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Abstract

This paper presents a new framework based on walks in a goapinél-
ysis and inference in Gaussian graphical models. The keyigl® de-
compose correlations between variables as a sum over &ié\watween
those variables in the graph. The weight of each walk is givera
product of edgewise partial correlations. We provide a vaiin inter-
pretation of Gaussian belief propagation in trees and oafigroximate
method of loopy belief propagation in graphs with cyclesisTgerspec-
tive leads to a better understanding of Gaussian beliefggaton and of
its convergence in loopy graphs.

1 Introduction

We consider multivariate Gaussian distributions definedraphs. The nodes of the graph
denote random variables and the edges indicate statidépaindencies between variables.
The family of all Gauss-Markov models defined on a graph isnadlyy represented in the
information formof the Gaussian density which is parameterized by the isveosari-
ance matrix, i.e., thenformation matrix This information matrix is sparse, reflecting the
structure of the defining graph such that only the diagorahehts and those off-diagonal
elements corresponding to edges of the graph are non-zero.

Given such a model, we consider the problem of computing tearnmand variance of
each variable, thereby determining the marginal densitsewell as the mode. In princi-
ple, these can be obtained by inverting the information mabut the complexity of this
computation is cubic in the number of variables. More effitiecursive calculations are
possible in graphs with very sparse structure — e.g., innshdarees and in graphs with
“thin” junction trees. For these models, belief propagat{BP) or its junction tree vari-
ants efficiently compute the marginals [1]. In more complexpys, even this approach
can become computationally prohibitive. Then, approxeamaethods such as loopy belief
propagation (LBP) provide a tractable alternative to ek#etrence [1, 2, 3, 4].

We develop a “walk-sum” formulation for computation of meamariances and correla-
tions that holds in a wide class of Gauss-Markov models wieltallwalk-summableln
particular, this leads to a new interpretation of BP in traed of LBP in general. Based on
this interpretation we are able to extend the previouslykmsufficient conditions for con-



vergence of LBP to the class of walk-summable models (whicludes all of the follow-
ing: trees, attractive models, and pairwise-normalizafbelels). Our sufficient condition
is tighter than that given in [3] as the class of diagonaltyaihant models is a strict subset
of the class of pairwise-normalizable models. Our resu#ts axplain why no examples
were found in [3] where LBP did not converge. The reason isttiey presume a pairwise-
normalizable model. We also explain why, in walk-summabtalels, LBP converges to
the correct means but not to the correct variances (provirdk-sum” analogs of results in
[3]). In general, walk-summability is not necessary for LB#hvergence. Hence, we also
provide a tighter (essentially necessary) condition fowengence of LBP variances based
on walk-summability of the LBP computation tree. This pams deeper insight into why
LBP can fail to converge — because the LBP computation treetislways well-posed —
which suggests connections to [5]. This paper presentsaphélkas and outlines proofs of
the main results. A more detailed presentation will appeartechnical report [6].

2 Preliminaries

A Gauss-Markov model (GMM) is defined by a gra@h= (V, ) with edge se€ ¢ (%),
i.e., some set of two-element subsetslaf and a collection of random variables =
(z;,1 € V') with probability density given ifnformation fornt:

p(z) exp{—%xﬂ]w + h'z} (¢D)]

whereJ is a symmetric positive definite/(> 0) matrix which is sparse so as to respect the
graphg: if {i,j} ¢ € thenJ, ; = 0. We callJ theinformation matrixandh the potential
vector Let N(i) = {j|{i,j} € £} denote theneighborsof i in the graph. The mean
u = E{x} and covariancd® = E{(xz — u)(z — )’} are given by:

p=J'h and P=J"! 2)
Thepartial correlation coefficientare given by:

cov(zi; Tj| v\ (1,5}) Jij

Pij = =TT
Vvar(@ilzv g var(zslevy,gy)  VJiidi
Thus,J;; = 0 if and only if z; andz; are independent given the other variabigs (; ;-
We say that this model ettractiveif all partial correlations are non-negative. Ipairwise-
normalizableif there exists a diagonal matrik > 0 and a collection of non-negative
definite matricedJ. = 0,e € £}, where(.J,); ; is zero unless, j € e, such that:

J=D+)Y I 4)
ecé

It is diagonally-dominantf for all i € V' : >°.; [J; ;| < Ji;. The class of diagonally-
dominant models is a strict subset of the class of pairwizealizable models [6].

®)

Gaussian Elimination and Belief Propagation Integrating (1) over all possible values
of z; reduces tdsaussian eliminatio{GE) in the information form (see also [7]), i.e.,

1, . .
p(ry;) = /P(»’ﬁ\i,xz‘)dwi o eXP{*ifE/\iJ\iiL'\yx + {2\ } %)

where\i = V' \ {i}, i.e. all variables except and
j\i = J\i,\i — J\i,iJiTilJi,\i and }AL\Z = h\z — J\z,lejzlhl (6)

1The work also applies tp(z|y), i.e. where some variablesare observed. However, the obser-
vationsy are fixed, and we redefingz) = p(x|y) (conditioning ony is implicit throughout). With
local observationg(x|y) o p(z) I ], p(y:|z:), conditioning does not change the graph structure.



Figure 1: (a) Graph of a GMM with nod€s, 2, 3,4} and with edge weights (partial corre-
lations) as shown. In (b) and (c) we illustrate the first tHesels of the LBP computation
tree rooted at nodes 1 and 2. After 3 iterations of LBP in {#,marginals at nodes 1 and
2 are identical to the marginals at the root of (b) and (c) eetypely.

In trees, the marginal of any given node can be efficientlymated by sequentially elimi-
nating leaves of the tree until just that node remains. BP Ingsseen as a message-passing
form of GE in which a message passed from nbttenodej € N (i) captures the effect of
eliminating the subtree rootedatThus, by a two-pass procedure, BP efficiently computes
the marginals aall nodes of the tree. The equations for LBP are identical extepimes-
sages are updated iteratively and in parallel. There arertegsages per edge, one for each
ordered pair(i, j) € £. We specify each message in information form with paramseter

AR™. AJ(”) (initialized to zero forn = 0). These are iteratively updated as follows.

i—70

For each(s, ]) € &, messages fromV (i) \ j are fused at node

(n) (n) Fn) _ 1 (n)
hid =hi+ > ARMand T =T+ Y ALY, ©)
kEN(i)\j keEN (i)\Jj
This fused information at nodes predicted to node:
n+1 n 2 (n n+1 n
ARSEY = — (I TR and AJEY = =75 (J0) T @)
After n iterations, the marginal of nodds obtained by fusing all incoming messages:
WY =hi+ > AR, and JY = Ja+ Y ALY, 9)
kEN(i) kEN(i)

The mean and variance are given b§f™)~1A{™ and (J)~1. In trees, this is the
marginal at node conditioned on zero boundary conditions at no@les- 1) steps away
and LBP converges to the correct marginals after a finite rmurobsteps equal to the diam-
eter of the tree. In graphs with cycles, LBP may not convergkeanly yields approximate
marginals when it does. A useful fact about LBP is the follogv[2, 3, 5]: the marginal
computed at nodé after n iterations is identical to the marginal at the root of thstep
computation treeooted at nodé. This tree is obtained by “unwinding” the loopy graph
for n steps (see Fig. 1). Note that each node of the graph may heatepl many times
in the computation tree. Also, neighbors of a node in the agatpn tree correspond ex-
actly with neighbors of the associated node in the originaph (except at the last level of
the tree where some neighbors are missing). The corresppddinatrix defined on the
computation tree has the same node and edge values as ingin@lcB MM.

3 Wak-Summable Gauss-M arkov M odels

In this section we present the walk-sum formulation of iafere in GMMs. Leto(A)
denote thespectral radiusof a symmetric matrix4, defined to be the maximum of the
absolute values of the eigenvalues/wfThe geometric serigd + A+ A% +. . .) converges



if and only if o(A) < 1. If it converges, it converges {d — A)~!. Now, consider a GMM
with information matrix.J. Without loss of generality, lef be normalized (by rescaling
variables) to have; ; = 1 for all i. Then,p; ; = —J; ; and the (zero-diagonal) matrix of
partial correlations is given big = I — J. If o(R) < 1, then we have a geometric series
for the covariance matrix:

>R =(I-R"'=J"'=P (10)
=0

Let R = (|r;;|) denote the matrix of element-wise absolute values. We sythle model
is walk-summablé o(R) < 1. Walk-summability impliep(R) < 1 and.J > 0.

Example 1. Consider a 5-node cycle with normalized information matfixwhich has
all partial correlations on the edges setptolf p = —.45, then the model is valid (i.e.
positive definite) with minimum eigenvalug,i, (J) ~ .2719 > 0, and walk-summable
with o(R) = .9 < 1. However, wherp = —.55, then the model is still valid with
Amin(J) & .1101 > 0, but no longer walk-summable wig(R) = 1.1 > 1.

Walk-summability allows us to interpret (10) as computirglkvsums in the graph. Recall
that the matrixR reflects graph structurey; ; = 0if {7,j} ¢ £. These act as weights
on the edges of the graph. walk w = (wp, w1, ..., w;) is @ sequence of nodes € V
connected by edg€sv;, w;+1} € € wherel is thelengthof the walk. Theweightp(w) of
walk w is the product of edge weights along the walk:
l
p(w) = H Puws—1,ws (11)
s=1

At each node € V, we also define a zero-length walk= (i) for which p(w) = 1.

Walk-SumsGiven a set of walk3V, we define thavalk-sumoverV by
pW) = > p(w) (12)
weW

which is well-defined (i.e., independent of summation oydiecauser(R) < 1 implies
absolute convergence. LW _ denote the set of-length walks from: to j and let

Wi = U2 OWH . The relatlon between walks and the geometric series (1thais

the entries of?! correspond to walk-sums ovetength walks fromi to j in the graph, i.e.,
(Rl)m = 'O(Wi—l>j) Hence,
Py = (R = o000 ) =W )=o) (3
=0

In particular, the varlance2 P, of variables is the walk-sum taken over the 38t,_.;
of self-return walkghat begln and end at(defined so thati) € W;_,;). The means can
be computed as reweighted walk-sums, i.e., where each walkaled by the potential at
the start of the walkp(w; h) = hy,p(w), andp(W; h) = > oy, p(w; k). Then,

= Pijhi= Z,o j—i)hy = pWiis ) (14)
JjeEV
whereW, _,; = Ujev W;_; is the set of all walks which end at nodle

We have found that a wide class of GMMs are walk-summable:

Proposition 1 (Walk-Summable GMMs) All of the following classes of GMMs are walk-
summablé (i) attractive models, (i) trees and (iii) pairwise-nortizable® models.

2That is if we take a valid model (withi > 0) in these classes then it automatically béR) < 1.
3In [6], we also show that walk-summability is actually equivalent to pairwisemalizability.



Proof Outline (i) R = RandJ = I — R = 0 implies \ax(R) < 1. BecauseR has
non-negative elementg(R) = Anax(R) < 1. In (i) & (iii), negating any p;;, it still
holds that/ = I — R > 0 : (ii) negatingp;; doesn't affect the eigenvalues gf(remove
edge{i, j} and, in each eigenvector, negate all entries in one subifiéghegating p;;
preserves/y; j1 = 0in (4) soJ = 0. Thus, making alp;; > 0, we findI — R = 0 and
R < I. Similarly, making allp;; < 0, —R < I. Thereforeg(R) < 1. ¢

4 Recursive Walk-Sum Calculationson Trees

In this section we derive a recursive algorithm which acsttie walk-sums (over infinite
sets of walks) necessary for exact inference on trees aaig tois to BP. Walk-summability
guarantees correctness of this algorithm which reordelissvitma non-trivial way.

We start with a chain ofV nodes: its graply has noded” = {1,..., N} and edges
& = {e1,..,en—_1} Wheree; = {i,i + 1}. The variance at nodgeis 0? = p(W;_,;). The
setW;_,; can be partitioned according to the number of times that svedkurn to node
i Wi = U2 Wfl)l Wherer@l is the set of all self-return walks which return o
exactlyr times. In partlcularl/\/fi)2 = {(¢)} for which p(WZi)Z) = 1. A walk which
starts at node and returng: times is a concatenation ofsingle-revisit self-return walks,
sopW")) = pW™M,)r. This means:

14’2)

PWi) = U W) = 3 o)) = zpwf:z

This geometric series converges since the modeI is walkvsalste. Hence, calculating the
single-revisit self-return walk- surzlf()/v(1 ;) determines the varlan@t% The single-revisit
walks at node consist of walks in the left subchain, and walks in the rigiichain. Let
Wi_.i\; be the set of self-return walks ofwhich never visitj, so e.g. alkv € W;_;\; 41
are contained in the subgraph, . .. ,7}. With this notation:

_ v
1- o)

1—1

(15)

(WL(BL) (Wz(i?z\'H»l) (Wz(i?'b\z 1) (16)
The left single-revisit self-return walk- sumﬁWHmH) can be computed recursively

starting from nodd. At nodel, p(Wl(l_{l\z) = 0 andp(W;_1\2) = 1. A single-revisit
self-return walk from nodeéin the left subchain consists of a step to nédel, then some
number of self-return walks in the subgrafh ..., — 1}, and a step fromi— 1 back toi:

2
p11 1

(&)
(Wz 1—i— l\z)

Thus single-revisit (and multiple revisit) walk-sums irtleft subchain of every nodecan

be calculated in one forward pass through the chain. The samé&e done for the right
subchain walk-sums at every notleby starting at nodeV, and going backwards. Using
equations (15) and (16) these quantities suffice to caketifet variances atll nodes of the

chain. A similar forwards-backwards procedure computestieans as reweighted walk-
sums over the left and right single-visit walks for naglevhich start at an arbitrary node
(in the left or right subchain) and end atnever visiting: before that [6]. In fact, these
recursive walk-sum calculations map exactly to operatiarBP — e.g., in a normalized

chainAJ;_1_,; = (WZ(LL\lH) andAh;_i_,; = (WS_M\LH, h). The same strategy
applies for trees: both single-revisit and single-visitikgaat nodei can be partitioned
according to which subtree (rooted at a neighpar N (i) of ¢) the walk lives in. This
leads to a two-pass walks-sum calculation on trees (fronhetinees to the root, and back)

to calculate means and variances at all nodes.

(€]

p(W¢_>i\1'+1) = pzz,i—lp(wi—l—)i—l\i) = (17)




5 Walk-sum Analysis of L oopy Belief Propagation

First, we analyze LBP in the case that the model is walk-subhenand show that LBP
converges and includes all the walks for the means, but oslybaet of the walks for the
variances. Then, we consider the case of non-walksummattkelsiand relate conver-
gence of the LBP variances to walk-summability of the corapan tree.

5.1 LBPin walk-summable models

To compute means and variances in a walk-summable modelgea to calculate walk-
sums for certain sets of walks in the gragh Running LBP inG is equivalent to exact
inference in the computation tree fGr and hence calculating walk-sums for certain walks
in the computation tree. In the computation tree rooted denpwalks ending at the root
have a one-to-one correspondence with walks ending athiodg. Hence, LBP captures
all of the walks necessary to calculate the means. For @&rthe walks captured by
LBP have to start and end at the root in the computation tresveder, some of the self-
return walks inG translate to walks in the computation tree that end at the lvobstart
at a replica of the root, rather than at the root itself. Theakks are not captured by the
LBP variances. For example, in Fig. 1(a), the wélk2,3,1) is a self-return walk in the
original graphgG but isnot a self-return walk in the computation tree shown in Fig. 1(b)
LBP variances capture only those self-return walks of thgimel graphG which also
are self-return walks in the computation tree — e.g., the&kwil3,2,3,4,3,1) is a self-
return walk in both Figs. 1(a) and (b). We call thdsacktracking walks These simple
observations lead to our main result:

Proposition 2 (Convergence of LBP for walk-summable GMMs) If the model is walk-
summable, then LBP converges: the means converge to theneraes and the LBP vari-
ances converge to walk-sums over just the backtrackingeselfn walks at each node.

Proof Outline All backtracking walks have positive weights, since eageeis traversed

an even number of times. For a walk-summable model, LBP neeis are walks-sums
over the backtracking walks and are therefore monotonigatkeasing with the iterations.
They also are bounded above by the absolute self-returnsuaiis (diagonal elements of
>, R") and hence converge. For the means: the sérigs, R'h converges absolutely
since|R'h| < R'|h|, and the serie§", R'|h| is a linear combination of terms of the ab-
solutely convergent seri€s,, . The LBP means are a rearrangement of the absolutely
convergent seriey.,~ R'h, so they converge to the same values.

As a corollary, LBP converges for all of the model classagdisn Proposition 1. Also, in
attractive models, the LBP variances are less than or egtted true variances. Correctness
of the means was also shown in [3] for pairwise-normalizambelels’ They also show that
LBP variances omit some terms needed for the correct vagarnthese terms correspond
to correlations between the root and its replicas in the edatjon tree. In our framework,
each such correlation is a walk-sum over the subset of nokttzeking self-return walks
in G which, in the computation tree, begin at a particular reptitthe root.

Example 2 Consider the graph in Fig. 1(a). Fer= .39, the model is walk-summable with
o(R) ~ .9990. Forp = .395 andp = .4, the model is still valid but is not walk-summable,
with o(R) ~ 1.0118 and 1.0246 respectively. In Fig. 2(a) we show LBP variances for
nodel (the other nodes are similar) vs. the iteration number. pAscreases, first the
model is walk-summable and LBP converges, then for a smihial the model is not
walk-summable but LBP still convergésand for largerp LBP does not converge. Also,

“However, they only prove convergence for the subset of diagonaityirant models.
SHence, walk-summability is sufficient but not necessary for corarerg of LBP.
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Figure 2: (a) LBP variances vs. iteration. @)R,,) vs. iteration.

for p = .4, we note thap(R) = .8 < 1 and the seriey_, R’ converges (bu}_, k! does
not) and LBP does not converge. HenggR) < 1 is not sufficient for LBP convergence

showing the importance of the stricter walk-summabilitpdition o(R) < 1.

5.2 LBPin non-walksummable models

We extend our analysis to develop a tighter condition forveogence of LBP variances
based on walk-summability of the computation tree (rathantwalk-summability 057).8
For trees, walk-summability and validity are equivaler, i/ > 0 < o(R) < 1, hence
our condition is equivalent to validity of the computatioad.

First, we note that when a model ghis valid (J is positive-definite) but not walk-
summable, then some finite computation trees may be invialibfinite). This turns out
to be the reason why LBP variances can fail to converge. \&atikmability of the original
GMM implies walk-summability (and hence validity) of all @6 computation trees. But
if the GMM is not walk-summable, then its computation treeyroa may not be walk-
summable. In Example 2, fgr = .395 the computation tree is still walk-summable (even
though the model og is not) and LBP converges. Fpr= .4, the computation tree is not
walk-summable and LBP does not converge. Indeed, LBP isvest @ell-posed in this
case (because the computation tree is indefinite) whichaelts strange behavior seen
in the bottom plot of Fig. 2(a) (e.g., non-monotonicity aregyative variances).

We characterize walk-summability of the computation tredadlows. LetT,, be then-
step computation tree rooted at some no@ad defineR,, = I,, — J,, where.J, is the
normalized information matrix off;, and I,, is then x n identity matrix. Then-step
computation tred’, is walk-summable (valid) if and only #(R,,) < 1 (in trees,o(R,,) =
o(Ry)). The sequencép(R,,)} is monotonically increasing and bounded abovepbit)

(see [6]) and hence converges. We are interested in theiuant = lim,, . 0(Ry)-

Proposition 3 (L BP validity/variance convergence) (i) If o, < 1, then all finite compu-
tation trees are valid and the LBP variances converge. {igsl > 1, then the computation
tree eventually becomes invalid and LBP is ill-posed.

Proof Outline (i) For somed > 0, o(R,) < 1 — ¢ for all n which implies: all computa-
tion trees are walk-summable and variances monotonigatifease).x(R,) < 1 — 4,
Amin(Jr) > 6, and(Py,)ii < Amax(Pn) < % The variances are monotonically increasing

5We can focus on one tree: if the computation tree rooted at hd@alk-summable, then so is
the computation tree rooted at any ngdeAlso, if a finite computation tree rooted at nodis not
walk-summable, then some finite tree at ngddéso becomes non-walksummable folarge enough.



and bounded above, hence they converge. (lijif, . o(R,) > 1, then there exists an
m for which o(R,,) > 1 for all n > m and the computation tree is invalid.

As discussed in [6], LBP is well-posed if and only if the infe&tion numbers computed on
the right in (7) and (9) are strictly positive for all Hence, it is easily detected if the LBP
computation tree becomes invalid. In this case, contintdngin LBP is not meaningful
and will lead to division by zero and/or negative variances.

Example 3 Consider a 4-node cycle with edge weiglitsp, p, p, p). In Fig. 2(b), for
p = .49 we ploto(R,,) vs.n (lower curve) and observe thhtn,, ., o(R,) ~ .98 < 1,
and LBP converges (similar to the upper plot of Fig. 2(a)) f-e= .51 (upper curve), the
model defined on the 4-node cycle is still valid biut,, ., o(R,) ~ 1.02 > 1 so LBP is
ill-posed and does not converge (similar to the lower pldtigf 2(a)).

In non-walksummable models, the series LBP computes forrtbans is not absolutely
convergent and may diverge even when variances converge (B.Example 2 with

p = .39867). However, in all cases where variances converge we hawraisthat with
enough damping of BP messages also obtain convergence of the means. Apparently, it
is the validity of the computation tree that is critical fmrwergence of Gaussian LBP.

6 Conclusion

We have presented a walk-sum interpretation of inferen€&\iMs and have applied this
framework to analyze convergence of LBP extending previessilts. In future work,

we plan to develop extended walk-sum algorithms which gathere walks than LBP.

Another approach is to estimate variances by sampling randalks in the graph. We
also are interested to explore possible connections batvesailts in [8] — based on self-
avoiding walks in Ising models — and sufficient conditionsdonvergence of discrete LBP
[9] which have some parallels to our walk-sum analysis inGlagissian case.

Acknowledgments This research was supported by the Air Force Office of Sdienti
Research under Grant FA9550-04-1, the Army Research OffideruGrant W911NF-05-
1-0207 and by a grant from MIT Lincoln Laboratory.

References

[1] J. Pearl.Probabilistic inference in intelligent systemglorgan Kaufmann, 1988.

[2] J. Yedidia, W. Freeman, and Y. Weiss. Understanding belief mafian and its generalizations.
Exploring Al in the new millenniuppages 239-269, 2003.

[3] Y. Weiss and W. Freeman. Correctness of belief propagation irs€k@u graphical models of
arbitrary topology.Neural Computation13:2173-2200, 2001.

[4] P. Rusmevichientong and B. Van Roy. An analysis of belief propagan the turbo decoding
graph with Gaussian densitid&EE Trans. Information Theory8(2):745-765, Feb. 2001.

[5] S. Tatikonda and M. Jordan. Loopy belief propagation and Gibkesomes UAI, 2002.

[6] J. Johnson, D. Malioutov, and A. Willsky. Walk-Summable Gaussiatwgrks and Walk-Sum
Interpretation of Gaussian Belief Propagation. TR-2650, LIDS, MODZ2

[7] K. Plarre and P. Kumar. Extended message passing algorithmféaente in loopy Gaussian
graphical modelsAd Hoc Networks2004.

[8] M. Fisher. Critical temperatures of anisotropic Ising lattices Il, geahepper boundsPhysical
Review 162(2), 1967.

[9] A. Ihler, J. Fisher llI, and A. Willsky. Message Errors in Beliefopagation NIPS 2004.

"Modify (8) as follows: ALY = (1 — a) AR, + a(—Ji ;(J)) A with 0 < o < 1.
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In Example 2, withp = .39867 anda. = .9 the means converge.



