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Abstract

Givena setof pointsanda setof prototypesrepresentingthem,how to
createa graphof theprototypeswhosetopologyaccountsfor thatof the
points?Thisproblemhadnotyetbeenexploredin theframework of sta-
tistical learningtheory. In this work, we proposea generative model
basedon the Delaunaygraph of the prototypesand the Expectation-
Maximization algorithm to learn the parameters.This work is a �rst
steptowardsthe constructionof a topologicalmodelof a setof points
groundedonstatistics.

1 Intr oduction

1.1 Topologywhat for?

Givenasetof pointsin ahigh-dimensionaleuclideanspace,we intendto extractthetopol-
ogyof themanifoldsfrom which they aredrawn. Thereareseveralreasonsfor this among
which: increasingour knowledgeabout this set of points by measuringits topological
features(connectedness,intrinsic dimension,Betti numbers(numberof voids,holes,tun-
nels.. . )) in thecontext of exploratorydataanalysis[1], allowing to comparetwo setsof
pointswrt their topologicalcharacteristicsor to �nd clustersasconnectedcomponentsin
thecontext of patternrecognition[2], or �nding shortestpathalongmanifoldsin thecontext
of robotics[3].

Therearetwo familiesof approacheswhichdealwith ”topology” : ononehand,the”topol-
ogypreserving”approachesbasedonnonlinearprojectionof thedatain lowerdimensional
spaceswith a constrainedtopologyto allow visualization[4, 5, 6, 7, 8]; on theotherhand,
the”topologymodelling”approachesbasedontheconstructionof astructurewhosetopol-
ogy is not constraineda priori , so it is expectedto betteraccountfor that of the data
[9, 10, 11] at theexpenseof thevisualisability. Much work hasbeendoneaboutthe for-
mer problemalsocalled”manifold learning”, from Generative TopographicMapping[4]
to Multi-DimensionalScalingandits variants[5, 6], PrincipalCurves[7] andso on. In
all theseapproaches,theintrinsic dimensionof themodelis �x eda priori which easesthe
visualizationbut arbitrarily forcesthe topologyof the model. And whenthe dimension
is not �x edasin themixtureof PrincipalComponentAnalyzers[8], theconnectednessis
lost. The latter problemwe dealwith hadnever beenexploredin the statisticallearning



perspective. Its aim is not to projectandvisualizea high-dimensionalsetof points,but to
extract the topologicalinformationfrom it directly in thehigh-dimensionalspace,so that
themodelmustbefreedasmuchaspossiblefrom any a priori topologicalconstraint.

1.2 Learning topology: a stateof the art

As we maylearna complicatedfunctioncombiningsimplebasisfunctions,we shall learn
acomplicatedmanifold1 combiningsimplebasismanifolds.A simplicialcomplex2 is such
a modelbasedon thecombinationof simplices,eachwith its own dimension(a 1-simplex
is a line segment,a2-simplex is atriangle.. .ak-simplex is theconvex hull of asetof k + 1
points).In asimplicialcomplex, thesimplicesareexclusively connectedby theirverticesor
their faces.Suchastructureis appealingbecauseit is possibleto extractfrom it topological
informationlike Betti numbers,connectednessandintrinsic dimension[10]. A particular
simplicial complex is theDelaunaycomplex de�ned asthesetof simpliceswhoseVoronö�
cells3 of theverticesareadjacentassuminggeneralpositionfor thevertices.TheDelaunay
graphis madeof verticesandedgesof theDelaunaycomplex [12].

All thepreviouswork abouttopologymodellingis groundedon theresultof Edelsbrunner
andShah[13] which prove thatgivena manifoldM � RD anda setof N0 vectorproto-
typesw 2 (RD )N 0 nearbyM , it existsa simplicial subcomplex of theDelaunaycomplex
of w whichhasthesametopologyasM underwhatwecall the”ES-conditions”.

In thepresentwork, themanifoldM is notknown but througha �nite setof M datapoints
v 2 M M . MartinetzandSchultenproposedto build a graphof the prototypeswith an
algorithmcalled”CompetitiveHebbianLearning”(CHL)[11] to tacklethisproblem.Their
approachhasbeenextendedto simplicial complexesby De Silva andCarlssonwith the
de�nition of ”weak witnesses”[10]. In bothcases,theES-conditionsaboutM areweak-
enedsothey canbeveri�ed by a �nite samplev of M , sothat thegraphor thesimplicial
complex built overw is provedto have thesametopologyasM if v is asuf�ciently dense
samplingof M .

The CHL consistsin connectingtwo prototypesin w if they arethe �rst andthe second
closestneighborsto apointof v (closenesswrt theEuclideannorm).Eachpointof v leads
to anedge,andis calleda ”weak witness”of theconnectedprototypes[10]. Thetopology
representinggraphobtainedis a subgraphof the Delaunaygraph. The region of RD in
whichany datapointwouldconnectthesameprototypes,is the”regionof in�uence” (ROI)
of this edge(seeFigure2 d-f). This principleis extendedto createk-simplicesconnecting
k + 1 prototypes,whicharepartof theDelaunaysimplicial-complex of w [10].

Therefore,the modelobtainedis basedon regionsof in�uence: a simplex exists in the
modelif thereis at leastonedatumin its ROI. Hence,thecapacityof thismodelto correctly
representthetopologyof asetof points,stronglydependson theshapeandlocationof the
ROI wrt thepoints,andon thepresenceof noisein thedata.Moreover, asfar asN0 > 2,
it cannotexist an isolatedprototypeallowing to representan isolatedbump in the data
distribution,becauseany datumof thisbumpwill havetwo closestprototypesto connectto
eachother. An agingprocesshasbeenproposedby MartinetzandSchultento �lter out the
noise,which worksroughlysuchthatedgeswith fewer datathana thresholdin thereROI
areprunedfrom thegraph.This looks like a �lter basedon theprobabilitydensityof the
datadistribution, but no statisticalcriterion is proposedto tunetheparameters.Moreover
theareaof theROI maybeintractablein high dimensionandis not trivially relatedto the

1For simplicity, we call ”manifold” whatcanbeactuallya setof manifoldsconnectedor not to
eachotherwith possiblyvariousintrinsicdimensions.

2Theterms”simplex” or ”graph” denoteboththeabstractobjectandits geometricalrealization.
3Givenasetof pointsw in RD , Vi = f v 2 RD j(v � wi )2 � (v � wj )2 ; 8j g de�nestheVoronö�

cell associatedto wi 2 w.



correspondingline segment,someasuringthefrequency over sucha region is not relevant
to de�ne a usefulprobability density. At last, the line segmentassociatedto an edgeof
the graphis not part of the model: dataarenot projectedon it, datadrawn from sucha
line segmentmay not give rise to the correspondingedge,andthe line segmentmay not
intersectat all its associatedROI. In otherwords,themodelis not self-consistent,that is
the geometricalrealizationof the graphis not alwaysa goodmodelof its own topology
whatever thedensityof thesampling.

We proposedto de�ne Voronö� cellsof line segmentsasROI for theedgesandde�ned a
criterionto cut edgeswith a lower densityof dataprojectingon their middlethanon their
borders[9]. This solvessomeof theCHL limits but it still remainsoneimportantproblem
commonto bothapproaches:they rely onthevisualcontrolof theirquality, i.e. nocriterion
allows to assessthequalityof themodelespeciallyin dimensiongreaterthan3.

1.3 Emerging topology fr om a statistical generative model

For all theabove reasons,we proposeanotherway for modellingtopology. Theideais to
constructa ”good” statisticalgenerative modelof the datataking the noiseinto account,
andto assumethatits topologyis thereforea”good” modelof thetopologyof themanifold
which generatedthedata.Theonly constraintwe imposeon this generative modelis that
its topology must be as ”�e xible” as possibleand must be ”extractible”. ”Flexible” to
avoid at bestany a priori constrainton the topologyso asto allow the modellingof any
one. ”Extractible” to geta ”white box” modelfrom which the topologicalcharacteristics
are tractablein termsof computation.So we proposeto de�ne a ”generative simplicial
complex”. However, this work being preliminary, we exposehere the simpler caseof
de�ning a ”generative graph”(a simplicial complex madeonly of verticesandedges)and
tuning its parameters.This allows to demonstratethe feasibility of this approachandto
foreseefuturedif�culties whenit is extendedto simplicial complexes.

It works as follows. Given a set of prototypeslocatedover the datadistribution using
e.g. VectorQuantization[14], the Delaunaygraph(DG) of the prototypesis constructed
[15]. Then,eachedgeandeachvertex of thegraphis thebasisof a generative modelso
thatthegraphgeneratesa mixtureof gaussiandensityfunctions.Themaximizationof the
likelihoodof thedatawrt themodel,usingExpectation-Maximization,allows to tunethe
weightsof this mixtureandleadsto theemergenceof theexpectedtopologyrepresenting
graphthroughthe edgeswith non-negligible weightsthat remainafter the optimization
process.

We �rst presentthe framework andthealgorithmwe usein section2. Thenwe testit on
arti�cial datain section3 beforethediscussionandconclusionin section4.

2 A GenerativeGaussianGraph to learn topology

2.1 The Generative GaussianGraph

In this work, M is thesupportof theprobabilitydensityfunction(pdf) p from which are
drawn thedatav. In fact,thisis notthetopologyof M whichis of interest,but thetopology
of manifoldsM pr in called”principal manifolds”of thedistribution p (in referenceto the
de�nition of Tibshirani[7]) whichcanbeviewedasthemanifoldM without thenoise.We
assumethedatahave beengeneratedby somesetof pointsandsegmentsconstitutingthe
setof manifoldsM pr in which have beencorruptedwith additive sphericalgaussiannoise
with mean0 andunknown variance� 2

noise . Then,we de�ne a gaussianmixture model
to accountfor the observed data,which is basedon both gaussiankernelsthat we call
”gaussian-points”,andwhatwecall ”gaussian-segments”,forminga”GenerativeGaussian
Graph”(GGG).



Thevalueat point vj 2 v of a normalizedgaussian-pointcenteredon a prototypewi 2 w

with variance� 2 is de�ned as:g0(vj ; wi ; � ) = (2� � 2) � D =2 exp(� (v j � w i )2

2� 2 )

A normalizedgaussian-segmentis de�ned asthe sumof an in�nite numberof gaussian-
pointsevenly spreadon a line segment.Thus,this is theintegral of a gaussian-pointalong
a line segment. Thevalueat point vj of thegaussian-segment[wa i wbi ] associatedto the
i th edgef ai ; bi g in DG with variance� 2 is:
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andqj
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is theorthogonalprojectionof vj on thestraightline passingthroughwa i andwbi . In the
casewherewa i = wbi , wesetg1(vj ; f wa i ; wbi g; � ) = g0(vj ; wa i ; � ).

Theleft partof thedot productaccountsfor thegaussiannoiseorthogonalto theline seg-
ment, and the right part for the gaussiannoiseintegratedalong the line segment. The
functionsg0 and g1 are positive and we can prove that:

R
RD g0(v; wi ; � )dv = 1 andR

RD g1(v; f wa ; wbg; � )dv = 1, sothey arebothprobabilitydensityfunctions.A gaussian-
point is associatedto eachprototypein w andagaussian-segmentto eachedgein DG.

The gaussianmixture is obtainedby a weightingsumof the N0 gaussian-pointsandN1
gaussian-segments,suchthattheweights� sumto 1 andarenon-negative:

p(vj j� ; w; � ; DG) =
1X
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� k
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P 1
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i � 0, wheres0

i = wi ands1
i = f wa i ; wbi g such

thatf ai ; bi g is thei th edgein DG.Theweight� 0
i (resp.� 1

i ) is theprobabilitythatadatumv
wasdrawn from thegaussian-pointassociatedto wi (resp.thegaussian-segmentassociated
to thei th edgeof DG).

2.2 Measureof quality

Thefunctionp(vj j� ; w; � ; DG) is theprobabilitydensityat vj giventheparametersof the
model.WemeasurethelikelihoodP of thedatav wrt theparametersof theGGGmodel:

P = P(� ; w; � ; DG) =
MY

j =1

p(vj j� ; w; � ; DG) (3)

2.3 The Expectation-Maximization algorithm

In order to maximize the likelihood P or equivalently to minimize the negative log-
likelihoodL = � log(P) wrt � and � , we usethe Expectation-Maximizationalgorithm.



We refer to [2] (pages59 � 73) and[16] for furtherdetails.Theminimizationof theneg-
ative log-likelihood consistsin tmax iterative stepsupdating� and � which ensurethe
decreaseof L . Theupdatingrulestake into accounttheconstraintsaboutpositivity or sum
to unity of theparameters:
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andP(k; i jvj ) = � k
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i ;� )
p(v j j � ;w ;� ;D G) is theposteriorprobability that thedatumvj wasgener-

atedby thecomponentassociatedto (k; i ).

2.4 Emerging topologyby maximizing the lik elihood

Finally, to getthetopologyrepresentinggraphfrom thegenerative model,thecoreideais
to prunefrom the initial DG theedgesfor which thereis probability � they generatedthe
data.Thecompletealgorithmis thefollowing:

1. Initialize thelocationof theprototypesw usingvectorquantization[14].
2. ConstructtheDelaunaygraphDG of theprototypes.
3. Initialize theweights� to 1=(N0 + N1) to give equiprobabilityto each

verticesandedges.
4. Givenw andDG, useupdatingrules(4) to �nd � 2� and� � maximizing

thelikelihoodP.
5. Prunetheedgesf ai bi g of DG associatedto thegaussiansegmentswith

probability� 1
i � � where� 1

i 2 � � .

Thetopologyrepresentinggraphemergesfrom theedgeswith probabilities� � > � . It is the
graphwhich bestmodelsthetopologyof thedatain thesenseof themaximumlikelihood
wrt � , � , � andthesetof prototypesw andtheirDelaunaygraph.

3 Experiments

In theseexperiments,givena setof pointsanda setof prototypeslocatedthanksto vector
quantization[14], we want to verify the relevanceof the GGG to learn the topology in
variousnoiseconditions.Theprincipleof theGGGis shown in theFigure1. In theFigure
2, weshow thecomparisonof theGGGto aCHL for whichwe�lter outedgeswhichhave
a numberof hits lower thana thresholdT. Thedataandprototypesarethesamefor both
algorithms.We setT � suchthat thegraphobtainedmatchesvisually ascloseaspossible
theexpectedsolution.Weoptimize� and� using(4) for tmax = 100stepsand� = 0:001.
Conditionsandconclusionsof theexperimentsaregivenin thecaptions.
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Figure1: Principle of the GenerativeGaussianGraph: (a)Datadrawn from anobliquesegment,
anhorizontaloneandanisolatedpointwith respectivedensityf 0:25;0:5;0:25g. Theprototypesare
locatedat the extremepointsof the segments,andat the isolatedpoint. They areconnectedwith
edgesfrom theDelaunaygraph. (b) Thecorrespondinginitial Generative GaussianGraph. (c) The
optimalGGGobtainedafteroptimizationof the likelihoodaccordingto � and� . (d) Theedgesof
theoptimalGGGassociatedto non-negligible probabilitiesmodelthetopologyof thedata.

4 Discussion

We proposethat the problemof learningthe topology of a set of points can be posed
asa statisticallearningproblem: we assumethat the topologyof a statisticalgenerative
modelof a setof points is an estimatorof the topologyof the principal manifold of this
set.Fromthis assumption,we de�ne a topologically�e xible statisticalgenerative mixture
modelthatwecallGenerativeGaussianGraphfromwhichwecanextractthetopology. The
�nal topologyrepresentinggraphemergesfrom theedgeswith non-negligible probability.
We proposeto usethe Delaunaygraphasan initial graphassumingit is rich enoughto
containas a subgrapha good topologicalmodel of the data. The useof the likelihood
criterionmakespossiblecross-validationto selectthebestgenerativemodelhencethebest
topologicalmodelin termsof generalizationcapacities.

The GGG allows to avoid the limits of the CHL for modellingtopology. In particular, it
allowsto takeinto accountthenoiseandto modelisolatedbumps.Moreover, thelikelihood
of thedatawrt theGGGis maximizedduringthelearning,allowing to measurethequality
of the modeleven whenno visualizationis possible. For someparticulardatadistribu-
tionswhereall thedatalie on theDelaunayline segments,no maximumof thelikelihood
exists. This caseis not a problembecause� = 0 effectively de�nes a goodsolution(no
noisein a datasetdrawn from a graph). If only someof the datalie exactly on the line
segments,a maximumof the likelihoodstill existsbecause� 2 de�nes thevariancefor all
thegenerative gaussianpointsandsegmentsat thesametime soit cannotvanishto 0. The
computingtimecomplexity of theGGGis o(D(N0 + N1)M tmax ) plusthetimeO(DN 3

0 )
[15] neededto build theDelaunaygraphwhichdominatestheoverallworsttimecomplex-
ity. The Competitive HebbianLearningis in time o(DN0M ). As in general,the CHL
builds toomuchedgesthanneededto modelthetopology, it wouldbeinterestingto usethe
Delaunaysubgraphobtainedwith theCHL asastartingpoint for theGGGmodel.

TheGenerative GaussianGraphcanbeviewedasa generalizationof gaussianmixturesto
pointsandsegments:a gaussianmixture is a GGG with no edge. GGG providesat the
sametime an estimationof the datadistribution densitymoreaccuratethanthe gaussian
mixturebasedonthesamesetof prototypesandthesamenoiseisovariancehypothesis(be-
causeit addsgaussian-segmentsto thepoolof gaussian-points),andintrinsicallyanexplicit
modelof the topologyof thedatasetwhich providesmostof the topologicalinformation
at once. In contrast,othergenerative modelsdo not provide any insight aboutthe topol-
ogyof thedata,excepttheGenerativeTopographicMap(GTM) [4], therevisitedPrincipal
Manifolds[7] or themixtureof ProbabilisticsPrincipalComponentAnalysers(PPCA)[8].
However, in thetwo formercases,theintrinsicdimensionof themodelis �x eda priori and
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Figure2: Learning the topologyof a data set: 600datadrawn from aspiraleandanisolatedpoint
corruptedwith additive gaussiannoisewith mean0 andvariance� 2

noise . Prototypesarelocatedby
vectorquantization[14]. (a-c)Theedgesof theGGGwith weightsgreaterthan� allow to recover the
topologyof theprincipalmanifoldsexceptfor largenoisevariance(c) wherea trianglewascreated
at the centerof the spirale. � � over-estimates� noise becausethe model is piecewise linear while
the truemanifoldsarenon-linear. (d-f) TheCHL without threshold(T=0) is not ableto recover the
truetopologyof thedatafor evensmall� noise . In particular, theisolatedbumpcannotberecovered.
Thegrey cellscorrespondto ROI of theedges(darker cellscontainmoredata).It shows thesecells
arenot intuitively relatedto the edgesthey areassociatedto (e.g. they may have very tiny areas
(e), andmay partly (d) or never (f) containthe correspondingline segment). (g-h) The CHL with
a thresholdT allows to recover the topologyof the dataonly for small noisevariance(g) (Notice
T1 < T2 ) D GC H L (T2) � D GC H L (T1)). Moreover, settingT requiresvisualcontrolandis not
associatedto theoptimumof any energy functionwhichpreventsits usein higherdimensionalspace.



not learnedfrom thedata,while in thelatterthelocal intrinsicdimensionis learnedbut the
connectednessbetweenthelocalmodelsis not.

Oneobviouswayto follow to extendthiswork is consideringasimplicialcomplex in place
of the graphto get the full topological information extractible. Someother interesting
questionsariseaboutthecurseof thedimension,theselectionof thenumberof prototypes
andthethreshold� , thetheoreticalgroundingof theconnectionbetweenthelikelihoodand
sometopologicalmeasureof accuracy, thepossibilityto devisea ”universaltopologyesti-
mator”, theway to dealwith datasetswith multi-scalestructuresor backgroundnoise.. .

This preliminarywork is an attemptto bridgethe gap betweenStatisticalLearningThe-
ory [17] andComputationalTopology[18][19]. We wish it to cross-fertilizeandto open
new perspectivesin both�elds.
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Zürich,Switzerland,June2-4, 2004.

[11] T. M. MartinetzandK. J.Schulten.Topologyrepresentingnetworks.Neural Networks,Elsevier
London, 7:507–522,1994.

[12] A. Okabe,B. Boots, and K. Sugihara. Spatial tessellations:conceptsand applicationsof
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