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Abstract

Given a directed graphical model with binary-valued hiddedes and
real-valued noisy observations, consider deciding upenntlaximum
a-posteriori (MAP) or the maximum posterior-marginal (MpPagsign-
ment under the restriction that each node broadcasts oty ¢hildren
exactly one single-bit message. We present a variatiomaiuiation,
viewing the processing rules local to all nodes as degréégedom,
that minimizes the loss in expected (MAP or MPM) performasuzigject
to such online communication constraints. The approaaslaaa novel
message-passing algorithm to be execuafffithe, or before observations
are realized, which mitigates the performance loss bytitelg cou-
pling all rules in a manner implicitly driven by global stttcs. We also
provide (i) illustrative examples, (ii) assumptions thatgantee conver-
gence and efficiency and (iii) connections to active redeareas.

1 Introduction

Given a probabilistic model with discrete-valued hidderiafzles, Belief Propagation (BP)
and related graph-based algorithms are commonly emplaysaolve for the Maximum A-
Posteriori (MAP) assignment (i.e., the mode of the jointriisition of all hidden variables)
and Maximum-Posterior-Marginal (MPM) assignment (i.lee tnodes of the marginal dis-
tributions of every hidden variable) [1]. The establishete$sage-passing” interpretation
of BP extends naturally to a distributed network settingsoagting to each node and
edge in the graph a distinct processor and communicati@nn@spectively, the algorithm
is equivalent to a sequence of purely-local computatiotexrleaved with only nearest-
neighbor communications. Specifically, each computatienecorresponds to a node
evaluating its locaprocessing ruleor a function by which all messages received in the
preceding communication event map to messages sent inxhearamunication event.

Practically, the viability of BP appears to rest upon an igiphssumption that network
communication resources are abundant. In a general netheckuse termination of the al-
gorithm is in question, the required communication resesiare a-priori unbounded. Even
when termination can be guaranteed, transmission of exassages presumes communi-
cation channels with infinite capacity (in bits per obseorgt or at least of sufficiently
high bandwidth such that the resulting finite message poecis essentially error-free. In



some distributed settings (e.g., energy-limited wirelesssor networks), it may be pro-
hibitively costly to justify such idealized online commauations. While recent evidence
suggests substantial but “small-enough” message errdiraatialter the behavior of BP
[2], [3], it also suggests BP may perform poorly when comroation is very constrained.

Assuming communication constraints are severe, we exatiéextent to which alterna-

tive processing rules can avoid a loss in (MAP or MPM) perfance. Specifically, given

a directed graphical model with binary-valued hidden \#&a and real-valued noisy ob-
servations, we assume each node may broadcast only toldserha single binary-valued

message. We cast the problem within a variational formute#], seeking to minimize a

decision-theoretic penalty function subject to such amommunication constraints. The
formulation turns out to be an extension of the optimizafiowblem underlying the decen-
tralized detection paradigm [5], [6], which advocates arteheoretic [7] relaxation of the

original problem to both justify a particular finite paramétation for all local processing

rules and obtain an iterative algorithm to be execwlihe (i.e., before observations are
realized). To our knowledge, that this relaxation permitalgtical progress given any di-

rected acyclic network is new. Moreover, for MPM assignniettree-structured network,

we discover an added convenience with respect to the eneididistributed processor set-
ting: the offline computation itself admits an efficient meggs-passing interpretation.

This paper is organized as follows. Section 2 details thésectheoretic variational for-
mulation for discrete-variable assignment. Section 3 sanmes the main results derived
from its connection to decentralized detection, culmimgin the offline message-passing
algorithm and the assumptions that guarantee convergerntenaximal efficiency. We
omit the mathematical proofs [8] here, focusing insteadnbuition and illustrative exam-
ples. Closing remarks and relations to other active rebeseas appear in Section 4.

2 Variational Formulation

In abstraction, the basic ingredients are (i) a joint distiion p(x,y) for two lengthsV
random vectorsX andY’, taking hidden and observable values in the gétd}? and
RY, respectively; (ii) a decision-theoretic penalty funatié : ' — R, whereI' denotes
the set of all candidate strategigs RY — {0, 1}* for posterior assignment; and (jii) the
setl'Y c T of strategies that also respect stipulated communicatosteaints in a given
N-node directed acyclic netwokk. The ensuing optimization problem is expressed by

J(v) = mirF1J(7) subject toy € 'Y, (1)
04S]

where~* then represents aptimal network-constrained stratefiyr discrete-variable as-
signment. The following subsections provide details unseehis level of abstraction.

2.1 Decision-Theoretic Penalty Function

Let U = ~(Y) denote the decision process induced from the observatimrepsY by

any candidate assignment strategyg I'. If we associate a numeric “cost{u, x) to every

possible joint realization dfU, X ), then the expected cost is a well-posed penalty function:
J(7) = Ele(v(Y), X)] = E[E[c(v(Y), X) [ Y]]. )

Expanding the inner expectation and recognizifig|y) to be proportional te(z)p(y|x)

for everyy such thap(y) > 0, it follows that5y* minimizes (2) ovef if and only if

F¥(Y) =arg min Z p(z)e(u, 2)p(Y|z) with probability one. 3)
ze{0,1}N
Of note are (i) the likelihood functiop(Y'|z) is a finite-dimensional sufficient statistic

of Y, (ii) real-valued coefficients(u, =) provide a finite parameterization of the function
spacd and (iii) optimal coefficient values*(u, z) = p(x)c(u, z) are computable offline.



Before introducing communication constraints, we illatgrby examples how the decision-
theoretic penalty function relates to familiar discreteiable assignment problems.

Example 1L etc(u, z) indicate whethet. # x. Then (2) and (3) specialize to, respectively,
theword error rate(viewing eachr as anN-bit word) and the MAP strategy:

¥(Y) =arg max p(z|Y) with probability one.
ze{0,1}N
Example 2:Let c(u,z) = 25:1 ¢n(un, x,), Wwhere eachy,, indicates whetheu,, # x,.
Then (2) and (3) specialize to, respectively, liiteerror rate and the MPM strategy:

F¥(Y) = (arg max p(z1|Y),...,arg max p(mN|Y)) with probability one.
z1€{0,1} zn€e{0,1}

2.2 Network Communication Constraints

LetG(V, £) be any directed acyclic graph with vertex $et {1,..., N} and edge set
E={(,5) eV xV]ien(j) < jex(@)}

where index sets(n) C V andx(n) C V indicate, respectively, the parents and children
of each node:r € V. Without loss-of-generality, we assume the node labelgessthe
natural partial-order implied by the gragh specifically, we assume every nodehas
parentnodes(n) C {1,...,n—1} and child nodeg(n) C {n+1,...,N}. Local to each
noden € V are the respective componetfs andY,, of the joint proces$X,Y’). Under
best-case assumptions pfr,y) andg, Belief Propagation methods (e.g., max-product
in Example 1, sum-product in Example 2) require at |€a&t real-valued messages per
observationy” = y, one per direction along each edgedn In contrast, we insist upon
a single forward-pass throughwhere each node broadcasts to its children (if any) a
single binary-valued message. This yields communicati@riead of only|&| bits per
observatior” = y, but also renders the minimizing strategy of (3) infeasible

Accepting that performance-communication tradeoffs ateeient to distributed algo-
rithms, we proceed with the goal of minimizing thessin performance relative td (7).
Specifically, we now translate the stipulated restrictionscommunication into explicit
constraints on the function spaCeover which to minimize (2). The simplest such transla-
tion assumes the binary-valued message produced byrmnalde determines the respective
componentu,, in decision vector, = ~(y). Recognizing that every nodereceives the
messages () from its parents (if any) as side informationgp, any function of the form

Yn : R x {0,1}7™1 — {0, 1} is a feasibleprocessing rulewe denote the set of all such
rules byl',,. Then, every strategy in the S6¥ = I'; x --- x I'y respects the constraints.

3 Summary of Main Results

As stated in Section 1, the variational formulation presérih Section 2 can be viewed as
an extension of the optimization problem underlying deadized Bayesian detection [5],
[6]. Even for specialized network structures (e.g.,Mr@ode chain), it is known that exact
solution to (1) is NP-hard, stemming from the absence of aaguee thaty* € I'9 pos-
sesses a finite parameterization. Also known is that agalypirogress can be made for a
relaxation of (1), which is based on the following intuitighstrategyy* = (77, ...,v%)

is optimal overl'9, then for eachn and assuming all componentss V\n are fixed at
rules~;, the component rule;: must be optimal ovef’,,. Decentralized detection has
roots in team decision theory [7], a subset of game theogyhikh the relaxation is named
person-by-perso(pbp) optimality. While global optimality always implies ptoptimality,
the converse is false—in general, there can be multiple iipral solutions with varying



penalty. Nonetheless, pbp-optimality (along with a sgeagd observation process) jus-
tifies a particular finite parameterization for the functgpacel'Y, leading to a nonlinear
fixed-point equation and an iterative algorithm with fadgdeaconvergence properties. Be-
fore presenting the general algorithm, we illustrate ifgligption in two simple examples.

Example 3:Consider the MPM assignment problem in Example 2, assumNing 2 and
distributionp(z, y) is defined by positive-valued parametess’; andgj, as follows:

N
p(x) < { ; , T1 =129 and p(y|x) _ H 1 M} .
n=1

;T F T L V2 P {_ 2

Note thatX; and X, are marginally uniform and: captures their correlation (positive,

zero, or negative when is less than, equal to, or greater than unity, respectivelgile Y

captures the presence of additive white Gaussian noisesgitial-to-noise ratio at node

equal tog,,. The (unconstrained) MPM strategy simplifies to a pair of threshold rules
uy = 1 U = 1

_ 1 + O[LQ(yQ) > _ 1 —+ OéLl(yl)
L Z gi=—"""2 and L et ALY
1(y1) < m OZ+L2(y2) 2(y2) < M2 CY+L1(y1) )

up =0 u2 =0

whereL,,(y,) = exp [6n (yn — Bn/2)] denotes thédikelihood-ratio local to noden. Let
& = {(1,2)} and define two network-constrained strategi@gopicstrategyy” employs
thresholds)? = nJ = 1, meaning each nodeacts to minimizeé’r[U,, # X,,] as ifin isola-
tion, whereageuristicstrategyy” employs thresholds? = 7{ andn? = o?“1~1, meaning
node2 adjusts its threshold asX; = w; (i.e., as if the myopic decision by nodés always
correct). Figure 1 compares these strategies and a pompalstirategyy“—only ~* is both
feasible and consistently “hedging” against all uncettaie., J(7°) > J(v*) > J(7%).

0.4 1 2.5 .01 1 100
0 061 o
(a) Shown fora < 1 (b) Withae =0.1, 52 =1 () Withpy =6, =1

Figure 1. Comparison of the four alternative strategies in Example 3kéirh of the decision
regions in likelihood-ratio space, showing that network-constrainedhbid rules cannot exactly
reproducey* (unlessa = 1); (b) bit-error-rate versug; with o and 3. fixed, showingy” performs
comparably toy® whenY; is accurate relative t&, but otherwise performs worse than eveh
(which requires no communication); (c) bit-error-rate versusith 5, and 3, fixed, showing*
uses the allotted bit of communication such that roughfi of the lossJ(1°) — J(7*) is recovered.

Example 4:Extend Example 3 t&V > 2 nodes, but assuming is equally-likely to be
all zeros or all ones (i.e., the extreme case of positiveetation) andY” has identically-
accurate components with, = 1 for all n. The MPM strategy employs thresholds
M = [Liev\n 1/Li(y:) for all n, leading toU' = ¥*(Y’) also being all zeros or all ones;

thus, itscost distribution or the probability mass function fef5*(Y"), X), has mass only
on the values 0 and. The myopic strategy employs thresholgs= 1 for all n, leading to
independent and identically-distributed (binary-valueshdom variables, (12 (Y,,), X,);
thus, its cost distribution, approaching a normal shap¥ gets large, has mass on all val-
ues0, 1,..., N. Figure 2 considers a particular directed netw@rand, initializing toy°,
shows the sequence of cost distributions resulting froniténative offline algorithm—note
the shape progression towards the cost distribution ofitifeasible) MPM strategy and
the successive reduction in bit-error-ratey*). Also noteworthy is the rapid convergence
and the successive reduction in word-error-itg:(v* (Y), X) # 0].
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Figure 2. lllustration of the iterative offline computation givefx, y) as described in Example 4
and the directed network showiV(= 12). A Monte-Carlo analysis of* yields an estimate for its
bit-error-rate ofJ(5*) ~ 0.49 (with standard deviation of 0.05)—thus, with a total of jBr=11
bits of communication, the pbp-optimal strategyrecovers roughlgs% of the lossJ (v°) — J(7%).
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3.1 Necessary Optimality Conditions
We start by providing an explicit probabilistic interpretm of the general problem in (1).

Lemma 1 The minimum penalty(~*) defined in (1) is, firstly, achievable by a determin-
istic! strategy and, secondly, equivalently defined by

() = min > p@) Y etwn) [ sl d

p(uly) z€{0,1}N ue{0,1}N

subject to  p(uly) = H P(Un|Yn,s Un(n))-
ney

Lemma 1 is primarily of conceptual value, establishing aregpondence between fix-
ing a component rule,, € T',, and inducing a decision proceEg from the information
(Yn, Uz(ny) local to noden. The following assumption permits analytical progressaias
a finite parameterization for each function spaigeand the basis of an offline algorithm.

Assumption 1 The observation process satisfies(y|z) = [,,cy, p(yn|).

Lemma 2 Let Assumption 1 hold. Upon fixing a deterministic ryje< I',, local to node
n (in correspondence With(w, |y, ux(»)) by virtue of Lemma 1), we have the identity

P(Un |2, Un(n)) = / P(Un|Yns Un(n))P(Yn|T) dyn- (4)
yn ER

Moreover, upon fixing a deterministic strategys I'Y, we have the identity

P(U\fﬂ) = H p(un|m7u7r(n))' (5)

ney

Lemma 2 implies fixing component rutg, € T',, is in correspondence with inducing the
conditional distributiornp(u.,, |z, u~(,»)), NOW a probabilistic description that persists local
to noden no matter the rule; at any other node € V\n. Lemma 2 also introduces further
structure in the constrained optimization expressed byrharh: recognizing the integral
overRY to equalp(u|z), (4) and (5) together imply it can be expressed as a product of

A randomized (or mixed) strategy, modeled as a probabilistic selectiom dréinite collection
of deterministic strategies, takes more inputs than just the observatiogsptocThat deterministic
strategies suffice, however, justifies “post-hoc” our initial abuse tftian for elements in the sét



component integrals, each ovBr We now argue that, despite these simplifications, the
component rules of* continue to be globally coupled.

Starting with any deterministic strategy<c I'9, consider optimizing theth component
rule ~,, overI',, assuming all other components stay fixed. Witha degree-of-freedom,
decision proces#/,, is no longer well-defined so eaeh, € {0,1} merely represents a
candidate decision local to node Online, each local decision will be made only upon re-
ceiving both the local observatidn, = y, and all parents’ local decisiofis; ) = tr(y)-

It follows that noden, upon deciding a particular,,, may assert that random vecléris re-
stricted to values in the subs#fu (n), un] = {u' € {0, 1}V | ) = tUr(n), up, = un}.
Then, viewing(Y,,, U,(,)) as a composite local observation and proceeding in the manne
by which (3) is derived, the pbp-optimal relaxation of (1duees to the following form.

Proposition 1 Let Assumption 1 hold. In an optimal network-constrainetegly
v* € T'Y, for eachn and assuming all componentsc V\n are fixed at rulesy; (each
in correspondence with* (u;|z, u,(;)) by virtue of Lemma 2), the rulg; satisfies

(Yo, Ux(n)) = arg min 0} (tn, x; Ur(ny)p(Yn|z)  with probability one
T (n)) gu"E{O’l}xe{%;}N ( (n)p(Yn|z) p y

(6)

where, for eachu, ) € {0, 1}|ﬂ'(n)|,

b:(unvxauﬂ(n)) :p(x) Z c(u,x) H p*(u7|xvu‘n’(z)) (7)

UEU [t (1) ,Un] i€V\n

Of note are (i) the likelihood functiop(Y;,|z) is a finite-dimensional sufficient statistic of
Y., (i) real-valued coefficients,, provide a finite parameterization of the function space
I',, and (iii) the pbp-optimal coefficient valuég, while still computable offline, also de-
pend on the distributions* (u; |z, u.(;)) in correspondence with all fixed ruleg.

3.2 Offline Message-Passing Algorithm

Let f,, map from coefficient§b;; i € V\n} to coefficients,, by the following operations:
1. for eachi € V\n, computep(u;|z, u.(;)) via (4) and (6) giverb; andp(y;|x);
2. computeb,, via (7) givenp(x), c(u, x) and{p(u;|z, ux(;)); i € V\n}.

Then, the simultaneous satisfaction of Proposition 1 afValhodes can be viewed as a
system oRV+1 3" |, 2I7 (™) nonlinear equations in as many unknowns,

bn:fn(bla---7b'n,—1abn+1a---7bN)7 77,:17...,]\7, (8)

or, more conciselyh = f(b). The connection between eagh and Proposition 1 affords
an equivalence between solving the fixed-point equafisia a Gauss-Seidel iteration and
minimizing J(v) via a coordinate-descent iteration [9], implying an algori guaranteed
to terminate and achieve penalty no greater than that ofaitnay initial strategyy® « °.

Proposition 2 Initialize to any coefficients® = (+9,...,5%,) and generate the sequence
{b*} using a component-wise iterative applicationfoh (8) i.e., fork = 1,2,.. .,
Wi = (BTN ), =N, N -1, L (9)

If Assumption 1 holds, the associated sequegnife’”)} is non-increasing and converges:

J() 2 () 2 2 () = T 2 T (y) 2 T (7).



Direct implementation of (9) is clearly imprudent from a qmmational perspective, be-
cause the transformation from fixed coefficienfs to the corresponding distribution
pk(un‘x,uﬂ(n)) need not be repeated within every component evaluatiofi din fact,
assuming every node stores in memory its own likelihood functigr(y,,|z), this trans-
formation can be accomplished locally (cf. (4) and (6)) asldp assuming the resulting
distribution is broadcast to all other nodes before theg@ed with their subsequent com-
ponent evaluation of, the termination guarantee of Proposition 2 is retainedyuRing
every node to perform a network-wide broadcast within eiterationk makes (9) a decid-
edly global algorithm, not to mention that each nedeust also store in memop(z, y,,)
andc(u, x) to carry forth the supporting local computations.

Assumption 2 The cost function satisfiegu, ) = >, ., ¢, (un, z) for some collection
of functions{c,, : {0,1}¥+! — R} and the directed grapl is tree-structured.
Proposition 3 Under Assumption 2, the following two-pass procedure intidal to (9):

e Forward-pass at node: upon receiving messages from all parents 7(n), store them
for use in the next reverse-pass and send to each ghild (n) the foIIowing messages:

Pf—g(“nh) = Z un|17 ufr(n) H i—n UZ|I (10)

uﬂ(n,)e{o«,l}'"(”” i€m(n)

¢ Reverse-pass at node upon receiving messages from all childrgr x(n), update

bfl (’U,n, ;5 uw(n H i—n uzlm) una Z ]*)n un7 ) (11)

i€m(n) Jj€X(n)

and the corresponding distributigr (u,, |z, Ur(n)) Via (4) and (6), store the distribution
for use in the next forward pass and send to each parent(n) the following messages:

07}?—»1 (uiv I) Z p(un|x, ul) una Z ]—>n un7 ) (12)
un€{0,1} jex(n)

p(un|x, UZ‘) = Z pk (un|$7 uw(n H PZHn Ug|.’L‘
Ur () E{u/ €{0,1} 7D |0l =u;} Lem(n)\i

An intuitive interpretation of Proposition 3, from the ppestive of noder, is as follows.
From (10) in the forward pass, the messages received frompeent define what, dur-
ing subsequent online operation, that parent’s local d@cimeans (in a likelihood sense)
about its ancestors’ outputs and the hidden process. Frahin(ithe reverse pass, the mes-
sages received from each child define what the local decigibrmean (in an expected
cost sense) to that child and its descendants. From (11),tiyeés of incoming messages
impact the local rule update and, in turn, the outgoing ngssto both types of neighbors.
While Proposition 3 alleviates the need for the iterativebgldoroadcast of distributions
P"(un|®, ur(n)), the explicit dependence of (10)-(12) on the full vectomplies the mem-
ory and computation requirements local to each node cdbstéxponential inv.

Assumption 3 The hidden procesX is Markov ong, or p(z) = [],,cy P(¥n|Tx(n)), and
all component likelihoods/costs satigfly,,|x) = p(yn|xn) ande, (un,, ) = cp(tn, T5).

Proposition 4 Under Assumption 3, the iterates in Proposition 3 speastirthe form of
bﬁ(un,xn;uﬁ(n)), PF_ (un|z,) and CF_,(ui,x;), k=0,1,...

n—j

and each node need only store in MeMoO( 2~ (), Tn, ¥n) @andc, (un, z,,) to carry forth
the supporting local computations. (The actual equatiars e found in [8].)



Proposition 4 implies the convergence properties of Pritipa® are upheld with maximal
efficiency (linear inV') wheng is tree-structured and the global distribution and codts sa

isfy p(z,y) = Hnev P.(_xnkcw(n))p(ynwn) andc(u, x) = Znev Cnl(um x,), respectively.
Note that these conditions hold for the MPM assignment @mlkslin Examples 3 & 4.

4 Discussion

Our decision-theoretic variational approach reflects igdwepartures from existing meth-
ods for communication-constrained inference. Firstlgtéad of imposing the constraints
on an algorithm derived from an ideal model, we explicitlydabthe constraints and de-
rive a different algorithm. Secondly, our penalty functinives the approximation by the
desired application of inference (e.g., posterior assgminas opposed to a generic error
measure on the result of inference (e.g., divergence inagngeapproximate marginals).
Thirdly, the necessary offline computation gives rise towartkide, namely less flexibility
against time-varying statistical environments, decisibjectives or network conditions.

Our development also evokes principles in common with otbsearch areas. Similar to
the sum-product version of Belief Propagation (BP), oursags-passing algorithm origi-
nates assuming a tree structure, an additive cost and arsymets message schedule. It is
thus enticing to claim that the maturation of BP (e.g., meodpct, asynchronous sched-
ule, cyclic graphs) also applies, but unique aspects toexgldpment (e.g., directed graph,
weak convergence, asymmetric messages) merit cautionwBErsolve for correlated equi-
libria and depend on probabilistic structure commenswwittecost structure for efficiency
is in common with graphical games [10], which distinctly &emulated on undirected
graphs and absent of hidden variables. Finally, our offloraputation resembles learning
a conditional random field [11], in the sense that factors(afx) are iteratively modified
to reduce penalty (v); online computation via strategy= ~(y), repeated per realization
Y = y, is then viewed as sampling from this distribution. Along tearning thread, a
special case of our formulation appears in [12], but assgmin, y) is unknown.
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