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Abstract

We study the problem of maximum entropy density estimationhie
presence of known sample selection bias. We propose thasecbi-
rection approaches. The first one takes advantage of uabsasicient
statistics which can be obtained from biased samples. Tdandene es-
timates the biased distribution and then factors the biaslie third one
approximates the second by only using samples from the gagrgibtri-
bution. We provide guarantees for the first two approachdssaluate
the performance of all three approaches in synthetic exygaris and on
real data from species habitat modeling, where maxent reasdecess-
fully applied and where sample selection bias is a signifipaoblem.

1 Introduction

We study the problem of estimating a probability distribatiparticularly in the context of
species habitat modeling. It is very common in distributioodeling to assume access to
independent samples from the distribution being estimdtegractice, this assumption is
violated for various reasons. For example, habitat modasrtypically based on known
occurrence locations derived from collections in natuisidny museums and herbariums
as well as biological surveys [1, 2, 3]. Here, the goal is &djmt the species’ distribution
as a function of climatic and other environmental variabl&e achieve this in a statis-
tically sound manner using current methods, it is necessaagsume that the sampling
distribution and species distributions are not correlabedact, however, most sampling is
done in locations that are easier to access, such as arsastaltowns, roads, airports or
waterways [4]. Furthermore, the independence assumptanmat hold since roads and
waterways are often correlated with topography and veigetathich influence species dis-
tributions. New unbiased sampling may be expensive, so roacitbe gained by using the
extensive existing biased data, especially since it is inéwp freely available online [5].

Although the available data may have been collected in @biasanner, we usually
have some information available about the nature of the Ifias instance, in the case of
habitat modeling, some factors influencing the samplingitigion are well known, such
as distance from roads, towns, etc. In addition, a list atedssites may be available and
viewed as a sample of the sampling distribution itself. its@ list is not available, the
set of sites where any species from a large group has beervetisaay be a reasonable
approximation of all visited locations.

In this paper, we study probability density estimation urglample selection bias. We



assume that the sampling distribution (or an approximaigmknown duringtraining, but
we require that unbiased models not use any knowledge ofleasefection bias during
testing This requirement is vital for habitat modeling where madale often applied to
a different region or under different climatic conditiori® our knowledge this is the first
work addressing sample selection bias in a statisticalipdananner and in a setup suitable
for species habitat modeling from presence-only data.

We propose three approaches that incorporate sampleiselb@s in a common den-
sity estimation technique based on the principle of maxinamtropy (maxent). Max-
ent with ¢;-regularization has been successfully used to model gpbigralistributions
of species under the assumption that samples are unbigsed/¢eview/-regularized
maxent with unbiased data in Section 2, and give detailssofilw approaches in Section 3.

Our three approaches make simple modifications to unbiasedmhand achieve anal-
ogous provable performance guarantees. The first apprsashalbias correction technique
similar to that of Zadrozny et al. [6, 7] to obtain unbiasedftdence intervals from biased
samples as required by our version of maxent. We prove tham, the unbiased case, this
produces models whose log loss approaches that of the besiblgoGibbs distribution
(with increasing sample size).

In contrast, the second approach we propose first estintatdsdased distribution and
then factors the bias out. When the target distribution istb&distribution, the solution
again approaches the log loss of the target distribution. Vhe target distribution is not
Gibbs, we demonstrate that the second approach need natcogrtiie optimal Gibbs dis-
tribution (with respect to log loss) even in the limit of infely many samples. However,
we prove that it produces models that are almost as good &ethé&sibbs distribution ac-
cording to a certain Bregman divergence that depends oretéetion bias. In addition, we
observe good empirical performance for moderate sampds.sizhe third approach is an
approximation of the second approach which uses samplestfre sampling distribution
instead of the distribution itself.

One of the challenges in studying methods for correctingpsauselection bias is that
unbiased data sets, though not required during trainirgneeded as test sets to evaluate
performance. Unbiased data sets are difficult to obtain -s- ithithe very reason why
we study this problem! Thus, it is almost inevitable thattegtic data must be used. In
Section 4, we describe experiments evaluating performahttee three methods. We use
both fully synthetic data, as well as a biological dataseistgiing of a biased training set
and an independently collected reasonably unbiased test se

Related work. Sample selection bias also arises in econometrics whetenitssfrom
factors such as attrition, nonresponse and self seled@io®, [LO]. It has been extensively
studied in the context of linear regression after Heckmaersinal paper [8] in which the
bias is first estimated and then a transform of the estimaiseid as an additional regressor.

In the machine learning community, sample selection biadkan recently considered
for classification problems by Zadrozny [6]. Here the godbitearn a decision rule from
a biased sample. The problem is closely related to cositsenigarning [11, 7] and the
same techniques such as resampling or differential weiglai samples apply.

However, the methods of the previous two approaches do iy diyectly to density
estimation where the setup is “unconditional”, i.e. theradé dependent variable, or, in the
classification terminology, we only have access to posékeamples, and the cost function
(log loss) is unbounded. In addition, in the case of modedipgcies habitats, we face the
challenge of sample sizes that are very sn2at 00) by machine learning standards.

2 Maxent setup

In this section, we describe the setup for unbiased maximuinogy density estimation
and review performance guarantees. We use a relaxed fdramulahich will yield an
¢1-regularization term in our objective function.



The goal is to estimate an unknowarget distributionr over a knowrsample space’
based orsamplesty, . .., x,, € X. We assume that samples are independently distributed
according tor and denote thempirical distributionby 7 (z) = [{1 <i < m : z; =
x}|/m The structure of the problem is specified by real valued fonstf; : X — R,

j =1,...,n, calledfeaturesand by a distributiony, representing aefault estimateWe
assume that features capture all the relevant informatiaitedle for the problem at hand
andqq is the distribution we would choose if we were given no samplhe distribution
qo is most often assumed uniform.

For a limited number of samples, we expect thatill be a poor estimate of under
any reasonable distance measure. However, empiricalgeged features will not be too
different from their expectations with respectito Let p[f] denote the expectation of a
function f(z) whenz is chosen randomly according to distributipn We would like to
find a distributionp which satisfies

Iplfj] = 7[f5]] < B; forall1 <j <n, @
for some estimates; of deviations of empirical averages from their expectatidisually
there will be infinitely many distributions satisfying tleesonstraints. For the case when
the default distributiony, is uniform, the maximum entropy principle tells us to choose
the distribution of maximum entropy satisfying these coaists. In general, we should
minimize the relative entropy fromy. This corresponds to choosing the distribution that
satisfies the constraints (1) but imposes as little additiofformation as possible when
compared withyy. Allowing for asymmetric constraints, we obtain the foratidn

Iniil RE(p || go) subjecttovl < j < n: a; < p[f;] < b;. (2
pe

Here, A C R% is the simplex of probability distributions arRlE(p || ¢) is the relative
entropy (or Kullback-Leibler divergence) frogto p, an information theoretic measure of
difference between the two distributions. It is non-neggtequal to zero only when the
two distributions are identical, and convex in its argursent

Problem (2) is a convex program. Using Lagrange multipliees obtain that the solu-

tion takes the form
ga(z) = qo(z)eN T ™) /7y 3)

whereZy = 3" qo(z)eMf(@) is the normalization constant. Distributiogs of the form
(3) will be referred to agy-Gibbs or just Gibbs when no ambiguity arises.
Instead of solving (2) directly, we solve its dual:

min (log Zx = 1355, (b + a;); + 352, (05 — ap)lA]). (4)

We can choose from a range of general convex optimizatidmtques or use some of the
algorithms in [12]. For the symmetric case when

the dual becomes
nin (*ﬂlog N ﬁj|)\j|>' (6)

The first term is thempirical log losgnegative log likelihood), the second term is@n
regularization Small values of log loss mean a good fit to the data. This iarzald by
regularization forcing simpler models and hence preventiverfitting.

When all the primal constraints are satisfied by the targéilbligion 7 then the solution
g of the dual is guaranteed to be not much worse an approximafio than the best Gibbs
distributiong*. More precisely:

Theorem 1 (Performance guarantees, Theorem 1 of [1A)sume that the distribution
« satisfies the primal constrain{®). Let g be the solution of the dugh). Then for an
arbitrary Gibbs distributiong* = ¢«

RE(m || ¢) < RE(m [| ¢7) + 32, (bj — a)|Ajl-



Input: finite domainX’ featuresfi, ..., fn Wheref; : X — [0,1]
default estimatey regularization parametgt > 0
sampling distributiors samplesey, ..., zm € X

Output: g5 approximating the target distribution

LetGp = (ﬁ/\/ﬁ) -min {os[1/s], (max1/s —min1/s)/2}

[co, do] = [7s[1/s] — Bo, ws[1/s] + Bo] N [minl/s, max1/s]
Forj=1,...,n:
B; = (6/vm) - min{os[f;/s], (max f;/s — min f;/s)/2}
[cj,ds] = [7s[f;/s] — Bj, ms[f;/s]+ B;] N [min f;/s, max f;/s]
[a]-,bj] = [Cj/do, dj/Co} N [min fj, I’Ilaij]

Solve the dual (4)

Algorithm 1: DEBIASAVERAGES

f(z) 7(z) s(x) ms(z)[q™(z) ¢"s(z) ¢ (z)
(0,0) 04 04 064025 0544 034
(0,1) 0.1 0.4 0.16|0.25 025 0.16
(1,0) 0.1 0.1 0.04]025 0136 034
(1,1) 04 0.1 016|025 0064 0.16

Table 1: Example 1. Comparison [z
of distributionsg™ and ¢** minimizing |71
RE(7 || gx) andRE(7s || gas). 2
3
4

When features are bounded between 0 and 1, the symmetric pskraiots (5) with

B; = O(y/(logn)/m) are satisfied with high probability by Hoeffding’s inequgland
the union bound. Then the relative entropy frgro 7 will not be worse than the relative

entropy from any Gibbs distributiogi to 7 by more tharO(||A*||; /(logn)/m).
In practice, we set

Bj = (ﬂ/\/%) - min {&[f]]a O'max[fj}} (7)

wheref is a tuned constang| f;] is the sample deviation of;, ando,.«[f;] is an upper
bound on the standard deviation, suchimsx, f;(z) — min, f;(x))/2. We refer to this
algorithm for unbiased data asNBIASEDMAXENT.

3 Maxent with sample selection bias

In the biased case, the goal is to estimate the target distibr, but samples do not come
directly from=. For nonnegative functions,, p, defined on¥’, let p;p, denote the distri-
bution obtained by multiplying weighis, (x) andp.(x) at every point and renormalizing:

p1(z)p2()
)" -
ppo( ) Zwl I (x’)pz(a:’)
Samplesr, .. ., z,, come from thebiased distributionrs wheres is thesampling distri-

bution This setup corresponds to the situation when an event lodisgrved occurs at the
pointx with probability7(x) while we perform an independent observation with probabil-
ity s(x). The probability of observing an eventagiven that we observe an event is then
equal tors(x). The empirical distribution ofn samples drawn fromrs will be denoted

by 7s. We assume that is known (principal assumption, see introduction) andcHiri
positive (technical assumption).

Approach I: Debiasing Averages. In our first approach, we use the same algorithm as
for the unbiased case but employ a different method to olotafidence intervalg:;, b;].
Since we do not have direct access to samples frome use a version of the Bias Cor-
rection Theorem of Zadrozny [6] to convert expectation$fiwéspect tors to expectations
with respect tar.

Theorem 2(Bias Correction Theorem [6], Translation Theorem [7])

ws|f /5] fes(1/s] = ().



Hence, it suffices to give confidence intervals faf f /s] andrs[1/s] to obtain confi-
dence intervals forr[f].

Corollary 3. Assume that for some sample-derived boundd;,0 < j < n, with high
probability 0 < ¢y < ws[1/s] < dp and0 < ¢; < ws[f;/s] < d; forall1 <j <n.Then
with at least the same probability /dy < 7[f;] < d;/co forall1 < j < n.

If sis bounded away from 0 then Chernoff bounds may be used tondietec;, d;.
Corollary 3 and Theorem 1 then yield guarantees that thikoakt performance converges,
with increasing sample sizes, to that of the “best” Gibbgitiigtion.

In practice, confidence intervals;, d;] may be determined using expressions analo-
gous to (5) and (7) for random variablgs/s, 1/s and the empirical distributions. After
first restricting the confidence intervals in a natural fashthis yields Algorithm 1. Alter-
natively, we could use bootstrap or other types of estimfatethe confidence intervals.

Approach |l: Factoring Bias Out. The second algorithm does not approximateli-
rectly, but uses maxent to estimate the distributierand then converts this estimate into
an approximation ofr. If the default estimate aof is qo, then the default estimate ak is
qos. Applying unbiased maxent to the empirical distributienwith the defaultgys, we

obtain agys-Gibbs distributionyyse* f approximatingrs. We factor outs to obtaingge* ¥
as an estimate of. This yields the algorithm A TORBIASOUT.

This approach corresponds 4p-regularized maximum likelihood estimation afby
qo-Gibbs distributions. Wher itself is ¢o-Gibbs then the distributions is ¢os-Gibbs.
Performance guarantees for unbiased maxent imply that@ss ofrs converge tars as
the number of samples increases. Nowinif, s(z) > 0 (which is the case for finitet’)
then estimates af obtained by factoring out converge tar as well.

When 7 is not gyp-Gibbs thenrs is not ¢ps-Gibbs either. We approximate by a
qo-Gibbs distributionj = ¢5 which, with an increasing number of samples, minimizes
RE(7s || gas) rather tharRE(r || ¢x). Our next example shows that these two minimiz-
ers may be different.

Example 1. Consider the spac® = {1, 2, 3,4} with two featuresfi, f». Features, fa,
target distributionr, sampling distributiors and the biased distributians are given in Ta-
ble 1. We use the uniform distribution as a default estim&kte minimizer ofRE(~ || ¢x)

is the unique uniform-Gibbs distributiay such thaty*[f] = «[f]. Similarly, the mini-
mizerg**s of RE(ws || ¢as) is the uniques-Gibbs distribution for whicty**s[f] = ws[f].
Solving for these exactly, we find thet andg** are as given in Table 1, and that these two
distributions differ. O

Even though BECTORBIASOUT does not minimiz&RE(r || g»), we can show that it
minimizes a different Bregman divergence. More precisiélginimizes a Bregman di-
vergence between certain projections of the two distrimgti Bregman divergences gen-
eralize some common distance measures such as relatiopgnirthe squared Euclidean
distance, and enjoy many of the same favorable properties Bfegman divergence asso-
ciated with a convex functiof' is defined a® r(u | v) = F(u) — F(v) —VF(v)- (u—v).
Proposition 4. Define F : RY — R as F(u) = > s(z)u(z)logu(z). Then F
is a convex function and for apy,ps € A, RE(p1s || p2s) = Dg(p] || p5), where
Pi(x) = pi(x) /3, s(@)pi(2') andpy(x) = pa(x)/3 ., s(a")p2(a’) are projections of
p1,p2 along linestp, t € R onto the hyperplang . s(z)p(z) = 1.

Approach Ill: Approximating FACTORBIASOUT. As mentioned in the introduction,
knowing the sampling distribution exactly is unrealistic. However, we often have ac-
cess to samples from. In this approach we assume thatis unknown but that, in
addition to samples:y, ..., z,, from s, we are also given a separate set of samples
(1), T(2),- -+, v froms. We use the algorithmA€TORBIASOUT with the sampling
distributions replaced by the corresponding empirical distribution

To simplify the algorithm, we note that instead of usipg as a default estimate for
ws, it suffices to replace the sample spatedy X’ = {x(l),:zr(Q), . ,x(N)} and useyg
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Figure 1:Learning curves for synthetic experimenige useu to denote the uniform distribution. For
the sampling distribution, RE(s || u) = 0.8. Performance is measured in terms of relative entropy
to the target distribution as a function of an increasing number of trainimples. The number of
samples is plotted on a log scale.

restricted toY” as a default. The last step of factoring @i equivalent to using returned
for spaceY”’ on the entire spac#’.

When the sampling distributionis correlated with feature value&, might not cover
all feature ranges. In that case, reprojectingtbmay yield poor estimates outside of these
ranges. We therefore do “clamping”, restricting valifegr) to their ranges ovei” and

capping values of the exponekt: f(x) atits maximum oveR”’. The resulting algorithm
is called APPROXFACTORBIASOUT.

4 Experiments

Conducting real data experiments to evaluate bias coore¢tichniques is difficult, be-
cause bias is typically unknown and samples from unbiassdhlitions are not available.
Therefore, synthetic experiments are often a necessitprierise evaluation. Neverthe-
less, in addition to synthetic experiments, we were alse &lbtonduct experiments with
real-world data for habitat modeling.

Synthetic experiments. In synthetic experiments, we generated three target umifor
Gibbs distributionsr;, w5, 73 over a domainX of size 10,000. These distributions were
derived from 65 features indexed és0 < ¢« < 9andf;;,0 < ¢ < j < 9. Values
fi(z) were chosen independently and uniformlyjin1], and we sef;;(z) = f;(z) f;(x).
Fixing these features, we generated weights for eachllision. Weights\; and \;; were
generated jointly to capture a range of different behavimrsalues off; in the rang€o, 1].
Let Us denote a random variable uniform over the SetEach instance df’s corre-
sponds to a new independent variable. We\set U;_; o1, U1 51 andA; to bed;Uj_s y
if Aii # 0, andU;_; 1,Uj2,10) Otherwise. Weights\;;,7 < j were chosen to create cor-
relations betweerf;’s that would be observable, but not strong enough to domikzgs
and\;'s. We set);; = —0.5 or 0 or 0.5 with respective probabilitie8.05, 0.9 and0.05.
In maxent, we used a subset of features specifying targeidisons and some irrelevant
features. We used featurg§ 0 < ¢ < 9 and their squareg;;, wheref/(xz) = f;(x) for
0 < i < 5 (relevant features) anff () = Upp 1) for 6 < i < 9 (irrelevant features). Once
generated, we used the same set of features in all expesméft generated a sampling
distributions correlated with target distributions. More specificaliyvas a Gibbs distrib-

ution generated from featuréés), 0 <4 < 5and their squareﬁff), Wherefi(s)(x) = U,

for0 <i<1landf® = fiy,for2 <i< 5. We used weights!® = 0 andA{? = —1.

For every target distribution, we evaluated the perforreasicUNBIASEDM AXENT,
DEBIASAVERAGES FACTORBIASOUT and APPROXFACTORBIASOUT with 1,000 and
10,000 samples from the sampling distribution. The perforoe was evaluated in terms
of relative entropy to the target distribution. We usedrtirag sets of sizes 10 to 1000. We
considered five randomly generated training sets and to®lavkrage performance over
these five sets for settings 8ffrom the range€0.05, 4.64]. We report results for the best
chosen separately for each average. The rationale beh@dgproach is that we want to



Table 2: Results of real data experimentdverage performance of unbiased maxent and three bias
correction approaches over all species in six regions. The uniforimibdison would receive the

log loss of 14.2 and AUC of 0.5. Results of bias correction approaahe#alicized if they are
significantly worse and set in boldface if they are significantly better thasetlod the unbiased
maxent according to a paireetest at the level of significance 5%.

average log loss average AUC
awt can nsw nz sa swjawt can nsw nz sa swi
unbiased maxent | 13.78 12.89 13.40 13.77 13.14 12/8169 0.58 0.71 0.72 0.78 0.31
debias averages |13.92 13.10 13.8814.31 14.10 13.5p0.67 0.64 0.65 0.67 0.68 0.7
factor bias out 13.90 13.13 14.06 14.20 13.66 13.46.71 0.69 0.72 0.72 0.780.83
apx. factor bias 0yt13.89 13.40 14.19 14.07 13.62 13.40.72 0.720.73 0.73 0.780.84

[09]

explore the potential performance of each method.

Figure 1 shows the results at the optinials a function of an increasing number of sam-
ples. RCTORBIASOUT is always better than NBIASEDMAXENT. DEBIASAVERAGESIS
worse than WIBIASEDMAXENT for small sample sizes, but as the number of training sam-
ples increases, it soon outperformsikIASEDMAXENT and eventually also outperforms
FACTORBIASOUT. APPROXFACTORBIASOUT improves as the number of samples from
the sampling distribution increases from 1,000 to 10,0@@,both versions of RPROX
FACTORBIASOUT perform worse than NBIASEDMAXENT for the distributionm,.

Real data experiments. In this set of experiments, we evaluated maxent in the task of
estimating species habitats. The sample space is a gedagragion divided into a grid
of cells and samples are known occurrence localities — @dilsre a given species was
observed. Every cell is described by a seen¥ironmental variablesvhich may be cat-
egorical, such as vegetation type, or continuous, suchtiasdal or annual precipitation.
Features are real-valued functions derived from enviroriederariables. We useinary
indicator featuredor different values of categorical variables aridary threshold features
for continuous variables. The latter are equal to one whewdlfue of a variable is greater
than a fixed threshold and zero otherwise.

Species sample locations and environmental variables atepgoduced and used as
part of the “Testing alternative methodologies for modgkpecies’ ecological niches and
predicting geographic distributions” Working Group at tiational Center for Ecological
Analysis and Synthesis (NCEAS). The working group comparnedeling methods across
a variety of species and regions. The training set contgimesence-only data from un-
planned surveys or incidental records, including thosefnauseums and herbariums. The
test set contained presence-absence data from rigordasiygd independent surveys.

We compared performance of our bias correction approachbshat of the unbiased
maxent which was among the top methods in the NCEAS compg$). We used the full
dataset consisting of 226 species in 6 regions with 2-58#8itg presences per species
(233 on average) and 102—-19120 test presences/absencemriéaletails see [13].

We treated training occurrence locations for all speciesdnh region as sampling
distribution samples and used them directly iRPROX-ACTORBIASOUT. In order to
apply DEBIASAVERAGESand FACTORBIASOUT, we estimated the sampling distribution
using unbiased maxent. Sampling distribution estimatsoal$o the first step of [6]. In
contrast with that work, however, our experiments do nottheesampling distribution
estimate during evaluation and hence do not depend on itgyqua

The resulting distributions were evaluated on test prezseaccording to the log loss
and on test presences and absences according aogtadender an ROC curv@UC) [14].
AUC quantifies how well the predicted distribution rankst tpgesences above test ab-
sences. Its value is equal to the probability that a randaimdsen presence will be ranked
above a randomly chosen absence. The uniformly randomagpi@dreceives AUC of 0.5
while a perfect prediction receives AUC of 1.0.

In Table 2 we show performance of our three approaches caupeth the unbiased
maxent. All three algorithms yield on average a worse log tban the unbiased maxent.
This can perhaps be attributed to the imperfect estimateeo$ampling distribution or to



the sampling distribution being zero over large portionshef sample space. In contrast,
when the performance is measured in terms of AUBCTORBIASOUT and APPROX
FACTORBIASOUT yield on average the same or better AUC asBUINSEDMAXENT in all
six regions. Improvements in regioawt, canandswiare dramatic enough so that both of
these methods perform better than any method evaluate@]jn [1

5 Conclusions

We have proposed three approaches that incorporate infiormabout sample selection
bias in maxent and demonstrated their utility in synthetid eeal data experiments. Ex-
periments also raise several questions that merit furbsrarch: BBIASAVERAGEShas
the strongest performance guarantees, but it performs tist\w real data experiments
and catches up with other methods only for large sample #izegnthetic experiments.
This may be due to poor estimates of unbiased confidencevatéeaind could be possibly
improved using a different estimation methodhCFORBIASOUT and APPROXFACTOR-
BIASOuUT improve over WBIASEDMAXENT in terms of AUC over real data, but are worse
in terms of log loss. This disagreement suggests that mstivbith aim to optimize AUC
directly could be more successful in species modeling,iplysgcorporating some con-
cepts from RCTORBIASOUT and APPROXFACTORBIASOUT. APPROXFACTORBIAS-
OuT performs the best on real world data, possibly due to thedirse of samples from the
sampling distribution rather than a sampling distributestimate. However, this method
comes without performance guarantees and does not expditibwledge of the full sam-
ple space. Proving performance guarantees fePROXFACTORBIASOUT remains open
for future research.
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