Hyperparameter Learning for Graph Based
Semi-supervised Learning Algorithms

Xinhua Zhang* Wee Sun Lee
Statistical Machine Learning Program Department of Computer Science
National ICT Australia, Canberra, Australia National University of Singapore
and CSL, RSISE, ANU, Canberra, Australia 3 Science Drive 2, Singapore 117543
xinhua.zhang@nicta.com.au leews@comp.nus.edu.sg
Abstract

Semi-supervised learning algorithms have been succsafplied in many ap-
plications with scarce labeled data, by utilizing the uelad data. One important
category is graph based semi-supervised learning algusitfor which the perfor-
mance depends considerably on the quality of the grapls byjierparameters. In
this paper, we deal with the less explored problem of legrttie graphs. We pro-
pose a graph learning method for the harmonic energy miaitioiz method; this
is done by minimizing the leave-one-out prediction errodalreled data points.
We use a gradient based method and designed an efficientlahgevhich signif-
icantly accelerates the calculation of the gradient byyipglthe matrix inversion
lemma and using careful pre-computation. Experimentallt@show that the
graph learning method is effective in improving the perfanoe of the classifica-
tion algorithm.

1 Introduction

Recently, graph based semi-supervised learning algasitimwe been used successfully in various
machine learning problems including classification, regi@n, ranking, and dimensionality reduc-
tion. These methods create graphs whose vertices cormgpdhe labeled and unlabeled data
while the edge weights encode the similarity between eaghopalata points. Classification is
performed using these graphs by labeling unlabeled datacim & way that instances connected by
large weights are given similar labels. Example graph based-supervised algorithms include
min-cut [3], harmonic energy minimization [11], and spatgraphical transducer [8].

The performance of the classifier depends considerablyeositthilarity measure of the graph, which
is normally defined in two steps. Firstly, the weights arerdafiocally in a pair-wise parametric
form using functions that are essentially based on a distametric such as radial basis functions
(RBF). Itis argued in [7] that modeling error can degraddqrenance of semi-supervised learning.
As the distance metric is an important part of graph based sepervised learning, it is crucial to
use a good distance metric. In the second step, smoothirgpiedglobally, typically, based on
the spectral transformation of the graph Laplacian [6, 10].

There have been only a few existing approaches which addregsoblem of graph learning. [13]
learns a nonparametric spectral transformation of thetgkaplacian, assuming that the weight and
distance metric are given. [9] learns the spectral paramélieperforming evidence maximization
using approximate inference and gradient descent. [12 egielence maximization and Laplace
approximation to learn simple parameters of the simildtityction. Instead of learning one single
good graph, [4] proposed building robust graphs by applyamglom perturbation and edge removal
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from an ensemble of minimum spanning trees. [1] combinegtgtaaplacians to learn a graph.
Closest to our work is [11], which learns different bandwilfor different dimensions by minimiz-
ing the entropy on unlabeled data; like the maximum margitivation in transductive SVM, the

aim here is to get confident labeling of the data by the aligorit

In this paper, we propose a new algorithm to learn the hyparpeters of distance metric, or more
specifically, the bandwidth for different dimensions in RBF form. In essence, these bandwidths
are just model parameters and normal model selection methotiidek-fold cross validation or
leave-one-out (LOO) cross validation in the extreme casdeaused for selecting the bandwidths.
Motivated by the same spirit, we base our learning algoritmthe aim of achieving low LOO
prediction loss on labeled data, i.e., each labeled dataeanrrectly classified by the other labeled
data in a semi-supervised style with as high probabilityassible. This idea is similar to [5] which
learns multiple parameters for SVM. Since most LOO styl®aijms are plagued with prohibitive
computational cost, an efficient algorithm is designed.hvdisimple regularizer, the experimental
results show that learning the hyperparameters by minimittie LOO loss is effective.

2 Graph Based Semi-supervised Learning

Suppose we have a set of labeled data pdjats, y;)} fori € L £ {1,....1}. In this paper, we
only consider binary classification, i.g, € {1 (positive), 0 (negativé) In addition, we also have
a set of unlabeled data poinfs;} fori € U £ {I 4+ 1,...,1 + u}. Denoten = [ + u. Suppose the
dimensionality of input feature vectorsiis.

2.1 Graph Based Classification Algorithms
One of the earliest graph based semi-supervised learnjogitims ismin-cut by [3], which mini-

mizes:
B &), wulfi= i) (1)

where the nonnegative;; encodes the similarity between instariand;. The labelf; is fixed to
y; € {1,0}if i € L. The optimization variableg; (¢ € U) are constrained t§1,0}. This combi-
natorial optimization problem can be efficiently solved bg thax-flow algorithm. [11] relaxed the
constraintf; € {1,0} (¢ € U) to real numbers. The optimal solution of the unlabeled dagaft
labels can be written neatly as:

fu=(Duv—Wyu)"Wurfr =1 - Pyu) ' PurfL (2
wheref; is the vector of soft labels (fixed t9) for L. D £ diag(d;), whered; = Zj w;; andDy
is the submatrix oD associated with unlabeled dat®. £ D~'W. Wyy, Wy, Pyy, and Py,

are defined by:
_f Wi Wiy _( P Py
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The solution (2) has a number of interesting propertiestpdiout by [11]. Allf; (i € U) are
automatically bounded b, 1], so it is also known as square interpolation. They can begre&ed
by using Markov random walk on the graph. Imagine a graph wittodes corresponding to the
data points. Define the probability of transferring framto =; asp;;, which is actually row-wise
normalization ofw;;. The random walk starts from any unlabeled points, and siaps it hits any
labeled point (absorbing boundary). Thgns the probability of hitting a positive labeled point. In
this sense, the labeling of each unlabeled point is largaget on its neighboring labeled points,
which helps to alleviate the problem of noisy data. (1) cao &le interpreted as a quadratic energy
function and its minimizer is known to be harmonit;: (: € U) equals the average ¢f (j # )
weighted byp;;. So we call this algorithm Harmonic Energy Minimization (M By (1), fv is
independent ofv;; (i = 1, ..., n), so henceforth we fixo;; = p;; = 0.

Finally, to translate the soft labefs to hard labels pos/neg, the simplest way is by thresholding a
0.5, which works well when the two classes are well separdftet] proposed another approach,
called Class Mass Normalization (CMN), to make use of pmdorimation such as class ratio in

unlabeled data, estimated by that in labeled data. Spdhifiteey normalize the soft labels " =
fi/Z}Ll f; as the probabilistic score of being positive, angfo2 (1 — fz-)/z;;l (1—f;)as



the score of being negative. Suppose thererargositive points and-_ negative points in the
labeled data, then we classify to positive iff f;" r,. > f;r_.

2.2 Basic Hyperparameter Learning Algorithms

One of the simplest parametric formof; is RBF:

Wij = €xXp <— Zd (@i,a — Ij,d)2/0(21) 3
wherez; 4 is thed!” component ofr;, and likewise the meaning gt ; in (4). The bandwidthr,
has considerable influence on the classification accurdeyl Hises one common bandwidth for all
dimensions, which can be easily selected by cross valitlakiowever, it will be desirable to learn
differento for different dimensions; this allows a form of feature séiten. [11] proposed learning
the hyperparametets; by minimizing the entropy on unlabeled data points (we ¢alinEnt):

H(fu) == (Joilog fui+ (1= fu)log(l = fu,)) @)

The optimization is conducted by gradient descent. To preremerical problems, they replaced
P with P = eld + (1 — €) P, wheree € [0,1), and{ is the uniform matrix with/;; = n=1.

3 Leave-one-out Hyperparameter Learning

In this section, we present the formulation and efficientwaltion of our graph learning algorithm.

3.1 Formulation and Efficient Calculation

We propose a graph learning algorithm which is similar toimining the leave-one-out cross vali-
dation error. Suppose we hold out a labeled exampiend predict its label by using the rest of the
labeled and unlabeled examples. Making use of the resuBirti{e soft label for; is s f{; (the
first component offf;), where

s£(1,0,..,0) T e RvFL L & (8, flr o ST
Here, the value of}; can be determined bff, = (I — P},;) ' P}, fL, where
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If z; is positive, then we hope thg{g’l is as close to 1 as possible. Otherwisey;ifs negative, we
hope thatffL1 is as close to 0 as possible. So the cost function to be miethdan be written as:

Q=3 hu () =X, hu (57T = Ple) " Bl ) (5)

whereh, (z) is the cost function for instande We denoté:,(z) = ht(z) for y; = 1 andh(z) =
h~(z) for y, = 0. Possible choices df* (z) includel — z, (1 — x)%, a~*, and— log z with a > 1.
Possible choices far~ () includez, 2%, o™ !, and—log(1—x). Let Loo_loss(x¢, y:) = he (f{1)-
To minimize@, we use gradient-based optimization methods. The graidient

0Q/ 904 = Xy bt (Fa) 5T (I = Phy) ™ (9Pby [00a- fy + 0Py, [90a- 11),
using matrix propertylX ' = —X~'(dX)X . Denoting(8)" £ hj(f4,)s" (I — Phy)?
and notingP = e/ + (1 — ¢) P, we have

0Q/9oq = (1 —¢) Zizl (BT (0PLy )00a - fh +0PL, J00a - f1). (6)

Since in bothP},;; and P}, , the first row corresponds ta, and thei'" row (i > 2) corresponds
to z;4,—1, denotingP}, y £ (P, Pt.;) makes sense as each rowR¥ ,, corresponds to a well



defined single data point. Let all notations ab&utarry over to the correspondin§f. We now use
swt 2 30 wh (i, k) andY | Owt; (i, k)/0oq4 (i = 1,...,u + 1) to denote the sum of these
correspondlng rows. Now (6) can be rewritten in ground tetnmthe following “two” equations:

OPha(is3) /004 = (swl) ™ (Owliai,7) /000 = pra(3,0) Y, Owlyn(isk) /004) |

wheree can belU or L. dw;; /8cq = 2w;j(z;,a — j,4)* /o5 by (3).

The ndve way to calculate the function valdg and its gradient is presented in Algorithm 1. We
call it leave-one-out hyperparameter learning (LOOHL).

Algorithm 1 nave form of LOOHL

1: function valueR — 0, gradienty < (0,...,0)" € R™
2: for eacht = 1, ...,1 (leave-one-out loop for each labeled poidt)

3 fi (Frye foots vt )T, (T = Phy) ' Phf,
Q—Q+h (fltf,l)1 ) (ﬁt).T ‘—h;(flg,l)ST(I—PltJU)_l
4. for eachd = 1, ..., m (for all feature dimensiongjo
. OPL (1,5 owt, (4,7 L KR dwl (3K
I G TR D
wheresw! = > 7 win (i k), 4,7=1,..,u+1
. OP, 7 dwt i,J L N Qwt i,k . .
6: guld) - o (7%; 9 P (id) 3 Ll >> i=1,ut1lj=1...,1-1
. dP}, apt
T ga—gat+ (- 9B (g + gt )
8: end for
9: end for

The computational complexity of the'iva algorithm is expensive? (lu(mn+u?)), just to calculate
the gradient once. Here we assume the cost of inverting & matrix isO(u3). We reduce the two
terms in the cost by means of using matrix inversion lemmacaneful pre-computation.

One part of the cost)(Iu?), stems from inverting — P, a(u+1) x (u+ 1) matrix, forl times in
(5). We note that for differertt I — PfJU differs only by the first row and first column. So there exist
two vectorsa, 3 € R*+! such thatl — Pl = (I — P{%;) +ea’ + Be’, wheree = (1,0,...,0) T

€ Rutt With I — 155,(] expressed in this form, we are ready to apply matrix invergonma:

(A+aBT) ' =A =474 /(14" 48). 7)

We only need to inverf — P{,U for t = 1 from scratch, and then apply (7) twice for each 2. The
new total complexity related to matrix inversion(]ls(u3 + lu2).

The other part of the cosf)(lumn) , can be reduced by using careful pre-computation. Written in
detail, we have:
I u+l

I

t=1 i=1 w;

owt; Swyy (i, k) ut! N S,
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The crucial observation is the emstencea@j, which are independent of dimension indéxThere-
fore, they can be pre-computed efficiently. The Algorithmebolv presents the efficient approach
to gradient calculation.

BE (R owhy (4,5) w | = Owhy (i,7)
<Z 7fU,j + Z: TfL,j

Oog
J

Algorithm 2 Efficient algorithm to gradient calculation
1: fori,j=1,...,ndo
2:  for all feature dimensiod on which eitherx; or z; is nonzerado
3: 9d = 9d + aij ~(9wij/60'd
4:  end for
5: end for
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Figure 1: Examples of degenerative graphs learned by puf@HLIO

Letting sw; £ > r_; wir andd(-) beKroneker delta, we derive the form of;; as:

l

l n
1 . .
aij = sw; Z Bi_is1 <f(tj,jl+1 - Z pikfUk—111 —Pirfl1 — Z pbkfk) fori > landj > I;

t=1 k=I+1 k=1:k#t
l n l
Qij = Sw;1 Z ﬁf—l+1 fltj,lfs(t = ]) + fj5(t 55 ]) _pitf[tj,l - Z pikf(tj,k—l-ﬁ-l - Z pikfk
t=1 k=1+1 k=1:k#t
fori > landj </[;

n l
iy = sw; B <f{)’jl+1 =Y pirflrin —Zpikfk> fori <landj > [;
k=1

k=l+1

k=Il+1
andq;; are fixed to 0O for all since we fixw;; = p;; = 0.

n l
aij = sw; B <fj = > pinflrpii — ZPikfk) fori <landj </,
k=1

All a;; can be computed i@ (u?!) time and Algorithm 2 can be completeddn(n?m) time, where

m22n " (n—1)""- Z

In many applications such as text classification and imagenmerecognition, the data is very sparse
andm < m. In sum, the computational cost has been reduced &gm(mn + u?)) to O(Inu +
n?m + u3) . The space cost is mild &(n? + nm).

. H{de1l..m|x; orz; is not zero on featuré}|.
1<i<jg<n

4 Regularizing the Graph Learning

Similar to the MinEnt method, purely applying LOOHL can leaddegenerative graphs. In this
section, we show two such examples and then propose a sippteach which regularizes the
graph learning process.

Two degenerative graphs are shown in Figure 1. In examp)eh@)points with the same,, co-
ordinate are from the same classes. For each labeled gwéng iis another labeled point from the
opposite class which has the samgcoordinate. So the leave-one-out hyperparameter leawilhg
pushl/cy, to zero andl /o, to infinity, i.e., all points can transfer only horizontallfherefore the
graph will effectively split into six disconnected sub-ghs, each sharing the samgcoordinate as
showed in (a). So the desired gradual change of label frontiyto negative along dimensian,
cannot appear. As a result, the point at question mark cdnhahy labeled points and cannot be
classified. One way to prevent such degenerate graphs ig¥em /o, from growing too large,
e.g., with a regularizer such &S, (1/04)?.

In example (b), although the negative points will encouragih horizontal and vertical walk, hor-
izontal walk will make the leave-one-out error large on pesipoints. So the learnety o, will

be far smaller than /oy, i.e., the result strongly encourages walking in vertide¢ation and ig-
noring the information from the horizontal direction. Asesult, the point at the question mark
will be labeled as positive, although by nearest neighbiuition, it should be labeled as negative.
We notice that the four negative points will be partitionatbitwo groups as shown in the figure.
In such a case, the regularizgt, (1/04)? will not be helpful with utilizing dimensions that are
informative. A different regularizer that encourages tlse of more dimensions may be better in
this case. One simple regularizer that has this property mihimize the variance of the inverse
bandwidthY", (1/04 — p)?, wherey = m~'3",1/0,4, assuming that the mean is non-zero. It



Table 1: Dataset properties. Sparsity is the average freyuef features to be zero in the whole
dataset. The rightmost column gives the size of the wholasgatfrom which the labeled data in
experiment is sampled. Some data in text dataset has unkabet thus always used as unlabeled.

: : detaset size
feature property: continuous or discrete Mumber of features (Hpositive:
dataset narme [how many levels), sparsity snegative:
Original Probe Original | Probe #onlabelled)
hatudweritten digits (4ws 0 | 256 lewels, 797 % | 1000 lewels, 858 % 475 4535 100010000
cancer ws nortnal continous, 30.3% | 1000 levels, 45.4 % 18543 0961 B8 112:0
Reuters text categorization | contirmous, 99.0% | 1000 levels, 99.3 % 4408 13459 | 300 300 : 1400
compounds hind to thrombin | binary, 99.43 % binary, 9855 % 31976 56417 11210380
[onosphere continuons, 38.3 % 33 225:126: 0

is a priori unclear which regularizer will be better empadly, but for the datasets in our experi-
ments, the minimum variance regularizer is overwhelmirggiter, even when useless features are
intentionally added to the datasets.

Since the gradient based optimization can get stuck in lngaima, it is advantageous to test several
different parameter initialization. With this in mind, waplement a simple approximation to the
minimum variance regularizer that tests different paramigtitialization as well. We discretize

and minimize the leave-one-out loss ply3, (1/04 — 1/5)?, whereg is fixed a priori to several
different possible values. We run with differefitand set all initialo; to 6. Then we choose the
function produced by the value &f that has the smallest regularized cost function value. This
process is similar to restarting from various values toélméal minima, but now we are also trying
with different mean of estimated optimal bandwidth at thmséime. A similar way to regularize is
by using a Gaussian prior with mean* and minimizingQ + C >", (1/o4 — 1//¢)2 with respect

to o4 andp simultaneously.

5 Experimental Results

Using HEM as a basis for classification, we compare the tegiracy of three model selection
methods: LOOHL, 5-CV (tying all bandwidths and choose bypkttross validation), and MinEnt,
each with both thresholding and CMN. Since the topic of tlipgy is how to learn the hyperpa-
rameters of a graph, we pay more attention to how the perfoesaf agiven recognized classifier
can be improved by means of learning the graph, than to thepaogon between different clas-
sifers’ performance, i.e., comparing with other semi-suised or supervised learning algorithms.
lonosphere is from UCI repository. The other four datasetsitin the experiment are from NIPS
2003 Workshop on feature selection challenge. Each of thasntlwo versions: original version
and probe version which adds useless probing features @r twdnvestigate the algorithm’s per-
formance in the presence of useless features, though @ntwtage we do not use the algorithm
as feature selector. Since the workshop did not provide tiggnal datasets, we downloaded the
original datasets from other sites. Our original intentigas to use original versions that we down-
loaded and to reproduce the probe version ourself usingrtipnocessing described in NIPS 2003
workshop, so that we can check the performance of the afgositon datasets with and without
redundant features. Unfortunately, we find that with our @ffort at pre-processing, the datasets
with probes yield far different accuracies compared withdatasets with probes downloaded from
the workshop web site. Thus we are using the original verammhthe probe version downloaded
from difference sources, and the comparison between themdie done with care, though the
demonstration of LOOHL’s efficacy is not affected.

The properties of the five datasets are summarized in TableTandomly pick the labeled subset
L from all labeled data available under the constraint th#h lotasses must be presentiin The
remaining labeled and unlabeled data are used as unlatetiedrbr example, by sayind| = 20

for text dataset, we mean randomly picking 20 points from the 600¢ab#ata as labeled, and label
the other 1980 points by using our algorithm. Finally we agkdte the prediction accuracy on the
580 (originally) labeled points. For other datasets, caycer, testing is on 180 points since we
know the label of all points. For each fixed|, this random test is conducted for 10 times and the
average accuracy is reported. THén is varied. We normalized all input feature vectors to have
length 1.
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Figure 2: Accuracy of original and probe versions in peragatvs. number of labeled data.

The initial common bandwidth and smoothing factoin MinEnt are selected by five fold cross
validation. For LOOHL, We fixo ™ () = (1 — 2)? andh~ (x) = z2. The final objective function is:

C1 x Loo_loss_-Normal +Ca x >, (1/oq — 1/&)2/m

Loo_loss_Normal & (2r,)™* Z Loo_loss (i, y;)+(2r_ )" Z Loo loss(x;,y;), (8)
Yi= yi=

and there are,. positive labeled examples and negative labeled examples. For edthC, ratio,
we run ong = 0.05, 0.1, 0.15, 0.2, 0.25, 0.3 for all datasets and sdiediinction that corresponds
to the smallest objective function value for use in crossdedion testing. The final’;:C5 value
was picked by five fold cross validation, with discrete levat10—¢, wherei = 1,2, 3,4, 5, since
strong regularizer is needed given the large number of featfvariables) and much fewer labeled
points. The optimization solver we use is the Toolkit for Adeed Optimization [2].

From the results in Figure 2 and Figure 3, we can make thedoipobservations and conclusions:

1. LOOHL generally outperforms 5-CV and MinEnt. Both LOOHLhRrd and LOOHL+CMN
outperform 5-CV and MinEnt (regardless of Thrd or CMN) on @ddtasets except thrombin and
ionosphere, where either LOOHL+CMN or LOOHL+Thrd finallyrfmems best.

2. For 5-CV, CMN is almost always better than thresholdingegt on the original form of cancer
and thrombin dataset, where CMN hurts 5-CV. In [11], it isirdled that although the theory of
HEM is sound, CMN is still necessary to achieve reasonahipeance because the underlying
graph is often poorly estimated and may not reflect the dleation goal, i.e., one should not rely
exclusively on the graph. Now that our LOOHL is aimed at I&@gra good graph, the ideal case is
that the graph learned is suitable for our classificatiomghat the improvement by CMN will not
be large. In other words, the difference between LOOHL+CMN BOOHL+Thrd, compared with
the difference between 5-CV+CMN and 5-CV+Thrd, can be vidag an approximate indicator of
how well the graph is learned by LOOHL.

The efficacy of LOOHL can be clearly observed in datasets dseScer, text, ionosphere and orig-
inal version of thrombin. In these cases, we see that LOOHitd Ts already achieving high accu-
racy and LOOHL+CMN does not offer much improvement then @meliurts performance due to
inaccurate class ratio estimation. In fact, LOOHL+Thrdfpens reliably well on all datasets. Itis
thus desirable to learn the bandwidth for each dimensioheofdature vector, and there is no longer
any need to post-process by using class ratio information.

3. The performance of MinEnt is generally inferior to 5-CWdrOOHL. MinEnt+Thrd has equal
chance of out-performing or losing to 5-CV+Thrd, while 5-6¥MN is almost always better than
MinEnt+CMN. Most of the time, MinEnt+CMN performs signifiatly better than MinEnt+Thrd,
so we can conclude that MinEnt fails to learn a good graphs iy be due to converging to a poor
local minimum, or that the idea of minimizing the entropy onlabeled data is by itself insufficient.
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in percentage vs. number of labeled between minimizing sum of square inverse bandwidth
data. >, 0, and minimizing variance of inverse bandwidth.

4. For these datasets, assuming low variance of inversenldtindwith discretization as regularizer
is more reasonable than assuming that many features dexamneto the classification. This is even
true for probe versions of the datasets. Figure 4 shows timpadson.

6 Conclusions

In this paper, we proposed learning the graph for graph bssed-supervised learning by mini-
mizing the leave-one-out prediction error, with a simplgularizer. Efficient gradient calculation
algorithms are designed and the empirical result is enginga
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