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Abstract

This paperaddresseshe issue of numericalcomputationin machine
learningdomainsbasedon similarity metrics,suchaskernel methods,
spectraltechniqguesand Gaussiamprocesseslt presentsa generalsolu-
tion stratey basedon Krylov subspacéterationandfastN-body learn-
ing methods Theexperimentshaw signi cant gainsin computatiorand
storageon datasetarisingin imageseymentationpbjectdetectionand
dimensionalityreduction.The paperalsopresentsheoreticaboundson
the stability of thesemethods.

1 Intr oduction

Machinelearningtechnique$asedn similarity metricshave gainedwide acceptancever
thelastfew years.Spectraklustering[1] is atypical example.Hereoneformsa Laplacian
matrixL = D ¥2WD 172 wheretheentriesof W measurghe similarity betweerdata

wj = e Tkxoxike
wherg is a userspeci ed parameter D is a normalizingdiagonalmatrix with entries
d = i Wij The clusterscanbe found by running,say K-meanson the eigervectorsof
L. K-meangeneratepetterclusterson this nonlinearembeddingf thedataprovidedone
adoptsa suitablesimilarity metric.

The list of machinelearningdomainswhereone forms a covarianceor similarity matrix
(beit W, D W orD W) is vastandincludesrankingon nonlinearmanifolds[2],
semi-supervisedndactive learning[3], Gaussiamprocessept], Laplacianeigen-map$5],
stochastimeighborembedding6], multi-dimensionalkscaling,kernelson graphs[7] and
mary otherkernelmethoddor dimensionalityreduction featureextraction,regressiorand
classi cation. In thesesettings,oneis interestedn eitherinverting the similarity matrix
or nding someof its eigervectors. The computationakostof both of theseoperations
is O(N ?) while the storagerequiremenis O(N ?). Thesecostsare prohibitively largein



applicationsvhereoneencountersnassie quantitiesof datapointsor whereoneis inter-
estedin real-timesolutionssuchasspectraimagesegymentatiorfor mobile robots[8]. In
this paper we presentgeneralnumericaltechniquedor reducingthe computationakost
to O(N logN), or even O(N) in speci c cases,andthe storagecostto O(N). These
reductionsareachieved by combiningKrylov subspacéerative solvers(suchasArnoldi,
LanczosGMRESandconjugategradientsywith fastkerneldensityestimation KDE) tech-
nigues(suchasfastmultipoleexpansionsthefastGaussransformanddualtreerecursions
[9, 10, 11)).

Speci ¢ Krylov methodshave beenappliedto kernel problems. For example,[12] uses
Lanczosfor spectralclusteringand [4] usesconjugategradientsfor Gaussiarprocesses.
However, the useof fastKDE methods,in particularfast multipole methods to further
accelerateéhesetechniquesasonly appearedn the context of interpolation[13] andour
paperon semi-supervisedearning[8]. Here,we go for a more generalexpositionand
presentseveral new examples,suchasfastnonlinearembeddingsand fast Gaussiarpro-
cesses.More importantly we attackthe issueof stability of thesemethods. FastKDE
techniqueshave guaranteearror bounds. However, if thesetechiquesare usedinsideit-
eratve schemedasedon orthogonalizatiorof the Krylov subspacethereis a dangerthat
the errorsmight grow over iterations. In practice,good behaiour hasbeenobsened. In
Section4, we presentheoreticalresultsthat explain theseobsenationsandshedlight on
the behaiour of thesealgorithms. Beforedoing so, we begin with a very brief review of
Krylov solversandfastKDE methods.

2 Krylo v subspaceteration

This sectionis a compressedverview of Krylov subspacéeration. The mainmessagés
thatKrylov methodsarevery ef cient algorithmsfor solvinglinearsystemsandeigervalue
problems,but they requirea matrix vector multiplication at eachiteration. In the next
section,we replacethis expensve matrix-vector multiplication with a call to fast KDE
routines. Readershappy with this messagend familiar with Krylov methods,suchas
conjugategradientsandLanczos canskip therestof this section.

For easeof presentation)et the similarity matrix be simply A = W 2 RN N with
entriesa; = a(xi;X;). (OnecaneasilyhandleothercasessuchasA = D W and
A = D W) Typicalmeasuresf similarity includepolynomiala(x;; x; ) = (xiij+ b)P,
Gaussiara(x;;x;) = e “(i x)xi )" andsigmoida(xi;x;) = tanh( Xix] )
kernels,wherex; x| denotesa scalarinner product. Our goalis to solve linear systems
Ax = b and(possiblygeneralizedgigervalueproblemsAx = x. Theformerarise,
for example,in semi-supervisetkarningandGaussiarprocessesyhile the latterarisein
spectralclusteringand dimensionalityreduction. One could attacktheseproblemswith
naive iteratve methodssuch as the power method,Jacobiand Gauss-Seide]14]. The
problemwith thesestratgjiesis thatthe estimatex(t), at iterationt, only dependsn the
previous estimatex( . Hence,thesemethodsdo typically take too mary iterationsto
corverge. It is well acceptedn the numericalcomputationeld thatKrylov methodq14,

fasterate.

Theintuition behindKrylov subspacenethodss to usethe historyof thesolutionswe have
alreadycomputed. We formulatethis intuition in termsof projectingan N -dimensional
problemontoalower dimensionabubspaceGivenamatrix A andavectorb, theassoci-
atedKrylov matrixis:

K=[b Ab A%b ::: ]

The Krylov subspacesire the spacesspanneddy the columnvectorsof this matrix. In



orderto nd anew estimateof x() we could projectontothe Krylov subspaceHowever,

K is a poorly conditionedmatrix. (As in the power method,A b is corverging to the
eigervectorcorrespondingo the largesteigervalueof A .) We thereforeneedto construct
a well-conditionedorthogonalmatrix QW = [q®  q], with ) 2 RN, thatspans
theKrylov space.Thatis, theleadingt columnsof K andQ spanthesamespace.Thisis

easilydoneusingthe QR-decompositionf K [14], yieldingthefollowing Arnoldirelation

(augmentedchuurfactorization):

AQ(t) = Q(t+l) |q(t);
whereB (V) is theaugmentedHessenbermatrix:
hip hiz has hit !
hz.1 hzz hzs ha:t
/o = : : : : :
0 0 hy 10 hy
0 0 0 huix

Theeigervaluesof thesmaller(t + 1) t Hessenbermatrix approximateheeigervalues
of A ast increasesTheseeigervaluescanbecomputeckef ciently by applyingthe Arnoldi

relationrecursiely asshavn in Figurel. (If A is symmetric,then§ is tridiagonaland
we obtainthe Lanczosalgorithm.) Noticethat the matrix vectormultiplicationv = Aq is
the expensivestepin the Arnoldi algorithm. Most Krylov algorithmsresemblehe Arnoldi
algorithmin this. To solve systemsof equationswe can minimize either the residual

Initialization: b = arbitr ary, g® = b=kbk
FORt= 1,2,3;::: Initialization: 9 = b=kbk
v=Aq® FORt = 1;2;3;:::
FORj = 1;:::;N Performstept of the Arnoldi algorithm
= hy = qWTv . min, B®y  Kkbki
ht+:;tV:_ k\:/k hj;t qJ SEtX(t) = Q(t)y(t)
q*Y = v=hia o

Figurel: TheArnoldi (left) andGMRES(right) algorithms.

r®, b Ax O, leadingto the GMRESandMINRES algorithms or the A-norm, leading
to conjugategradientCG) [14]. GMRES,MINRES andCG applyto generalsymmetric,
andspdmatricegespectiely. For easeof presentationye focusonthe GMRESalgorithm.

At stept of GMRES, we approximatethe solutionby the vectorin the Krylov subspace
x(0 2 KO thatminimizesthe normof theresidual.Sincex (") is in the Krylov subspace,
it canbe written asa linear combinationof the columnsof the Krylov matrix K (. Our
problemthereforereduceso nding thevectory 2 R! thatminimizeskAK (Vy  bk.
As before,stability considerationgorce us to usethe QR decompositiorof K (. Thatis,
insteadof usinga linear combinationof the columnsof K (), we usea linear combination
of thecolumnsof Q(V). Soourleastsquareproblembecomey ) = min, kKAQMy  bk:
SinceAQ(W = QD) BV we only needto solve a problemof dimension(t + 1) t:
y® = min, kQ*D @My bk: Keepingin mind that the columnsof the projection
matrix Q areorthonormalwe canrewrite this leastsquaresproblemasminy, k& My
QD Tpk: We startthe iterationswith g = b=kbk andhenceQ(*) Th = kbki,



wherei is the unit vectorwith a 1 in the rst entry The nal form of our leastsquares
problematiterationt is:

y® = min B®y kbki ;
y

with solutionx(® = QWy( = The algorithmis shavn in Figure 1. The leastsquares
problemof size(t + 1) t to computey® canbe solvedin O(t) stepsusing Givens
rotations[14]. Noticeagain that the expensivestepin ead iteration is the matrix-vector
productv = Aq . Thisis true alsoof CG andotherKrylov methods.

Oneimportantpropertyof the Arnoldi relationis that the residualsare orthogonatto the
spacespannedy thecolumnsof V = Q(*1) B () Thatis,

VT = gOTQUM T QU gy®y = gOTpki  BOTROYO = g

In thefollowing sectionwe introducemethodgo speedip the matrix-vectorproductv =
Aq . Thesemethodswill incur, at most,a pre-speci ed(tolerance)errore(t) at iteration
t. Later, we presenttheoreticalboundson how theseerrorsaffect the residualsand the
orthogonalityof theKrylov subspace.

3 FastKDE

Theexpensie stepin Krylov methodss the operationv = Aq (. This steprequiresthat
we solvetwo O(N 2) kernelestimates:

X (t) ;
Vi = q alxi; xj) i=1,2:::;M:

j=1
It is possibleto reducethe storageand computationakostto O(N) at the expenseof a
smallspeci ederrortolerance , say10 ©, usingthefastGausgransform(FGT)algorithm
[16, 17]. Thisalgorithmis aninstanceof moregeneralfastmultipole methodsor solving
N -body interactions[9]. The FGT applieswhenthe problemis low dimensional,say
xx 2 R3. However, to attacklarger dimensionsone canadoptclustering-basegartitions
asin theimprovedfastGausgransform(IFGT) [10].

Fastmultipole methodgendto work only in low dimensionsandarespeci c to thechoice
of similarity metric. Dual treerecursiondasedon KD-treesandball trees[11, 18] over-

comethesedif culties, but onaveragecostO(N logN ). Dueto spaceconstraintsye can
only mentionthesetechnique$ere,but referthereadetto [18] for athoroughcomparison.

4 Stability results

The problemwith replacingthe matrix-vectormultiplicationat eachiterationof the Krylov
methodsds thatwe do not know how the errorsaccumulateover successie iterations. In
this section,we will derive boundsthat describewhat factorsin uence theseerrors. In
particular the boundswill statewhat propertiesof the similarity metric and measurable
guantitiesaffecttheresidualsandthe orthogonalityof the Krylov subspaces.

Several papershave addressedhe issueof Krylov subspacestability [19, 20, 21]. Our
approacHollowsfrom[21]. For presentatiopurposeswe focusontheGMRESalgorithm.

Let e(!) denotethe errorsintroducedin the approximatematrix-vector multiplication at
eachiterationof Arnoldi. For the purposef upperbounding thisis thetoleranceof the
fastKkDE methods.‘l’hen,th%fastKDE methodschangehe Arnoldi relationto:



f=p AxD=p AQWYD =p QI QOY®M 4 EMy®
ande® = p QD) By () grethemeasuedresiduals
We needto ensurewo boundswhenusingfastKDE methodsn Krylov iterations. First,
themeasuredesidual®(!) shouldnot deviatetoo far from thetrueresidualg (. Second,

deviationsfrom orthogonalityshouldbe upperbounded Let usaddresshe rst question.
Thedeviationin residualss givenby

ke k= kE(t)y(t)k:

Lety® = [ys;:::;v]". Then,this deviation satis es:
Xt Xt
ke® rOk= yicet jyiike®k: 1)
k=1 k=1

Thedeviation from orthogonalitycanbe upperboundedn a similar fashion:

Xt
kVTrOk=k@OT QD T(e® + EOyM)k=|gOTEDYO @Ok jyjketk
k=1
. . . _ @)
Thefollowing lemmaprovidesarelationbetweerthey, andthemeasuredesiduale® .
Lemma 1. [21, Lemmab.1] Assumehatt iterationsof the inexact Arnoldi methodhave

1
iykj ————ke Dk 3
M ey e 3)

whee (18 (V) denoteghet-th singularvalueof & (¥)

The proof of the lemmafollows from the QR decompositiorof B (1), see[15, 21]. This
lemma,in conjunctionwith equationg1) and(2), allows usto establistthemaintheoretical
resultof this section:

Proposition1. Let > O. If for everyk t wehave

(t) 1
(k) {(BY) .
ke k< =4 e Dk
thenke® Mk < . Moreover, if
(RW) 1

keWk <

tkg (O k ketk Dk
thenkV Tr(Vk <

Proof: First,we have
(BO) 1 1

ke Vk=:
t ke Dk (W) ¢

xt Xt
ke® rOk ivijkeWk <

P
andsimilarly, kv Tr0k  kBOk |, _; jykjke®k <

Propositionl tells usthatin orderto keepthe residualshoundedwhile ensuringbounded
deviationsfrom orthogonalityatiterationk, we needto monitortheeigervaluesof 1 () and
themeasuredesiduale®® V. Of coursewe havenoaccesso 8 (). However, monitoring
theresidualgs of practicalvalue.If theresidualgiecreaseye canincreasdhetoleranceof

thefastKDE algorithmsandviceversa.Theboundsdoleadto anaturalway of constructing
adaptie algorithmsfor settingthe toleranceof thefastK DE algorithms.
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Figure?2: Figure(a) shavs atestimagefrom the PASCAL databaseFigure(b) showvs the
SIFT featuresextractedfrom the image. Figure (c) shows the positive featurepredictions
for thelabel”car”. Figure(d) shavsthecentroidof thepositivefeaturesasablackdot. The
plot ontheright shavs the computationafainsobtainedby usingfastKrylov methods.

5 Experimental results

The resultsof this sectiondemonstratehat signi cant computationalgainsmay be ob-
tainedby combiningfastKDE methodswith Krylov iterations.We presentesultsin three
domains:spectralklusteringandimageseggmentatior{1, 12], Gaussiarprocesgegression
[4] andstochastimeighborembedding6].

5.1 Gaussianprocessewith largedimensionalfeatures

In this experimentwe use Gaussiamprocesseso predict the labelsof 128-dimensional
SIFT featureq22] for the purposef objectdetectionandlocalizationasshowvn in Fig-
ure2. Therearetypically thousandsf featureperimage,soit is of paramounimportance
to generatdastpredictions. The hard computationatask hereinvolvesinverting the co-
variancematrix of the Gaussiamprocess. The gure shaws thatit is possibleto do this
efciently, underthe sameROC error, by combining conjugategradients[4] with dual
trees.

5.2 Spectral clustering and image segmentation

We appliedspectraklusteringto colorimagesegmentationageneralizeceigervalueprob-
lem. Thetypesof sggmentation®btainedareshovn in Figure3. Thereareno perceptible
differencedetweerthem. We obsenedthatfastKrylov methodsun approximatelytwice
asfastasthe Nystrommethod.Oneshouldnotethatthe resultof Nystromdepend®n the
quality of sampling,while fastN-body methodsenableus to work directly with the full
matrix, sothe solutionis lesssensitve. Onceagain,fastKkDE methoddeadto signi cant
computationaimprovementover Krylov algorithms(Lanczodn this case).

5.3 Stochasticneighbor embedding

Our nal exampleis againa generalizecigervalueproblemarisingin dimensionalityre-
duction. We usethe stochastimeighborembeddingalgorithmof [6] to projecttwo 3-D
structurego 2-D, asshown in Figure4. Again, we obsere signi cant computationalm-
provements.
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Figure3: (left) Segmentatiorresults(order: originalimage IFGT, dualtreesandNystrom)
and(right) computationalmprovementsbtainedn spectraklustering.

6 Conclusions

We presenteda generalapproachfor combiningKrylov solvers and fast KDE methods
to acceleratanachinelearningtechniquesasedon similarity metrics. We demonstrated
someof themethodsn severaldatasetandpresentedesultsthatshedight onthestability
and corvergencepropertiesof thesemethods.Oneimportantpoint to make is thatthese
methodswork betterwhenthereis structurein the data. Thereis no computationabain
if thereis not statisticalinformationin the data. This is a fascinatingrelation between
computationand statisticalinformation, which we believe deseresfurther researchand
understandingOnequestioris how canwe designpre-conditionerin orderto improvethe
cornvergencebehaior of thesealgorithms. Anotherimportantavenuefor furtherresearch
is theapplicationof theboundspresentedh this paperin thedesignof adaptie algorithms.
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