Fori=1,...,t—1,do

G = CGi—1+vui(iz1),

0 =—VWs(G)-

©)



e Output at iterationt the following convex combination:

ét = Z:Zl Vili—1 /22:1 V- (10)

At this point, we actually have described a class of algoréh Given the observations of
the stochastic sub-gradient (3), particular choices oftioay functionV, of the stepsize
and temperature parameters, will determine the algoritbmptetely. We discuss these
choices with more details in [8]. In this paper, we focus anehtropic proxy function and
consider a nearly optimal choice for the stepsize and teatyer parameters which is the
following:

’7i517 ﬁizﬁovi—i_la 1=1,2,..., 60>0 (11)
We can now state our rate of convergence result.

Theorem. Assume that the loss functighsatisfies the following boundedness condition:
supE | V,Q(0, 2)||%, < L2 < o . (12)
0cO

Fix alsof8y = L/vIn M.

Then, for any integet > 1, the excess risk of the estimaiedescribed above satisfies the
following bound:

EAB) — min A(0) < 2 LA (n )2 YL

e t (13)

Example. Consider the setting of supervised learning where the datanadelled by a
pair (X,Y) with X € X being an observation vector aida label, either integer (clas-

sification) or real-valued (regression). Boosting and SMigbdathms are related to the
minimization of a functional
R(f) =Ep(Y f(X))

whereyp is a convex non-negative cost function (typically exporgnliogit or hinge loss)
andf belongs to a given class of combined predictors. The agtioegaroblem consists in
finding the best linear combination of elements from a firgteo$ predictorghy, ..., has}
with h; : X — [—K, K]. Taking compact notations, it means that we searcty fof the
form f = 67 H with H denoting the vector-valued function whose componentshaset
base predictors:

H(z) = (hy(z),..., hy ()",
andé belonging in a decision s& = O,,,. Take for instance> to be non-increasing.

It is easy to see that this problem can be interpreted in tefnasir general setting with
Z=(X,Y),Q(Z,0) = o(YOTH(X))andL = K¢'(K)\).m

4 Discussion

In this section, we provide some insights on the method aeddbult of the previous
section.

4.1 Heuristics

Suppose that we want to minimize a convex functfor> A(6) over a convex se®. If
0o, ...,0,_1 are the available search points at iteratipwe can provide the affine approx-
imationse; of the functionA defined, ford € ©, by

$i(0) = A(6i—1) + (0 — 0;-1)"VAB;—1), i=1,....t.



Hered — VA(6) is a vector function belonging to the sub-gradient4sf). Taking a
convex combination of the;’s, we obtain an averaged approximation4):

22:1 Vi (A(oi—l) + (0 — 9¢_1)TVA(9¢_1))
Z§=1 Vi

At first glance, it would seem reasonable to choose as theseexth point a vectdr € ©
minimizing the approximatiog;, i.e.,

gﬁt(Q) =

[2<C] 0ce

¢
0; = arg min ¢, () = argmin 7 (Z *yT;VA(Hi_l)) . (14)
i=1

However, this does not make any progress, because our apgition is “good” only in
the vicinity of search point&,, . .., 6;_1. Therefore, it is necessary to modify the criterion,
for instance, by adding a special penalty(d, 6; ) to the target function in order to keep
the next search poir in the desired region. Thus, one chooses the point:

0; = argmin l@T (Z 'yiVA(Gil)> + Bt(0,9t1)] ) (15)

) =

Our algorithm corresponds to a specific type of pendhyd,0;_,) = 6.V (6), where

V is the proxy function. Also note that in our problem the vedtmction VA(-) is not

available. Therefore, we replace in (15) the unknown gradi¢ A(6;_1) by the observed
stochastic sub-gradients(6;_1). This yields a new definition of theth search point:

= arg max [—{tTG — ﬁtV(G)] , (16)

0€c© 0cO

¢y = argmin leT (Z %Ui(9¢1)> + BV (0)
i=1

where(; = Zle ~viu;(6;—1). By a standard result of convex analysis (see e.g. [3]), the
solution to this problem reads asVWyg, (¢;) and it is now easy to deduce the iterative
scheme (9) of the mirror descent algorithm.

4.2 Comparison with previous work

The versions of mirror descent method proposed in [12] angesdhat different from our
iterative scheme (9). One of them, closest to ours, is siudi€etail in [3]. It is based on
the recursive relation

01’ = —VW1<—VV(0i71)+’yiui(9i,1)), 1= 1,2,..., (17)

where the functiorV is strongly convex with respect to the norm of initial sp@céwhich
is not necessarily the spaé¥/) and¥; is the 1-conjugate function 3.

If © = RM andV(9) = 1(¢|)3, the scheme of (17) coincides with the ordinary gradient
method.

For the unit simplexo = ©,,; and the entropy type proxy functiori from (5) with
A =1,the coordinateégj) of vectord; from (17) are:

9((]7) exp <_ Z ’}/mum,j(em—l)>
m=1
prnd M ’L '
Z 9(()k) exp <_ Z fymum,kwm—l))
k=1 m=1

The algorithm is also known as the exponentiated gradie@) fRethod [10]. The differ-
ences between the algorithm (17) and ours are the following:

Vi=1,...,M, oY

(2

(18)



¢ the initial iterative scheme of the Algorithm is differeihian that of (17), partic-
ularly, it includes the second tuning paramefier moreover, the algorithm (18)
uses initial valudy in a different manner;

e our algorithm contains the additional averaging step olh@ates (10).

The convergence properties of the EG method (18) have beeiedtin a determinis-
tic setting [6]. Namely, it has been shown that, under sonseraptions, the difference
A¢(0;) — mingeo,,, A¢(0), whereA,; is the empirical risk, is bounded by a constant de-
pending onM/ andt. If this constant is small enough, these results show tledE & method
provides good numerical minimizers of the empirical ridk The averaging step allows
the use of the results provided in [5] to derive generalimaérror bounds from relative loss
bounds. This technique leads to rates of convergence ofrtter ¢/ (In M) /t as well but
with suboptimal multiplicative factor in.

Finally, we point out that the algorithm (17) may be deduaedfthe ideas mentioned in
Subsection 4.1 and which are studied in the literature oxipra methods within the field
of convex optimization (see, e.g., [9, 1] and the referertesein). Namely, under rather
general conditions, the variabfie from (17) solves the the minimization problem

0; = arg min (GT%ui(é’i,l) + B(6, 91-,1)) , (19)
0e6

where the penalty3(0,0;_1) = V(0) — V(0;—1) — (0 — 0,_1)T V'V (0;_1) represents the
Bregman divergence betweérandd;_; related to the functiofr.

4.3 General comments

Performance and efficiency.The rate of convergence of ordeitn M /+/t is typical with-
out low noise assumptions (as they are introduced in [17BtclB procedures based on
minimization of the empirical convex risk functional presa similar rate. From the statis-
tical point of view, there is no remarkable difference beswbatch and our mirror-descent
procedure. On the other hand, from the computational pdiiea, our procedure is quite
comparable with the direct stochastic gradient desceniveder, the mirror-descent algo-
rithm presents two major advantages as compared both to dattto direct stochastic gra-
dient: (i) its behavior with respect to the cardinality of thase class is better than for direct
stochastic gradient descent (of the ordex/@f M in the Theorem, instead o or v/ M
for direct stochastic gradient); (ii) mirror-descent nets a higher efficiency especially in
high-dimensional problems as its algorithmic complexitg amemory requirements are of
strictly smaller order than for corresponding batch praced (see [7] for a comparison).

Optimality of the rate of convergence.Using the techniques of [7] and [16] it is not hard
to prove minimax lower bound on the excess K (0;) — mingco,, , A(f) having the

order(In M)*/2 /\/t for M > t'/2+9 with somes > 0. This indicates that the upper bound
of the Theorem is rate optimal for such values\éf

Choice of the base clas3Ne point out that the good behaviour of this method cruciadly
lies on the choice of the base class of functidhs} < ;<. As far as theory is concerned,
in order to provide a complete statistical analysis, oneighestablish approximation error
bounds on the quantityf;c =, . A(f) — inf; A(f) showing that the richness of the base
class is reflected both by diversity (orthogonality or inglegence) of thé;’s and by its
cardinality M. For example, one can takg's as the eigenfunctions associated to some
positive definite kernel. We refer to [14], [15], for relatesbults. The choice of can be
motivated by similar considerations. In fact, to minimike &pproximation error it might
be useful to take\ depending on the sample sizand tending to infinity with some slow
rate as in [11]. A balance between the stochastic error angivthe Theorem and the
approximation error would then determine the optimal ca@t\.



5 Proof of the Theorem

Introduce the notatioW A(0) = Eu,(0) and;(0) = u;(0) — VA(0). Putv; = u;(0;—1)
which gives(; — (;—1 = 7;v;. By continuous differentiability of¥/5, , and by (8) we have:

Wﬁi—l (CL) = Wﬁi—l (Ci—l) =+ ’Y’i’UzTVWﬂif1 (Ci—l)

1
i / oF [V W, (7 + (1= 7)imr) — VW, (G1)] dr
0
M2lloil2,
261

Then, using the fact thdi3;);>1 is a non-decreasing sequence and thatzffixed, 5 —
Wpg(#) is a non-increasing function, we get

< Wﬁq‘,—l (Ci—l) + ’WU;’TVW&—l (Ci—l) +

, ) , T %2”%“20
Wﬁz‘ (C’L) < Wﬁi—l(ci) < Wﬂi—l (Cl—l) 0 _1Vi + 26 L .
Summing up over thé&s and using the representation= Zﬁzl v;v;, We get:
Z Z M [loill3
] —0 i < Tg Al 7 lloo
Vo e @ -1 ) Vi > Wﬂf Ct Ct + 2ﬁz L

sinceWp, (¢o) = 0. From definition ofi?/, we havey ¢ € RM andv 6 € ©, —Wp, (¢) —
¢To < B,V (). Finally, sincev; = VA(0;_1) + &(0;_1), we get

. t
S 0i1 = 0T TAG 1) < BV O) = Y 01— 07 €6 1) +Z”ﬁ'“‘1’“’~
= =1 '

As we are to take expectations, we note that, conditioning; on and using the indepen-
dence betwee#;_, and(X;,Y;), we haveE ((6;,—1 — 0)7&;(6;—1)) = 0. Now, convexity
of A and the previous display lead to:
Y E[(Bim1 — 0)"VA(bi-)]

25:1 i

E[(6i1 —6)"VA(6;-1)]

. AL?
(e R)

where we have séf* = maxyco V(#) and made use of the boundedness assumption
E ||u; ()%, < L? and of the particular choice for the stepsize and tempexgiairameters.
Noticing thatV’* = X 1In M and optimizing this bound i, > 0, we obtain the result.
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