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Abstract

This paperaddressesthe issueof numericalcomputationin machine
learningdomainsbasedon similarity metrics,suchaskernelmethods,
spectraltechniquesandGaussianprocesses.It presentsa generalsolu-
tion strategy basedon Krylov subspaceiterationandfastN-body learn-
ing methods.Theexperimentsshow signi�cant gainsin computationand
storageon datasetsarisingin imagesegmentation,objectdetectionand
dimensionalityreduction.Thepaperalsopresentstheoreticalboundson
thestabilityof thesemethods.

1 Intr oduction

Machinelearningtechniquesbasedonsimilarity metricshavegainedwideacceptanceover
thelastfew years.Spectralclustering[1] is a typicalexample.HereoneformsaLaplacian
matrix L = D � 1=2WD � 1=2, wheretheentriesof W measurethesimilarity betweendata
pointsx i 2 X , i = 1; : : : ; N . For example,a popularchoiceis to settheentriesof W to

wij = e� 1
� kx i � x j k2

where� is a user-speci�ed parameter. D is a normalizingdiagonalmatrix with entries
di =

P
j wij . Theclusterscanbefoundby running,say, K-meanson theeigenvectorsof

L . K-meansgeneratesbetterclustersonthisnonlinearembeddingof thedataprovidedone
adoptsasuitablesimilarity metric.

The list of machinelearningdomainswhereoneforms a covarianceor similarity matrix
(be it W , D � 1W or D � W ) is vastandincludesrankingon nonlinearmanifolds[2],
semi-supervisedandactive learning[3], Gaussianprocesses[4], Laplacianeigen-maps[5],
stochasticneighborembedding[6], multi-dimensionalscaling,kernelson graphs[7] and
many otherkernelmethodsfor dimensionalityreduction,featureextraction,regressionand
classi�cation. In thesesettings,oneis interestedin either inverting the similarity matrix
or �nding someof its eigenvectors. The computationalcostof both of theseoperations
is O(N 3) while thestoragerequirementis O(N 2). Thesecostsareprohibitively large in



applicationswhereoneencountersmassive quantitiesof datapointsor whereoneis inter-
estedin real-timesolutionssuchasspectralimagesegmentationfor mobilerobots[8]. In
this paper, we presentgeneralnumericaltechniquesfor reducingthe computationalcost
to O(N logN ), or even O(N ) in speci�c cases,and the storagecost to O(N ). These
reductionsareachievedby combiningKrylov subspaceiterative solvers(suchasArnoldi,
Lanczos,GMRESandconjugategradients)with fastkerneldensityestimation(KDE) tech-
niques(suchasfastmultipoleexpansions,thefastGausstransformanddualtreerecursions
[9, 10, 11]).

Speci�c Krylov methodshave beenappliedto kernelproblems. For example,[12] uses
Lanczosfor spectralclusteringand [4] usesconjugategradientsfor Gaussianprocesses.
However, the useof fastKDE methods,in particularfast multipole methods,to further
acceleratethesetechniqueshasonly appearedin thecontext of interpolation[13] andour
paperon semi-supervisedlearning[8]. Here, we go for a more generalexpositionand
presentseveral new examples,suchasfastnonlinearembeddingsandfastGaussianpro-
cesses.More importantly, we attackthe issueof stability of thesemethods. FastKDE
techniqueshave guaranteederror bounds.However, if thesetechiquesareusedinsideit-
erative schemesbasedon orthogonalizationof theKrylov subspace,thereis a dangerthat
theerrorsmight grow over iterations. In practice,goodbehaviour hasbeenobserved. In
Section4, we presenttheoreticalresultsthatexplain theseobservationsandshedlight on
thebehaviour of thesealgorithms.Beforedoingso,we begin with a very brief review of
Krylov solversandfastKDE methods.

2 Krylo v subspaceiteration

This sectionis a compressedoverview of Krylov subspaceiteration.Themainmessageis
thatKrylov methodsareveryef�cient algorithmsfor solvinglinearsystemsandeigenvalue
problems,but they requirea matrix vector multiplication at eachiteration. In the next
section,we replacethis expensive matrix-vectormultiplication with a call to fast KDE
routines. Readershappy with this messageand familiar with Krylov methods,suchas
conjugategradientsandLanczos,canskip therestof this section.

For easeof presentation,let the similarity matrix be simply A = W 2 RN � N , with
entriesaij = a(x i ; x j ). (Onecaneasilyhandleothercases,suchasA = D � 1W and
A = D � W .) Typicalmeasuresof similarity includepolynomiala(x i ; x j ) = (x i xT

j + b)p,

Gaussiana(x i ; x j ) = e� 1
� (x i � x j )( x i � x j )T

andsigmoida(x i ; x j ) = tanh(� x i xT
j � � )

kernels,wherex i xT
j denotesa scalarinner product. Our goal is to solve linear systems

Ax = b and(possiblygeneralized)eigenvalueproblemsAx = � x. The former arise,
for example,in semi-supervisedlearningandGaussianprocesses,while the latterarisein
spectralclusteringanddimensionalityreduction. Onecould attacktheseproblemswith
naive iterative methodssuchas the power method,Jacobiand Gauss-Seidel[14]. The
problemwith thesestrategiesis that the estimatex ( t ) , at iterationt, only dependson the
previous estimatex ( t � 1) . Hence,thesemethodsdo typically take too many iterationsto
converge. It is well acceptedin thenumericalcomputation�eld thatKrylov methods[14,
15], which make useof the entirehistory of solutionsf x (1) ; : : : ; x ( t � 1) g, convergeat a
fasterrate.

Theintuition behindKrylov subspacemethodsis to usethehistoryof thesolutionswehave
alreadycomputed.We formulatethis intuition in termsof projectingan N -dimensional
problemontoa lower dimensionalsubspace.Givena matrix A anda vectorb, theassoci-
atedKrylov matrix is:

K = [b Ab A 2b : : : ]:

The Krylov subspacesare the spacesspannedby the column vectorsof this matrix. In



orderto �nd a new estimateof x ( t ) we couldprojectontotheKrylov subspace.However,
K is a poorly conditionedmatrix. (As in the power method,A t b is converging to the
eigenvectorcorrespondingto thelargesteigenvalueof A .) We thereforeneedto construct
a well-conditionedorthogonalmatrix Q ( t ) = [q(1) � � � q( t ) ], with q( i ) 2 RN , that spans
theKrylov space.Thatis, theleadingt columnsof K andQ spanthesamespace.This is
easilydoneusingtheQR-decompositionof K [14], yieldingthefollowing Arnoldi relation
(augmentedSchuurfactorization):

A Q ( t ) = Q ( t +1) eH ( t ) ;

where eH ( t ) is theaugmentedHessenberg matrix:

eH ( t ) =

0

B
B
B
B
@

h1;1 h1;2 h1;3 � � � h1; t
h2;1 h2;2 h2;3 � � � h2;t

...
...

...
...

...
0 � � � 0 ht;t � 1 ht;t
0 � � � 0 0 ht +1 ;t

1

C
C
C
C
A

:

Theeigenvaluesof thesmaller(t + 1) � t Hessenberg matrixapproximatetheeigenvalues
of A ast increases.Theseeigenvaluescanbecomputedef�ciently by applyingtheArnoldi
relationrecursively asshown in Figure1. (If A is symmetric,then eH is tridiagonaland
we obtaintheLanczosalgorithm.)Noticethat thematrix vectormultiplicationv = Aq is
theexpensivestepin theArnoldi algorithm.Most Krylov algorithmsresembletheArnoldi
algorithm in this. To solve systemsof equations,we can minimize either the residual

Initialization: b = ar bitr ar y, q (1) = b=kbk
FORt = 1; 2; 3; : : :

� v = Aq ( t )

� FORj = 1; : : : ; N

– hj;t = q ( t ) T v

– v = v � hj;t q ( j )

� ht +1 ;t = kv k

� q ( t +1) = v =ht +1 ;t

Initialization: q (1) = b=kbk
FORt = 1; 2; 3; : : :

� Performstept of theArnoldi algorithm

� min y






 eH ( t ) y � kbki








� Setx ( t ) = Q ( t ) y ( t )

Figure1: TheArnoldi (left) andGMRES(right) algorithms.

r ( t ) , b � Ax ( t ) , leadingto theGMRESandMINRESalgorithms,or theA-norm,leading
to conjugategradients(CG) [14]. GMRES,MINRESandCGapplyto general,symmetric,
andspdmatricesrespectively. Foreaseof presentation,wefocusontheGMRESalgorithm.

At stept of GMRES,we approximatethe solutionby the vectorin the Krylov subspace
x ( t ) 2 K ( t ) thatminimizesthenormof theresidual.Sincex ( t ) is in theKrylov subspace,
it canbe written asa linear combinationof the columnsof the Krylov matrix K ( t ) . Our
problemthereforereducesto �nding the vectory 2 Rt that minimizeskAK ( t )y � bk.
As before,stability considerationsforceusto usetheQR decompositionof K ( t ) . That is,
insteadof usinga linearcombinationof thecolumnsof K ( t ) , we usea linearcombination
of thecolumnsof Q ( t ) . Soourleastsquaresproblembecomesy ( t ) = miny kA Q ( t )y � bk:
SinceA Q ( t ) = Q ( t +1) eH ( t ) , we only needto solve a problemof dimension(t + 1) � t:
y ( t ) = miny kQ ( t +1) eH ( t ) y � bk: Keepingin mind that the columnsof the projection
matrix Q areorthonormal,we canrewrite this leastsquaresproblemasminy k eH ( t )y �
Q ( t +1) T bk: We start the iterationswith q(1) = b=kbk and henceQ ( t +1) T b = kbki ,



wherei is the unit vectorwith a 1 in the �rst entry. The �nal form of our leastsquares
problemat iterationt is:

y ( t ) = min
y






 eH ( t )y � kbki






 ;

with solutionx ( t ) = Q ( t ) y ( t ) . The algorithm is shown in Figure1. The leastsquares
problemof size (t + 1) � t to computey ( t ) can be solved in O(t) stepsusing Givens
rotations[14]. Noticeagain that theexpensivestepin each iteration is thematrix-vector
productv = Aq . Thisis truealsoof CGandotherKrylov methods.

Oneimportantpropertyof the Arnoldi relationis that the residualsareorthogonalto the
spacespannedby thecolumnsof V = Q ( t +1) eH ( t ) . Thatis,

V T r ( t ) = eH ( t )T Q ( t +1) T (b � Q ( t +1) eH ( t )y ( t ) ) = eH ( t )T kbki � eH ( t )T eH ( t ) y ( t ) = 0

In thefollowing section,we introducemethodsto speedup thematrix-vectorproductv =
Aq . Thesemethodswill incur, at most,a pre-speci�ed(tolerance)error e( t ) at iteration
t. Later, we presenttheoreticalboundson how theseerrorsaffect the residualsand the
orthogonalityof theKrylov subspace.

3 FastKDE

Theexpensivestepin Krylov methodsis theoperationv = Aq ( t ) . This steprequiresthat
we solve two O(N 2) kernelestimates:

vi =
NX

j =1

q( t )
j a(x i ; x j ) i = 1; 2; : : : ; M :

It is possibleto reducethe storageandcomputationalcost to O(N ) at the expenseof a
smallspeci�ederrortolerance� , say10� 6, usingthefastGausstransform(FGT)algorithm
[16, 17]. This algorithmis aninstanceof moregeneralfastmultipolemethodsfor solving
N -body interactions[9]. The FGT applieswhen the problemis low dimensional,say
xk 2 R3. However, to attacklargerdimensionsonecanadoptclustering-basedpartitions
asin theimprovedfastGausstransform(IFGT) [10].

Fastmultipolemethodstendto work only in low dimensionsandarespeci�c to thechoice
of similarity metric. Dual treerecursionsbasedon KD-treesandball trees[11, 18] over-
comethesedif�culties, but onaveragecostO(N logN ). Dueto spaceconstraints,we can
only mentionthesetechniqueshere,but referthereaderto [18] for a thoroughcomparison.

4 Stability results

Theproblemwith replacingthematrix-vectormultiplicationateachiterationof theKrylov
methodsis thatwe do not know how theerrorsaccumulateover successive iterations. In
this section,we will derive boundsthat describewhat factorsin�uence theseerrors. In
particular, the boundswill statewhat propertiesof the similarity metric andmeasurable
quantitiesaffect theresidualsandtheorthogonalityof theKrylov subspaces.

Several papershave addressedthe issueof Krylov subspacestability [19, 20, 21]. Our
approachfollowsfrom [21]. Forpresentationpurposes,wefocusontheGMRESalgorithm.

Let e( t ) denotethe errorsintroducedin the approximatematrix-vectormultiplication at
eachiterationof Arnoldi. For thepurposesof upper-bounding,this is thetoleranceof the
fastKDE methods.Then,thefastKDE methodschangetheArnoldi relationto:

A Q ( t ) + E ( t ) =
h
Aq (1) + e(1) ; : : : ; Aq ( t ) + e( t )

i
= Q ( t +1) eH ( t ) ;



whereE ( t ) =
�
e(1) ; : : : ; e( t )

�
. Thenew trueresidualsaretherefore:

r ( t ) = b � Ax ( t ) = b � A Q ( t ) y ( t ) = b � Q ( t +1) eH ( t )y ( t ) + E ( t ) y ( t )

ander ( t ) = b � Q ( t +1) eH ( t ) y ( t ) arethemeasuredresiduals.

We needto ensuretwo boundswhenusingfastKDE methodsin Krylov iterations.First,
themeasuredresidualser ( t ) shouldnot deviatetoo far from thetrueresidualsr ( t ) . Second,
deviationsfrom orthogonalityshouldbeupper-bounded.Let usaddressthe�rst question.
Thedeviation in residualsis givenby

ker ( t ) � r ( t ) k = kE ( t )y ( t ) k:

Let y ( t ) = [y1; : : : ; yt ]T . Then,this deviationsatis�es:

ker ( t ) � r ( t ) k =












tX

k=1

yk e(k )












�
tX

k=1

jyk jke(k ) k: (1)

Thedeviation from orthogonalitycanbeupper-boundedin a similar fashion:

kV T r ( t ) k=k eH ( t )T Q ( t +1) T (er ( t ) + E ( t ) y ( t ) )k=





 eH ( t )T E ( t ) y ( t )






 � k eH ( t ) k

tX

k=1

jyk jke(k ) k

(2)
Thefollowing lemmaprovidesarelationbetweentheyk andthemeasuredresidualser (k � 1) .
Lemma 1. [21, Lemma5.1] Assumethat t iterationsof the inexactArnoldi methodhave
beencarriedout. Then,for anyk = 1; : : : ; t,

jyk j �
1

� t ( eH ( t ) )
ker (k � 1) k (3)

where � t ( eH ( t ) ) denotesthet-th singularvalueof eH ( t ) .

The proof of the lemmafollows from the QR decompositionof eH ( t ) , see[15, 21]. This
lemma,in conjunctionwith equations(1) and(2),allowsusto establishthemaintheoretical
resultof this section:
Proposition1. Let � > 0. If for everyk � t wehave

ke(k ) k <
� t ( eH ( t ) )

t
1

ker (k � 1) k
�;

thenker ( t ) � r ( t ) k < � . Moreover, if

ke(k ) k <
� t ( eH ( t ) )

tk eH ( t ) k

1
ker (k � 1) k

�;

thenkV T r ( t ) k < � .

Proof: First,wehave

ker ( t ) � r ( t ) k �
tX

k=1

jyk jke(k ) k <
tX

k=1

� t ( eH ( t ) )
t

1
ker (k � 1) k

�
1

� t ( eH ( t ) )
ker (k � 1) k = �:

andsimilarly, kV T r ( t ) k � k eH ( t )k
P t

k=1 jyk jke(k ) k < � �

Proposition1 tells us that in orderto keeptheresidualsboundedwhile ensuringbounded
deviationsfrom orthogonalityat iterationk, weneedto monitortheeigenvaluesof eH ( t ) and
themeasuredresidualser (k � 1) . Of course,wehavenoaccessto eH ( t ) . However, monitoring
theresidualsis of practicalvalue.If theresidualsdecrease,wecanincreasethetoleranceof
thefastKDE algorithmsandviceversa.Theboundsdoleadto anaturalwayof constructing
adaptivealgorithmsfor settingthetoleranceof thefastKDE algorithms.
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Figure2: Figure(a) shows a testimagefrom thePASCAL database.Figure(b) shows the
SIFT featuresextractedfrom the image.Figure(c) shows thepositive featurepredictions
for thelabel”car”. Figure(d) showsthecentroidof thepositivefeaturesasablackdot. The
plot on theright showsthecomputationalgainsobtainedby usingfastKrylov methods.

5 Experimental results

The resultsof this sectiondemonstratethat signi�cant computationalgainsmay be ob-
tainedby combiningfastKDE methodswith Krylov iterations.We presentresultsin three
domains:spectralclusteringandimagesegmentation[1, 12], Gaussianprocessregression
[4] andstochasticneighborembedding[6].

5.1 Gaussianprocesseswith largedimensionalfeatures

In this experimentwe useGaussianprocessesto predict the labelsof 128-dimensional
SIFT features[22] for thepurposesof objectdetectionandlocalizationasshown in Fig-
ure2. Therearetypically thousandsof featuresperimage,soit is of paramountimportance
to generatefastpredictions.The hardcomputationaltaskhereinvolvesinverting the co-
variancematrix of the Gaussianprocess.The �gure shows that it is possibleto do this
ef�ciently , underthe sameROC error, by combiningconjugategradients[4] with dual
trees.

5.2 Spectral clustering and imagesegmentation

Weappliedspectralclusteringto color imagesegmentation;ageneralizedeigenvalueprob-
lem. Thetypesof segmentationsobtainedareshown in Figure3. Therearenoperceptible
differencesbetweenthem.We observedthatfastKrylov methodsrun approximatelytwice
asfastastheNystrommethod.Oneshouldnotethat theresultof Nystromdependson the
quality of sampling,while fastN-body methodsenableus to work directly with the full
matrix, sothesolutionis lesssensitive. Onceagain,fastKDE methodsleadto signi�cant
computationalimprovementsoverKrylov algorithms(Lanczosin this case).

5.3 Stochasticneighbor embedding

Our �nal exampleis againa generalizedeigenvalueproblemarisingin dimensionalityre-
duction. We usethe stochasticneighborembeddingalgorithmof [6] to project two 3-D
structuresto 2-D, asshown in Figure4. Again, we observe signi�cant computationalim-
provements.
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Figure3: (left) Segmentationresults(order:original image,IFGT, dualtreesandNystrom)
and(right) computationalimprovementsobtainedin spectralclustering.

6 Conclusions

We presenteda generalapproachfor combiningKrylov solvers and fast KDE methods
to acceleratemachinelearningtechniquesbasedon similarity metrics. We demonstrated
someof themethodsonseveraldatasetsandpresentedresultsthatshedlight onthestability
andconvergencepropertiesof thesemethods.Oneimportantpoint to make is that these
methodswork betterwhenthereis structurein the data. Thereis no computationalgain
if thereis not statisticalinformation in the data. This is a fascinatingrelationbetween
computationandstatisticalinformation,which we believe deservesfurther researchand
understanding.Onequestionis how canwedesignpre-conditionersin orderto improvethe
convergencebehavior of thesealgorithms.Anotherimportantavenuefor further research
is theapplicationof theboundspresentedin thispaperin thedesignof adaptivealgorithms.
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