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Abstract

Givena setof pointsanda setof prototypesrepresentinghem, how to
createa graphof the prototypesvhosetopologyaccountdor thatof the
points?This problemhadnotyetbeenexploredin theframework of sta-
tistical learningtheory In this work, we proposea generatre model
basedon the Delaunaygraph of the prototypesand the Expectation-
Maximization algorithm to learnthe parameters.This work is a rst
steptowardsthe constructionof a topologicalmodel of a setof points
groundedon statistics.

1 Intr oduction

1.1 Topologywhat for?

Givenasetof pointsin a high-dimensionatuclidearspacewe intendto extractthe topol-
ogy of the manifoldsfrom which they aredravn. Thereareseveralreasondor thisamong
which: increasingour knowledge aboutthis set of points by measuringits topological
featuregconnectednesitrinsic dimension Betti numbergnumberof voids, holes,tun-
nels...)) in the context of exploratorydataanalysis[1], allowing to comparetwo setsof

pointswrt their topologicalcharacteristicer to nd clustersasconnecteccomponentsn

thecontet of patternrecognition2], or nding shortespathalongmanifoldsin thecontext

of robotics[3].

Therearetwo familiesof approachewhich dealwith "topology” : ononehand the”topol-
ogy preserving“approachebasedn nonlinearmrojectionof thedatain lowerdimensional
spaceswith a constrainedopologyto allow visualization[4, 5, 6, 7, 8]; onthe otherhand,
the"topology modelling” approachebasecdn the constructiorof astructurevhosetopol-
ogy is not constraineda priori, so it is expectedto betteraccountfor that of the data
[9, 10, 11] at the expenseof the visualisability Much work hasbeendoneaboutthe for-
mer problemalsocalled’manifold learning”, from Generatre TopographicMapping[4]
to Multi-DimensionalScalingandits variants[5, 6], Principal Curves[7] andsoon. In
all theseapproachegheintrinsic dimensionof themodelis x eda priori which easeshe
visualizationbut arbitrarily forcesthe topology of the model. And whenthe dimension
is not x edasin the mixture of Principal ComponentAnalyzers[8], the connectedness
lost. The latter problemwe dealwith had never beenexploredin the statisticallearning



perspectie. Its aimis not to projectandvisualizea high-dimensionasetof points,but to
extractthe topologicalinformationfrom it directly in the high-dimensionaspace so that
themodelmustbefreedasmuchaspossiblefrom ary a priori topologicalconstraint.

1.2 Learning topology: a stateof the art

As we maylearna complicatedunction combiningsimplebasisfunctions,we shalllearn
acomplicatednanifoldt combiningsimplebasismanifolds.A simplicial comple? is such
amodelbasedon the combinationof simplices,eachwith its own dimension(a 1-simplex

is aline sggment,a2-simplex is atriangle... ak-simplex is thecornvex hull of asetof k + 1

points).In asimplicialcomple, thesimplicesareexclusively connectedby theirverticesor

theirfaces.Suchastructurds appealingpecausé is possibleto extractfrom it topological
informationlik e Betti numbersconnectednesandintrinsic dimension[10]. A particular
simplicial comple is the Delaunaycomplex de ned asthe setof simpliceswhoseVorono

cells® of theverticesareadjacenassumingyenerapositionfor thevertices. The Delaunay
graphis madeof verticesandedge=of the Delaunaycomple [12].

All the previouswork abouttopologymodellingis groundedn theresultof Edelsbrunner
and Shah[13] which prove thatgivena manifold M RP andasetof Ny vectorproto-
typesw 2 (RP)No nearbyM , it existsa simplicial subcomplg of the Delaunaycomple
of w which hasthesametopologyasM underwhatwe call the”"ES-conditions”.

In the presentvork, themanifoldM is notknown but througha nite setof M datapoints
v 2 MM Martinetzand Schultenproposedo build a graphof the prototypeswith an
algorithmcalled”Competitive HebbianLearning”(CHL)[11] to tacklethis problem.Their
approachhasbeenextendedto simplicial complexesby De Silva and Carlssonwith the
de nition of "weak withesses’[10]. In bothcasesthe ES-conditionsaboutM areweak-
enedsothey canbeveri ed by a nite samplev of M , sothatthe graphor the simplicial
comple built overw is provedto have the sametopologyasM if v is asufciently dense
samplingof M .

The CHL consistsin connectingtwo prototypesin w if they arethe rst andthe second
closesineighbordo a point of v (closenessvrt the Euclidearorm). Eachpoint of v leads
to anedge,andis calleda "weak witness”of the connectegrototypeq10]. Thetopology
representinggraphobtainedis a subgraphof the Delaunaygraph. The region of RP in
whichary datapointwould connecthe sameprototypesis the’region of in uence” (ROI)
of this edge(seeFigure2 d-f). This principleis extendedto createk-simplicesconnecting
k + 1 prototypeswhich arepartof the Delaunaysimplicial-comple of w [10].

Therefore,the model obtainedis basedon regions of in uence: a simplex existsin the
modelif thereis atleastonedatumin its ROI. Hence thecapacityof thismodelto correctly
representhetopologyof a setof points,stronglydepend®n the shapeandlocationof the
ROI wrt the points,andon the presencef noisein the data. Moreover, asfarasNg > 2,

it cannotexist an isolatedprototypeallowing to representan isolatedbump in the data
distribution, becausary datumof thisbumpwill have two closesiprototypedo connecto

eachother An agingprocesshasbeenproposedy MartinetzandSchulterto Iter outthe
noise,which worksroughly suchthatedgeswith fewer datathana thresholdn thereROI

areprunedfrom the graph. This lookslike a Iter basedon the probability densityof the
datadistribution, but no statisticalcriterionis proposedo tunethe parametersMoreover
the areaof the ROl may be intractablein high dimensionandis nottrivially relatedto the

For simplicity, we call "manifold” whatcanbe actuallya setof manifoldsconnectedr not to
eachotherwith possiblyvariousintrinsic dimensions.

2Theterms’simplex” or "graph” denoteboththe abstracbbjectandits geometricatealization.

Givenasetof pointsw inR® , Vi = fv2 RPj(v. wi)?> (v w;)?;8jgde nestheVorond
cell associatedo w; 2 w.



correspondingine segment,someasuringhefrequeng over sucharegionis notrelevant
to de ne a useful probability density At last, the line segmentassociatedo an edgeof
the graphis not part of the model: dataare not projectedon it, datadravn from sucha
line sgmentmay not give rise to the correspondingdge,andthe line segmentmay not
intersectat all its associatedROl. In otherwords,the modelis not self-consistentthatis
the geometricakealizationof the graphis not always a good model of its own topology
whatever the densityof the sampling.

We proposedo de ne Vorond cells of line sggmentsasROI for the edgesandde ned a
criterionto cut edgeswith a lower densityof dataprojectingon their middle thanon their
borderq9]. This solvessomeof the CHL limits but it still remainsoneimportantproblem
commonto bothapproacheshey rely onthevisualcontrolof their quality, i.e. nocriterion
allowsto assesshe quality of themodelespeciallyin dimensiongreaterthan3.

1.3 Emerging topology from a statistical generative model

For all the abore reasonswe proposeanothemway for modellingtopology Theideais to
constructa "good” statisticalgeneratie modelof the datataking the noiseinto account,
andto assumehatits topologyis thereforea"good” modelof thetopologyof themanifold
which generatedhe data. The only constraintwe imposeon this generatre modelis that
its topology mustbe as” e xible” as possibleand must be "extractible”. "Flexible” to
avoid at bestary a priori constrainton the topologyso asto allow the modelling of ary
one. "Extractible” to geta "white box” modelfrom which the topologicalcharacteristics
aretractablein termsof computation. So we proposeto de ne a "generatve simplicial
comple”. However, this work being preliminary we exposeherethe simpler caseof
de ning a"generatve graph” (a simplicial complex madeonly of verticesandedges)nd
tuning its parameters.This allows to demonstrateahe feasibility of this approachandto
foreseduturedif culties whenit is extendedo simplicial complees.

It works asfollows. Given a setof prototypeslocatedover the datadistribution using
e.g. VectorQuantization14], the Delaunaygraph(DG) of the prototypess constructed
[15]. Then,eachedgeandeachvertex of the graphis the basisof a generatre modelso
thatthe graphgeneratesa mixture of gaussiardensityfunctions. The maximizationof the
likelihoodof the datawrt the model, using Expectation-Maximizationallows to tunethe
weightsof this mixture andleadsto the emepgenceof the expectedtopologyrepresenting
graphthroughthe edgeswith non-neligible weightsthat remain after the optimization
process.

We rst presenthe framevork andthe algorithmwe usein section2. Thenwe testit on
arti cial datain section3 beforethediscussiorandconclusionin section4.

2 A Generative GaussianGraph to learn topology

2.1 The Generative GaussianGraph

In thiswork, M is the supportof the probability densityfunction (pdf) p from which are
dravnthedatay. In fact,thisis notthetopologyof M whichis of interestput thetopology
of manifoldsM P'™ called”principal manifolds” of the distribution p (in referenceo the

de nition of Tibshirani[7]) which canbeviewedasthemanifoldM withoutthenoise.We

assumehe datahave beengeneratedy somesetof pointsandsegmentsconstitutingthe

setof manifoldsM P''"™ which have beencorruptedwith additive sphericalgaussiamoise
with mean0 and unknavn variance 2., . Then,we de ne a gaussianmixture model
to accountfor the obsenred data, which is basedon both gaussiankernelsthat we call

"gaussian-points’andwhatwe call "gaussian-sgments” forming a”"Generatve Gaussian
Graph”(GGG).



Thevalueat pointy; 2 v of anormalizedgaussian-pointenterecbn a prototypew; 2 w
. 2

with variance 2 isde nedas:g°(v;;wi; )= (2 2) P=2exp( (‘”24"}))

A normalizedgaussian-sgmentis de ned asthe sumof anin nite numberof gaussian-

pointsevenly spreadon a line segment. Thus,thisis theintegral of a gaussian-poinalong

aline segment. The valueat pointv; of the gaussian-sgment[w,, wy, ] associatedo the
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whereL g p, = kW, Wa Kk, QL = W andg = wg, + (W, Wa,)(,_):—is‘
is the orthogonalprojectionof v; onthe straightline passinghroughw,, andwy, . In the

casewherew,, = Wy, , wesetg (vj;fwa, ;Wh G ) = g°(Vj;Wa; ).

Theleft partof the dot productaccountdor the gaussiamoiseorthogonato theline sey-
ment, and the right part for the gaussiannoise integratedglong the line sggment. The

]’;gnctionsg0 and g! are positive and we can prove that: RD g°(v;w;; )dv = 1 and
RD gt (v;fwa; Wpg; )dv = 1, sothey arebothprobabilitydensityfunctions.A gaussian-

pointis associatedo eachprototypein w anda gaussian-sgmentto eachedgein DG.

The gaussiammixture is obtainedby a weightingsum of the Ny gaussian-pointandN 1
gaussian-sgments suchthattheweights_ sumto 1 andarenon-ngative:

: Xl %k k ~k k
p(vij_;w; ;DG) = Fg(vi;st ) 2
k=0 i=1

with o, = K= 1and8i;k; ¥ 0, wheres? = w; ands! = fwa, ;W gsuch
thatf a;; b gisthei™ edgein DG. Theweight ? (resp. !)istheprobabilitythatadatumv

wasdrawn from thegaussian-poinassociatetb w; (resp.thegaussian-sgmentassociated
to thei™™ edgeof DG).

2.2 Measure of quality

Thefunctionp(v;j_;w; ;DG) is theprobabilitydensityatv; giventheparametersf the
model.We measurehelikelihoodP of thedatav wrt the parametersf the GGG model:

W
P=P(;w; ;DG) = p(vj_;w; ;DG) ©)
=1

2.3 The Expectation-Maximization algorithm

In order to maximize the likelihood P or equialently to minimize the negative log-
likelihoodL = log(P) wrt _ and , we usethe Expectation-Maximizatioralgorithm.



We referto [2] (pagess9 73) and[16] for furtherdetails. The minimizationof the neg-
ative log-likelihood consistsin tn,x iterative stepsupdating_ and  which ensurethe
decreasef L. Theupdatingrulestake into accounthe constraintaboutpositivity or sum
to unity of the parameters:

P
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P
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andP (k;ijvj) = milm is the posteriorprobability thatthe datumv; wasgener

atedby thecomponengssociatedo (K;i).

2.4 Emerging topology by maximizing the lik elihood

Finally, to getthetopologyrepresentingraphfrom the generatre model,the coreideais
to prunefrom theinitial D G the edgedor which thereis probability they generatedhe
data.The completealgorithmis the following:

1. Initialize thelocationof the prototypesw usingvectorquantizatior{14].

2. Constructhe DelaunaygraphDG of the prototypes.

3. Initialize theweights_ to 1=(No + N;) to give equiprobabilityto each
verticesandedges.

4. Givenw andDG, useupdatingrules(4)to nd 2 and_ maximizing
thelikelihoodP.

5. Prunethe edged a;ly g of DG associatedo the gaussiarsegmentswith
probability 1 where ! 2 _

Thetopologyrepresentingraphemepgesfrom theedgeswith probabilities > . Itisthe
graphwhich bestmodelsthe topologyof the datain the senseof the maximumlikelihood
wrt _, , andthesetof prototypesw andtheir Delaunaygraph.

3 Experiments

In theseexperimentsgivena setof pointsanda setof prototypedocatedthanksto vector
guantization[14], we want to verify the relevanceof the GGG to learnthe topology in

variousnoiseconditions.Theprincipleof the GGGis shavn in theFigurel. In theFigure
2, we shav thecomparisorof the GGGto a CHL for whichwe lter outedgesvhich have

a numberof hits lower thana thresholdT . The dataandprototypesarethe samefor both
algorithms.We setT suchthatthe graphobtainedmatchesvisually ascloseaspossible
theexpectedsolution.We optimize and_ using(4) for tmax = 100stepsand = 0:00L

Conditionsandconclusion®f the experimentsaregivenin the captions.
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Figurel: Principle of the Generative GaussianGraph: (a) Datadravn from anobliquesegment,
anhorizontaloneandanisolatedpoint with respectre densityf 0:25;0:5; 0:259. The prototypesare
locatedat the extremepoints of the sggments,andat the isolatedpoint. They are connectedwith
edgedrom the Delaunaygraph. (b) The correspondingnitial Generatie GaussiarGraph. (c) The
optimal GGG obtainedafter optimizationof the likelihoodaccordingto and_. (d) The edgesof
theoptimal GGG associatedo non-ngligible probabilitiesmodelthe topologyof the data.

4 Discussion

We proposethat the problem of learningthe topology of a setof points can be posed
asa statisticallearningproblem: we assumehat the topology of a statisticalgeneratie

model of a setof pointsis an estimatorof the topology of the principal manifold of this

set. Fromthis assumptionwe de ne atopologically e xible statisticalgeneratie mixture
modelthatwe call Generatre Gaussiarisraphfrom whichwe canextractthetopology The
nal topologyrepresentingraphemegesfrom the edgeswith non-ngligible probability
We proposeto usethe Delaunaygraphasan initial graphassumingt is rich enoughto

containas a subgrapha good topologicalmodel of the data. The useof the likelihood
criterionmakespossiblecross-alidationto selecthe bestgeneratre modelhencethe best
topologicalmodelin termsof generalizatiorcapacities.

The GGG allows to avoid the limits of the CHL for modellingtopology In particular it
allowsto take into accounthenoiseandto modelisolatedoumps.Moreover, thelikelihood
of thedatawrt the GGGis maximizedduringthelearning,allowing to measurehe quality
of the model even when no visualizationis possible. For someparticulardatadistribu-
tionswhereall the datalie on the Delaunayline segmentsno maximumof thelikelihood
exists. This caseis not a problembecause = 0 effectively de nes a goodsolution(no
noisein a datasetdravn from a graph). If only someof the datalie exactly on theline
segments,a maximumof the likelihoodstill existsbecause ? de nesthe variancefor all
the generatie gaussiarpointsandsegmentsat the sametime soit cannotvanishto 0. The
computingtime compleity of the GGGis o(D (N + N1)M tmax ) plusthetime O(DN§)
[15] neededo build the Delaunaygraphwhich dominateghe overall worsttime comple-
ity. The Competitve HebbianLearningis in time o(DNgM ). As in general,the CHL
buildstoo muchedgeshanneededo modelthetopology it would beinterestingo usethe
Delaunaysubgraplobtainedwith the CHL asa startingpoint for the GGG model.

The Generatie GaussiarGraphcanbeviewed asa generalizatiorof gaussiammixturesto
points and segments: a gaussiarmixture is a GGG with no edge. GGG provides at the
sametime an estimationof the datadistribution densitymore accurate¢hanthe gaussian
mixturebasednthesamesetof prototypesandthe samenoiseisovariancehypothesigbe-
causet addsgaussian-ggmentgo thepool of gaussian-pointsgndintrinsically anexplicit
modelof the topologyof the datasetwhich providesmostof the topologicalinformation
atonce. In contrast,othergeneratre modelsdo not provide ary insight aboutthe topol-
ogy of thedata,exceptthe Generatre TopographidMap (GTM) [4], therevisited Principal
Manifolds[7] or the mixture of ProbabilisticsPrincipalComponenfnalyserg PPCA)[8].
However, in thetwo formercasestheintrinsic dimensiorof themodelis x eda priori and
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Figure2: Learning the topology of a data set 600 datadravn from aspiraleandanisolatedpoint
corruptedwith additive gaussiamoisewith mean0 andvariance 2. . Prototypesarelocatedby
vectorquantizatior[14]. (a-c) Theedgeof the GGGwith weightsgreateithan allow to recoverthe
topologyof the principal manifoldsexceptfor large noisevariance(c) wherea trianglewascreated
at the centerof the spirale.  overestimates noise becausehe modelis piecavise linear while
the true manifoldsarenon-linear (d-f) The CHL without threshold(T=0) is not ableto recover the
truetopologyof the datafor evensmall noise . In particular theisolatedbumpcannotberecovered.
Thegrey cellscorrespondo ROI of the edgegdarler cellscontainmoredata). It shavs thesecells
are not intuitively relatedto the edgesthey are associatedo (e.g. they may have very tiny areas
(e), andmay partly (d) or never (f) containthe correspondindine segment). (g-h) The CHL with
a thresholdT allows to recover the topology of the dataonly for small noisevariance(g) (Notice
T1 < T2) DGcuL(T2) DGcui(T1)). Moreover, settingT requiresvisual controlandis not
associatetb theoptimumof arny enegy functionwhich preventsits usein higherdimensionabkpace.



notlearnedrom thedata,while in thelatterthelocalintrinsic dimensionis learnedout the
connectednedsetweerthelocal modelsis not.

Oneobviouswayto follow to extendthiswork is consideringasimplicial complex in place
of the graphto get the full topologicalinformation extractible. Someother interesting
guestionsariseaboutthe curseof thedimensionthe selectionof the numberof prototypes
andthethreshold , thetheoreticalgroundingof theconnectiorbetweerthelikelihoodand
sometopologicalmeasuref accurag, the possibilityto devise a "universaltopologyesti-
mator”, theway to dealwith datasetswith multi-scalestructuresor backgroundoise...

This preliminarywork is an attemptto bridge the gap betweenStatisticalLearningThe-
ory [17] and ComputationalTopology[18][19]. We wish it to cross-fertilizeandto open
new perspectiesin both elds.
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