From Weighted Classification to Policy Search
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Abstract

This paper proposes an algorithm to convéftstage stochastic decision
problem with a continuous state space to a sequence of sspetearn-
ing problems. The optimization problem associated withtthgectory
tree and random trajectory methods of Kearns, Mansour, an@000,
is solved using the Gauss-Seidel method. The algorithmkbraanulti-
stage reinforcement learning problem into a sequence glesBtage re-
inforcement learning subproblems, each of which is solvadan exact
reduction to a weighted-classification problem that candbeesl using
off-the-self methods. Thus the algorithm converts a retdment learn-
ing problem into simpler supervised learning subprobleth#s shown
that the method converges in a finite number of steps to aieolthat
cannot be further improved by componentwise optimizatibme impli-
cation of the proposed algorithm is that a plethora of cfasgion meth-
ods can be applied to find policies in the reinforcement iegrproblem.

1 Introduction

There has been increased interest in applying tools frorarsiged learning to problems
in reinforcement learning. The goal is to leverage techescand theoretical results from
supervised learning for solving the more complex problemeofforcement learning [3].
In [6] and [4], classification was incorporated into approate policy iterations. In [2],
regression and classification are used to perform dynansigramming. Bounds on the
performance of a policy which is built from a sequence of sifeers were derived in [8]
and [9].

Similar to [8], we adopt the generative model assumptiorbpahd tackle the problem of
finding good policies within an infinite class of policies, evk performance is evaluated
in terms of empirical averages over a set of trajectory treef8] the T-step reinforcement
learning problem was converted to a set of weighted claasiific problems by trying to fit
the classifiers to the maximal path on the trajectory tre@@fiecision process.

In this paper we take a different approach. We show that vthdeask of finding the global
optimum within a class of non-stationary policies may berav®lming, the componen-
twise search leads to single step reinforcement learniogl@ms which can be reduced
to a sequence of weighted classification problems. Our teEgugs exact and is differ-



ent from the one proposed in [8]; it gives more weight to ragiof the state space in
which the difference between the possible actions in terfnfistore reward is large, rather
than giving more weight to regions in which the maximal fetweward is large. The

weighted classification problems can be solved by applyiemkts-sensitive classifiers or
by further reducing the weighted classification problem$temdard classification problem
using re-sampling methods (see [7], [1], and referenceegithéor a description of both ap-
proaches). Based on this observation, an algorithm thatectathe policy search problem
into a sequence of weighted classification problems is giklés shown that the algorithm

converges in a finite number of steps to a solution, which ctha further improved by

changing the control of a single stage while holding the oéstte policy fixed.

2 Problem Formulation

The results are presented in the context of MDPs but can dedgp POMDPs and non-
Markovian decision processes as well. Consider a T-step MDP= {S, A, D, P, ,},
where S is a (possibly continuous) state spacké,= {0,...,L — 1} is a finite set of
possible actions] is the distribution of the initial state, anfé, ,, is the distribution of the
next state given that the current statesiand the action taken is. The reward granted
when taking actiom at states and making a transition to statéis assumed to be a known
deterministic and bounded function gfdenoted byr : S — [—M, M]. No generality
is lost in specifying a known deterministic reward sincesipossible to augment the state
variable by an additional random component whose disiohuiepends on the previous
state and action, and specify the functioto extract this random component. Denote by
S, S1, ..., St the random state variables.

A non-stationary deterministic policy = (mo, 71, ..., 77r—1) IS @ sequence of mappings
m : S — A, which are called controls. The contro) specifies the action taken at time
t as a function of the state at tinte The expected sum of rewards of a non-stationary
deterministic policyr is given by

T
V(r) = Ex {Z r (&)} , @
t=1

where the expectation is taken with respect to the distdhutver the random state vari-
ables induced by the policy. We call V() the value of policyr. Non-stationary de-
terministic policies are considered since the optimalqyofor a finite horizon MDP is
non-stationary and deterministic [10]. Usually the opflimalicy is defined as the policy
that maximizes the value conditioned on the initial stage, i

T
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for any realizations of Sy [10]. The policy that maximizes the conditional value given
each realization of the initial state also maximizes the@averaged over the initial state,
and it is the unigue maximizer if the distribution of the ialtstate D is positive oversS.
Therefore, when optimizing over all possible policies, ti@ximization of (1) and (2) are
equivalent. When optimizing (1) over a restricted class dicgEs, which does not contain
the optimal policy, the distribution over the initial stagecifies the importance of different
regions of the state space in terms of the approximatiom.gfoy example, assigning high
probability to a certain region af will favor policies that well approximate the optimal
policy over that region. Alternatively, maximizing (1) whé is a point mass at stateis
equivalent to maximizing (2).

Following the generative model assumption of [5], the @itlistributionD and the condi-
tional distributionP; , are unknown but it is possible to generate realization ofirifigl



state according td and the next state according f& , for arbitrary state-action pairs
(s,a). Given the generative model trajectory trees are constructed in the following man-
ner. The root of each tree is a realization%f generated according to the distribution
D. Given the realization of the initial state, realizatiorighe next stateS; given theL
possible actions, denoted I8 |a, a € A, are generated. Note that this notation omits
the dependence on the value of the initial state. Each ofthealizations ofS; is now
the root of the subtree. These iterations continue to gémeraepthl’ tree. Denote by

Stléo, i1, - . . ,4:—1 the random variable generated at the node that follows theesee of
ac ) . L AR R e g
ge

Figure 1: A binary trajectory tree.

Consider a class of policid$, i.e., each element df is a sequence & mappings fromS
to A. Itis possible to estimate the value of any policy in the €llasm the set of trajectory
trees by simply averaging the sum of rewards on each treg atenpath that agrees with

the policy [5]. Denote by i(7) the observed value on th&h tree along the path that
corresponds to the policy. Then the value of the policy is estimated by

Vo(m) =n~1 Y Vi(n). (3)
=1

In [5], the authors show that with high probability (over ttata set)17n(7r) converges
uniformly to V(x) (1) with rates that depend on the VC-dimension of the poliags

This result motivates the use of policieswith high X7n(7r), since with high probability
these policies have high values¥fr). In this paper, we consider the problem of finding

policies that obtain high values 611,(71').

3 A Reduction From a Single Step Reinforcement Learning Prot#m
to Weighted Classification

The building block of the proposed algorithm is an exact oéida from a single step rein-
forcement learning to a weighted classification problemnmster the single step decision
process. An initial stat&, generated according to the distributidhis followed by one
of L possible actionsi € {0,1,..., L — 1}, which leads to a transition to state whose



conditional distribution given the initial statedsand the action is is given byP; ,. Given
a class of policie$l, where policy inlT is a map fromS to A, the goal is to find

7 V., (). 4
T € argmax Vy () 4

In this single step problem the data are realization of the random element
{50,510, 51|1,...,51|L — 1}. Denote the'th realization by{s}, s%]0, s |1,...,s}|L —
1}. In this case},, (7) can be written explicitly by

L—-1
‘7n(77) =E, {Z T(SI‘Z)I(W(SO) = Z)} ) )

=0

where for a functiory, E,, { f(So, S1|0,51[1,...,51|L — 1)} is its empirical expectation
nTt Y f(sh, 810,841, ..., si|L — 1), andI(-) is the indicator function taking a value
of one when its argument is true and zero otherwise.

The following proposition shows that the problem of maximizthe empirical reward (5)
is equivalent to a weighted classification problem.

Proposition 1 Given a class of policieH and a set of: trajectory trees,

arg maxc {i P(S11(x(S0) = w}

=0

L—1
= argineiﬁl E, {Z [m}fgmxr(Sﬂk) - r(Sﬂl)} I(m(So) = l)} . (6)

=0

The proposition implies that the maximizer of the empiriealard over a class of policies
is the output of an optimal weights dependent classifiertferdata set:

n
{(sé,arg m]?xr(sﬂk),wi)} ,
i=1

where for each sample, the first argument is the examplegttand is the label, and
w' = [mkaxr(sﬂk') —r(s%0), m}ftxr(si\k) —r(si[1),... ,mkaxr(sﬂk) —r(si|L —1)

is the realization of thd. costs of classifying exampleto each of the possible labels.
Note that the realizations of the costs are always non-ivegahd the cost of the correct
classification §rg max, r(s¢ |k)) is always zero. The solution to the weighted classification
problem is a map frond to .4 which minimizes the empirical weighted misclassification
error (6). The proposition asserts that this mapping isthis@ontrol which maximizes the
empirical reward (5).

Proof 1 Forall j € {0,1,...,L — 1},

L—-1
> r(SUDI((So) = 1) = r(S1l) + (r(S110) = r(S1]7) I (w(s) = 0) + (7)
=0
(r(S1[1) = r(S1lg)I (7 (s) = 1) + ...+ (r(S1[L = 1) = r(S1[j) I (n(s) = L —1).

In addition,

L
l

I
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I
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L1
E, {I(argmaxr S1lk) = 0) Zr S1|0)I(7(So) l)}
1=0

L-1

E, {I(arg m}gxr(sl\k) =1) r(S1[)I(m(Sy) = l)} +...4

=0

E, {I(argmaxr(slk Z (S1]1)I(7(So) _1)}
=0

Substituting (7) we obtain

L—1
E, {Z r(S1 D I(7(So) = z)} —

=0
L-1
> En{l(argmaxr(Sy|k) = j)[r(S1]7) -
7=0
(max r(Si[k) —r(51]0){(7(So) = 0) —
(maxr(Si[k) —r(Si[1)I(m(So) =1) ... —
maxr(81[k) = r(S1|L = ))I(r(So) = L - 1]} =
L-1

. { Horgmp (8 = r(sil) | -

j=

L—1
E, {Z [mkaxmsnk) - R(Sd)} I(n(S) = l)}

=0

The term in the second to last line is independent (@ and the result follows.

In the binary case, the optimization problem is
argiy B {[7(5110) ~ (S DIT(r(S0) # angmgc (51100 |

i.e., the single step reinforcement learning problem reduo the weighted classification
problem with samples

{ (shoaos e (s, o) =il ) |

where for each sample, the first argument is the example gitund is the label, and the
third is a realization of the cost incurred when misclagsiythe example. Note that this
is different from the reduction in [8]. When applying the retian in [8] to our single step
problem the costs are taken tob@xc o 1} r(s}|k) rather tharr(s{|0) — r(si|1)]. Set-
ting the costs tenax¢ 0,1} r(si|k) instead ofr(s}|0) — r(s}|1)]| favors classifiers which
perform well in regions where the maximal reward is largegdreless of the difference
between the two actions) instead of regions where the differ between the rewards that
result from the two actions is large. It is easy to set an exarapa simple MDP and a
restricted class of policies, which do not include the optfipolicy, in which the classifier
that minimizes the weighted misclassification problem vaitistsmax;,c (9,1} r(s}|k) is
not equivalent to the optimal policy. When using our reductibey are always equivalent.
On the other hand, in [8] the choiaeax,c o 1} 7(si|k) led to a bound on the perfor-
mance of the policy in terms of the performance of the classifiVe do not pursue this



type of bounds here since given the classifier, the perfocmannthe resulting policy can
be directly estimated from (5). Given a sequence of classjftbe value of the induced
sequence of controls (or policy) can be estimated directl{Bp with generalization guar-
antees provided by the bounds in [5]. In [2], a certain sirgiép binary reinforcement
learning problem is converted to weighted classificatiomgraging multiple realizations
of the rewards under the two possible actions for each sAateeen here, this Monte Carlo
approach is not necessary; it is sufficient to sample therdsw@nce for each state.

4 Finding Good Policies for aT-Step Markov Decision Processes By
Solving a Sequence of Weighted Classification Problems

Given the class of policied, the algorithm updates the contralg, . .., 771 one atatime
in a cyclic manner while holding the rest constant. Each tgdaformulated as a single
step reinforcement learning problem which is then condettea weighted classification
problem. In practice, if the weighted classification problis only approximately solved,
then the new control is accepted only if it leads to highemmij. When updatingr;, the
trees are pruned from the root to stagey keeping only the branch which agrees with the
controlsmg, m1, ..., m—1. Then a single step reinforcement learning is formulatehas
stept, where the realization of the reward which follows actioa A at stage is the im-
mediate reward obtained at the state which follows aatiptus the sum of rewards which
are accumulated along the branch which agrees with theatenty,, 719, ..., 7mr_1.
The iterations end after the first complete cycle with no peater modifications.

Note that when updating;, each tree contributes one realization of the state attinde
result of the pruning process is that the ensemble of statzation are drawn from the
distribution induced by the policy up to timte— 1. In other words, the algorithm relaxes
the requirement in [2] to have access to a baseline disimibuta distribution over the
staw 0 T o T - o cor 1erates samples
frol ing policies.

Pruning the tree down
according to the current
control for stage 0

Updating the control of stage 1
is a single step reinforcement
learning problem

Propagating rewards up
according to the current
control for stage 2

Figure 2: Updatingr; . In the example: pruning down accordingtg(Sy) = 0, propagat-
ing rewards up according te;(S2|00) = 1, andmy(S2|01) = 0.

Proposition 2 The algorithm converges after a finite number of iteratiama policy that
cannot be further improved by changing one of the controtstasiding the rest fixed.

Proof 2 Writing the empirical average sum of rewarﬁ,s(w) explicitly as

V(7)) = E,, S I(mo(S°) = ig)I(m(SY]i%) =it)...

i, i —1 €AT



Ko a8 8 = 3

t=1

it can be seen that the algorithm is a Gauss-Seidel algorfwmnaximizingf/n(w), where,
at each iteration, optimization of; is carried out at one of the stageswhile keeping
my, t' # t fixed. At each iteration the previous control is a valid smotand hence the

objective function is non decreasing. Sirgg(w) is evaluated using a finite number of
trees, it can take only a finite set of values. Therefore, wetmaach a cycle with no
updates after a finite number of iterations. A cycle with nprmmements implies that we
cannot increase the empirical average sum of rewards by tipglane of ther,’s.

5 Initialization

There are two possible initial policies that can be extihfttem the set of trajectory trees.
One possible initial policy is the myopic policy which is cpaoted from the root of the tree
downwards. Staring from the roaty is found by solving the single stage reinforcement
learning resulting from taking into account only the imnadireward at the next state.
Once the weighted classification problem is solved the taeegpruned by following the
action which agrees withy. The remaining realizations of sta$g follow the distribution
induced by the myopic control of the first stage. The proces®intinued to stagé — 1.
The second possible initial policy is computed from the ésalvackward to the root. Note
that the distribution of the state at a leaf that is choseraatlom is the distribution of
the state when a randomized policy is used. Therefore, totfiachest control at stage
T —1, given that the previou§ — 2 controls choose random actions, we solve the weighted
classification problem induced by considering all the mzdion of the stat&r_; from all

the trees (these are not independent observations) orehaodomly one realization from
each tree (these are independent realizations). Givenldhsifter, we use the equivalent
control 7_1 to propagated the rewards up to the previous stage and swwesulting
weighted classification problem. This is carried out reiweig up to the root of the tree.

6 Extensions

The results presented in this paper generalize to the nakeMian setting as well. In
particular, when the state space, action space, and thedé&uvection depend on time, and
the distribution over the next state depends on all pagtstatd actions, we will be dealing
with non-stationary deterministic policies= (mg, 71,...,7m7—1); 7t : So X Ap X ... X
Siz1 X A1 xS — A, t =0,1,...,7 — 1. POMDPs can be dealt with in terms of
the belief states as a continuous state space MDP or as a adieWhn process in which
policies depend directly on all past observations.

While we focused on the trajectory tree method, the algoritam be easily modified to
solve the optimization problem associated with the rand@jed¢tory method [5] by ad-
justing the single step reinforcement learning reductiodh e pruning method presented
here.

7 lllustrative Example

The following example illustrates the aspects of the pnokdad the components of our so-
lution. The simulated system is a two-step MDP, with cortimustate spacg = [0, 1] and
a binary action spacd = {0, 1}. The distribution over the initial state is uniform. Given
states and actior the next state’ is generated by’ = mod(s + 0.33a + 0.1randn, 1),



wheremod(z, 1) is the fraction part of;, andrandn is a Gaussian random variable inde-
pendent of the other variables in the problem. The rewardtfomisr(s) = ssin(rs). We
consider a class of policies parameterized by a continuatenpeter:Il = {x(-;0)|0 =
(6,61) € [0,2]?}, wherer;(s;6;) = 1 whenf; < 1 ands > 6; or whend; > 1 and
s < 0; — 1 and zero otherwise,= 0, 1.

In Figure 3 the objective functioﬁ;l(w(e)), estimated frome = 20 trees, is presented as a
function offy andé;. The path taken by the algorithm supperimposed on the coptot
of ‘7”(77(0)) is also presented. Starting from the arbitrary péinthe algorithm performs
optimization with respect to one of the coordinates at a imeconverges aft@riterations.

i
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Figure 3: The objective functioﬁ’n(w(e)) and the path taken by the algorithm.
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