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Abstract

We consider the problem of denoising a noisily sampled suiifiold 1/ in R¢,
where the submanifold/ is a priori unknown and we are only given a noisy point
sample. The presented denoising algorithm is based on &-twaged diffusion
process of the point sample. We analyze this diffusion m®aessing recent re-
sults about the convergence of graph Laplacians. In therempets we show that
our method is capable of dealing with non-trivial high-dim®nal noise. More-
over using the denoising algorithm as pre-processing ndetfeocan improve the
results of a semi-supervised learning algorithm.

1 Introduction

In the last years several new methods have been developd&g imachine learning community
which are based on the assumption that the data lies on a sifbidal/ in R?. They have been
used in semi-supervised learning [15], dimensionalityuotidn [14, 1] and clustering. However
there exists a certain gap between theory and practice. Namgractice the data lies almost never
exactly on the submanifold but due to noise is scatterednarduSeveral of the existing algorithms
in particular graph based methods are quite sensitive 8en@lften they fail in the presence of high-
dimensional noise since then the distance structure iglismmtminative. In this paper we tackle this
problem by proposing a denoising method for manifold dat&e®noisily sampled manifold data
in R? the objective is to 'project’ the sample onto the submaudifol

There exist already some methods which have related olgsdike principal curves [6] and the
generative topographic mapping [2]. For both methods osead&now the intrinsic dimension of
the submanifoldV/ as a parameter of the algorithm. However in the presencegbtdiimensional
noise it is almost impossible to estimate the intrinsic disien correctly. Moreover usually prob-
lems arise if there is more than one connected component.

The algorithm we propose adresses these problems. It wak#onlow-dimensional submanifolds
corrupted by high-dimensional noise and can deal with plelttonnected components. The basic
principle behind our denoising method has been proposeti3j\af a surface processing method in
R3. The goal of this paper is twofold. First we extend this mettmgeneral submanifolds iR?
aimed at dealing in particular with high-dimensional noiSecond we provide an interpretation of
the denoising algorithm which takes into account the prdiséib setting encountered in machine
learning and which differs from the one usually given in tbenputer graphics community.

2 Thenoise model and problem statement

We assume that the data lies on an abstraatimensional manifold\/, where the dimensiom

can be seen as the number of independent parameters in ¢hd tist data is mapped via a smooth,
regular embedding : M — R? into the feature spacR?. In the following we will not distin-
guish between\/ andi(M) C R, since it should be clear from the context which case we are
considering. The Euclidean distanceRfi then induces a metric ab/. This metric depends on the



embedding/representation (e.g. scaling) of the daf&‘ibut is at least continuous with respect to
the intrinsic parameters. Furthermore we assume that thdatth M is equipped with a probability
measureP,; which is absolutely continuous with respect to the natuoiime elemeritdV of M.
With these definitions the model for the noisy data-genegatrocess ifR¢ has the following form:

X =1i(0) +¢,

where® ~ P,; ande ~ N(0,0). Note that the probability measure of the noideas full support
in R4, We consider here for convenience a Gaussian noise modellsmiany other reasonably
concentrated isotropic noise should work. The IBw of the noisy dataX can be computed from
the true data-generating probability measHye:

_le—i®I?

Px(x):(QWUQ)_%/ e” 27 p(0)dV (). 1)

M

Now the Gaussian measure is equivalent to the heat kerfiely) = (47t)~ % exp (- %) of

the diffusion process oR¢, see e.g. [5], if we make the identificatio = 2¢. An alternative point
of view on Py is therefore to se@y as the result of a diffusion of the density functign(9) of
P, stopped at time = %02. The basic principle behind the denoising algorithm in gaper is to
reversethis diffusion process.

3 Thedenoising algorithm

In practice we have only ani.i.d. samplg, i = 1,...,n of Px. The ideal goal would be to find the
corresponding set of poini$d;), i = 1,...,n on the submanifold/ which generated the points
X,. However due to the random nature of the noise this is in i@émpossible. Instead the goal
is to find corresponding points; on the submanifold/ which are close to the poinfs;. However
we are facing several problems. Since we are only given & fgg@mple, we do not knowx or
evenP,;. Second as stated in the last section we would like to rexbiseliffusion process which
amounts to solving a PDE. However the usual technique tegbig¢ PDE on a grid is unfeasible
due to the high dimension of the ambient sp&ée

Instead we solve the diffusion process directly on a graptegeed by the sampl¥;. This can be
motivated by recent results in [7] where it was shown thageerator of the diffusion process, the
LaplacianAga, can be approximated by the graph Laplacian of a random bergbod graph. A
similar setting for the denoising of two-dimensional mesimR? has been proposed in the seminal
work of Taubin [13]. Since then several modifications of higjimal idea have been proposed in
the computer graphics community, including the recent idgveent in [11] to apply the algorithm
directly to point cloud data ilR?. In this paper we propose a modification of this diffusionqess
which allows us to deal with general noisy samples of arbjit(eow-dimensional) submanifolds in
R?. In particular the proposed algorithm can cope with higmelisional noise. Moreover we give
an interpretation of the algorithm, which differs from theeausually given in the computer graphics
community and takes into account the probabilistic natiteeproblem.

3.1 Structureon the sample-based graph

We would like to define a diffusion process directly on the pbnX;. To this end we need the gen-
erator of the diffusion process, the graph Laplacian. Weasihstruct this operator for a weighted,
undirected graph. The graph vertices are the sample p&inté/ith {h(X;)}?_, being thek-nearest
neighbor £-NN) distances the weights of theNN graph are defined as

1 — X )
(max{h(X;), h(X;)})? /"

andw(X;, X;) = 0 otherwise. Additionally we sei(X;, X;) = 0, so that the graph has no
loops. Further we denote by the degree functiod(X,;) = Z?:1 w(X;, X;) of the graph and

w(Xi, X;) = exp - i [|X0 = X < max{h(X,), h(X,)},

In local coordinate®s, . . ., 6,, the natural volume elemewd is given asdV = /detgd®f; . ..d0m,
wheredet g is the determinant of the metric tengpr

Note thatP), is not absolutely continuous with respect to the Lebesgue measBfeand therefore(6)
is not a density irR%.



we introduce two Hilbert spacégy , H g of functions on the verticeE” and edges. Their inner
products are defined as

iy = 2o FXD) X)), (800, = D w(Xe, X)) (Xi X)) 0(Xi, X)),

Introducing the discrete differential : Hy — Hpg, (Vf)(Xs, X;) = f(X;) — f(X;) the graph
Laplacian is defined as

1 n
A — A=V"* ANX;) = f(X;) — —— X, X)) f(X;

Hy — Hy, VIV, (AN(XG) = f(Xa) a(X,) ijl w(Xs, X;5) (X)),
whereV* is the adjoint ofV. Defining the matrixD with the degree function on the diagonal the
graph Laplacian in matrix form is given & = 1 — D~'WW, see [7] for more details. Note that
despiteA is not a symmetric matrix it is a self-adjoint operator widlspect to the inner product in
Hy.

3.2 Thedenoising algorithm

Having defined the necessary structure on the graph it iglstfarward to write down the backward
diffusion process. In the next section we will analyze thergetric properties of this diffusion

process and show why it is directed towards the submanifoldSince the graph Laplacian is the
generator of the diffusion process on the graph we can fatauhe algorithm by the following

differential equation on the graph:

X = —y AX, @)

wherey > 0 is the diffusion constant. Since the points change with titmewhole graph is dynamic
in our setting. This is different to the diffusion proceseas fixed graph studied in semi-supervised
learning. In order to solve the differential equation (2)et@ose an implicit Euler-scheme, that is

X(t+1)— X(t) = -6ty AX(t+ 1), 3)

wheredt is the time-step. Since the implicit Euler is unconditidpatable we can choose the factor
ot v arbitrarily. We fix in the followingy = 1 so that the only free parameter remains todbe
which is set to) = 0.5 in the rest of the paper. The solution of the implicit Eulehesme for one
timestep in Equation 3 can then be computed ¥g;; = (1 + 6t A)~1X,. After each timestep
the point configuration has changed so that one has to redertipuweight matri¥?” of the graph.
Then the procedure is continued until a predefined stoppiitgrion is satisfied, see Section 3.4.
The pseudo-code is given in Algorithm 1. In [12] it was podht®ut that there exists a connection

Algorithm 1 Manifold denoising

1: Chooseit, k
2: while Stopping criterion not satisfiedb
3:  Compute thé-NN distancesi(X;), i =1,...,n,
4:  Compute the weights (X, X;) of the graph withw(X;, X;) = 0,
w(X;, X;) = exp ( _ (mangf;fét‘xj)})2), it X, — X, < max{h(X;), h(X;)},
5. Compute the graph Laplacial, A =1—-D"'W,
6: SolveX(t+1)—X(t)=-0tAX(t+1) = X({t+1)=(1+6tA)"1X({#).
7: end while

between diffusion processes and Tikhonov regularizatidamely the result of one time step of
the diffusion process with the implicit Euler scheme is gglgnt to the solution of the following
regularization problem on the graph:

d d
argmin §(Z%) := argmin »_ [|2* = X*(t)[l3,, +6t > _ [VZ°|7,,

Z*eHy Z*EHy a—1 a—=1

whereZ® denotes the.-component of the vectd? € R<. With HVZ“H%E = (Z% AZ%),, the
minimizer of the above functional with respectid can be easily computed as
9S(Z*)
0z

=2(Z% — X*(t)) + 26t AZ* =0, a=1,....d,



so thatZ = (1 + §t A)~1X,. Each time-step of our diffusion process can therefore e ss
a regression problem, where we trade off between fitting #ve pointsZ to the pointsX (¢) and
having a 'smooth’ point configuratiad measured with respect to the current graph built fogin).

3.3 k-nearest neighbor graph versus h-neighborhood graph

In the denoising algorithm we have chosen to use a weightdtll graph. It turns out that 2-NN
graph has three advantages ovehameighborhood graph The first advantage is that the graph has
a better connectivity. Namely points in areas of differeznglty have quite different neighborhood
scales which leads for a fixédto either disconnected or over-connected graphs.

Second we usually have high-dimensional noise. In this itasevell-known that one has a drastic
change in the distance statistic of a sample, which is st by the following trivial lemma.

Lemmal Letz,y € R andey, e ~ N(0,0?) and defineX = z + ¢; andY = y + o, then

E||X -Y|*=|z—yl>+2do? and Var|X —Y|*> =80z —y|*+8do™.

One can deduce that the expected squared distance of tlyesnbimanifold sample is dominated by
the noise term iRdo? > maxg ¢/ ||i(6) — i(0")||*, which is usually the case for large In this case

it is quite difficult to adjust the average number of neiglghiara graph by a fixed neighborhood size
h since the distances start to concentrate around their nadaa.vThe third is that by choosirig
we can control directly the sparsity of the weight maftfixand the Laplaciaclh = 1 — D~'W so
that the linear equation in each time step can be solvedegftigi

3.4 Stopping criterion

The problem of choosing the correct number of iterationseiy difficult if one has initially high-
dimensional noise and requires prior knowledge. We propwsestopping criterions. The first
one is based on the effect that if the diffusion is done tog ltthre data becomes disconnected and
concentrates in local clusters. One therefore can stog iittmber of connected components of the
graptt increases. The second one is based on prior knowledge dtmunttinsic dimension of the
data. In this case one can stop the denoising if the estinaiteehsion of the sample (e.g. via the
correlation dimension, see [4]) is equal to the intrinsie oAnother less founded but very simple
way is to stop the iterations if the changes in the sample elbsome pre-defined threshold.

4 Largesamplelimit and theoretical analysis

Our qualitative theoretical analysis of the denoising gthm is based on recent results on the limit
of graph Laplacians [7, 8] as the neighborhood size decsemsthe sample size increases. We use
this result to study the continuous limit of the diffusioropess. The following theorem about the
limit of the graph Laplacian applies toneighborhood graphs, whereas the denoising algorithm is
based on &-NN graph. Our conjectupds that the result carries over toaNN graphs.

Theorem 1 [7, 8] Let {X;}" , be ani.i.d. sample of a probability measufg, on am-dimensional

compact submanifofd)/ of R¢, where Py, has a density,, € C3(M). Letf € C3(M) and
xr € M\OM, then ifh — 0 andnh™*+2/logn — oo,

nlgxéo %(Af)(x) ~ —(Anmf)(x) - % (Vf,Vp)r n» almost surely

whereA ), is the Laplace-Beltrami operator éff and~ means up to a constant which depends on
the kernel functiork(||z — y||) used to define the weight® (=, y) = k(|| — y||) of the graph.

3In anh-neighborhood graph two sample poitifs, X; have a common edge ifX; — X;|| < h.

“The number of connected comp. is equal to the multiplicity of the first eaavof the graph Laplacian.
SPartially we verified the conjecture however the proof would go beyonddbpe of this paper.

Note that the case where has full support ifrR¢ is a special case of this theorem.



4.1 Thenoise-free case

We first derive in a non-rigorous way the continuum limit ofr @quaph based diffusion process in
the noise free case. To that end we do the usual argument mathysics to go from a difference
equation on a grid to the differential equation. We rewrite diffusion equation (2) on the graph as
i(t+1) —i(t) _ —h—iAi
ot ot h?
Doing now the limith — 0 anddét — 0 such that the diffusion constaft = % stays finite and
using the limit of ;> A given in Theorem 1 we get the following differential equatio

2
Oi = D [Apri + » (Vp, Vi)]. (4)
Note that for thek-NN graph the neighborhood sizés a function of the local density which implies
that the diffusion constarD also becomes a function of the local dendity= D(p(x)).

Lemma?2([9], Lemma2.14) Leti : M — R? be a regular, smooth embedding of am-
dimensional manifold/, thenA ;i = m H, whereH is the mean curvatufeof M.

Using the equation\ ;7 = mH we can establish equivalence of the continuous diffusiaraggn
(4) to a generalized mean curvature flow.

8i=D[mH+ ]% (Vp, Vi), (5)

The equivalence to the mean curvature flop= m H is usually given in computer graphics as the
reason for the denoising effect, see [13, 11]. However asave khown the diffusion has already
an additional part if one has a non-uniform probability meanM.

4.2 Thenoisy case

The analysis of the noisy case is more complicated and we mgrpoovide a rough analysis. The
large sample limit: — oo of the graph Laplacia at a sample poink;; is given as

Jra kn(I1X: — yl) ypx (v)dy
Jpa En(1 X3 — ylpx (y)dy

wherek, (||z — y||) is the weight function used in the construction of the grdpht is in our case

llz—yll

En(llz —yl]) = €™ 22~ 1j5_y<n- In the following analysis we will assume three things, B th
noise leveb is small compared to the neighborhood §iz@) the curvature of/ is small compared

to h and 3) the density,, varies slowly alongl/. Under these conditions it is easy to see that the
main contribution o~ A X; in Equation 6 will be in the direction of the gradientjof at X;. In the
following we try to separate this effect from the mean cumnatpart derived in the noise-free case.
Under the above conditions we can do the following secondraagproximation of a convolution
with a Gaussian, see [7], using the explicit formpgf of Equation 1 :

1 _lw=i@)?
L X =iy = | o [ B =y 5 o) ayaveo)

AX; = X; — (6)

= /M k(12X = i(0)[1) i(6) p(0) AV (6) + O(0?)

Now define the closest point of the submanifdlfito X: i(0uin) = argmin;g)epy [|X —i(0)]].
Using the condition on the curvature we can approximate iffigstbn step— A X as follows:

S Fn(l[i(Omin) — i(0)1) () p(9) AV (6)
fIM kh(Hi(emin) - Z(@)”)p(@) dV(e) ’
I

—AX ~ i(@min) - X - (i(‘gmin)
S—
I

"The mean curvaturd is the trace of the second fundamental formMfis a hypersurface iR¢ the mean

curvature ap is H = -5 S°%" ! k; N, whereN is the normal vector andl; the principal curvatures at



where we have omitted second-order terms. It follows froengtoof of Theorem 1 that the terid

is an approximation of A y/i(frmin) — % (Vp,Vi) = —mH — % (Vp, Vi) whereas the first term
leads to a movement of towardsM. We conclude from this rough analysis that in the denoising
procedure we always have a tradeoff between reducing tise n@ the terni and smoothing of the
manifold via the mean curvature terhi. Note that the ternd ! is the same for all pointX” which
havei(6.min) as their closest point ol/. Therefore this term leads to a global flow which smoothes
the submanifold. In the experiments we observe this as ttiekitng phenomenon.

5 Experiments

In the experimental section we test the performance of thidag algorithm on three noisy
datasets. Furthermore we explore the possibility to uselémmising method as a preprocessing
step for semi-supervised learning. Due to lack of space wanotdeal with further applications as
preprocessing method for clustering or dimensionalityiotion.

5.1 Denoising

The first experiment is done on a toy-dataset. The manifélis given ast — [sin(2wt), 2wt],

t is sampled uniformly orj0, 1]. We embedM into R?°° and put full isotropic Gaussian noise
with ¢ = 0.4 on each datapoint resulting in the left part of Figure 5.1. J&ffy the effect of the
denoising algorithm by estimating continuously the dini@msver different scales (note that the
dimension of a finite sample always depends on the scale ahvaime examines). We use for that
purpose the correlation dimension estimator of [4].

The result of the denoising algorithm with= 25 for the k-NN graph andl0 timesteps is given
in the right part of Figure 5.1. One can observe visually anthbpecting the dimension estimate
as well as by the histogram of distances that the algoritheiréduced the noise. One can also see
two undesired effects. First as discussed in the last seth® diffusion process has a component
which moves the manifold in the direction of the mean cumetwhich leads to a smoothing of the
sinusoid. Second at the boundary the sinusoid shrinks dtletmissing counterparts in the local
averaging done by the graph Laplacian, see (6), which rasatt inward tangential component.

In the next experiment we apply the denoising to the hantewridigit datasets USPS and MNIST.

Data points Dimension vs. scale histogram of dist. Data points Dimension vs. scale histogram of dist
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Figure 1: Left:500 samples of the noisy sinusoid&?’° as described in the text, Right: Result after
10 steps of the denoising method with= 25, note that the estimated dimension is much smaller
and the scale has changed as can be seen from the histogréstantds shown to the right

For handwritten digits the underlying manifold correspena varying writing styles. In order to
check if the denoising method can also handle several mdsiéd the same time which would make
the method useful for clustering and dimensionality reiducive fed all the 10 digits simultaneously
into the algorithm. For USPS we used the 9298 digits in thaitrg and test set and from MNIST a
subsample of 1000 examples from each digit. We used theitheat $angent distance in [10] which
provides a certain invariance against translation, sgatotation and line thickness. In Figure 2 and
3 we show a sample of the result across all digits. In bothscdiggits are transformed wrongly. This
happens since they are outliers with respect to their digiifold and lie closer to another digit
component. An improved handling of invariances shouldliesat least partially this problem.

5.2 Denoising as pre-processing for semi-supervised learning

Most semi-supervised learning (SSL) are based on the clastemption, that is the decision bound-
ary should lie in a low-density region. The denoising altiori is consistent with that assumption
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Figure 2: Left: Original images from USPS, right: after 1&rétions withk = [9298/50].
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Figure 3: Left: Original images from MNIST, right: after lfeiations withk = 100.

since it moves data points towards high-density regionsés iBhin particular helpful if the original
clusters are distorted by high-dimensional noise. In thseche distance structure of the data be-
comes less discriminative, see Lemma 1, and the identiicatf the low density regions is quite
difficult. We expect that in such cases manifold denoising pse-processing step should improve
the discriminative capacity of graph-based methods. Hewthe denoising algorithm does not take
into account label information. Therefore in the case whieeecluster assumption is not fulfilled
the denoising algorithm might decrease the performancetefbre we add the number of iterations
of the denoising process as an additional parameter in theag8rithm.

For the evaluation of our denoising algorithm as a prepsingsstep for SSL, we used the bench-
mark data sets from [3]. A description of the data sets andablts of several state-of-the-art SSL
algorithms can be found there. As SSL-algorithm we use atsligriation of the one by Zhou et al.
[15]. It can be formulated as the following regularized testgiares problem.

f* = argminge, 1f = ylag, + 00 A s,
wherey is the given label vector anf, A f),, = is the smoothness functional induced by the graph
Laplacian. The solution is given g& = (1 + pA)~'y. In order to be consistent with our de-
noising scheme we choose instead of the normalized grapladiapA = 1 — D :WD"z as
suggested in [15] the graph Laplacian= 1 — D~' and the graph structure as described in Sec-
tion 3.1. As neighborhood graph for the SSL-algorithm wedussymmetridk-NN graph with the
following weights: w(X;, X;) = exp(—y || X; — XjHQ) if |X; —X;| <min{h(X;),h(X;)}.
As suggested in [3] the distances are rescaled in eachidterstich that the /c2-quantile of the
distances equals wherec is the number of classes. The numbekelN was chosen for denois-
ing in {5,10, 15,25, 50, 100, 150, 200}, and for classification i{5, 10, 20,50, 100}. The scaling



parametety and the regularization paramejewere selected fron{u%, 1,2} resp.{2,20,200}. The
maximum of iterations was set 0. Parameter values where not all data points have beenfidssi
that is the graph is disconnected, were excluded. The bemteters were found by ten-fold cross
validation. The final classification is done using a majovibye of the classifiers corresponding to
the minimal cross validation test error. In Table 1 the rissate shown for the standard case, that is
no manifold denoising (No MD), and with manifold denoisidd). For the datasets g241c, g241d
and Text we get significantly better performance using dangias a preprocessing step, whereas
the results are indifferent for the other datasets. Howewsrpared to the results of the state of the
art of SSL on all the datasets reported in [3], the denoisiegmcessing has lead to a performance
of the algorithm which is competitive uniformly over all daets. This improvement is probably not
limited to the employed SSL-algorithm but should also agplgther graph-based methods.

Table 1: Manifold Denoising (MD) as preprocessing for SSheTnean and standard deviation of
the test error are shown for the datasets from [3] for 10 (émy) 100 (bottom) labeled points.

g241c g241d Digit1 USPS COIL BCI Text
NoMD | 47.952.67 | 47.2k40 | 14.145.4 | 19.2:2.1 | 66.2:7.8 | 50.061.1 | 41.9+7.0
MD 29.0£14.3] 26.6517.8 | 13.855.5 | 20.555.0 | 66.4:6.0 | 49.8-1.5 | 33.6:7.0
o Iter. 12.3r3.8 | 11.744.4 | 9.652.4 | 7.3529 | 49427 | 82435 | 5.614.4
NoMD | 38.956.3 | 34.2t4.1 | 3.0:16 | 6.2-1.2 | 15.5:2.6 | 46.5:1.9 | 27.0:1.9
MD 16.142.2 | 7.5509 | 3.241.2 | 5.3+1.4 | 16.2:2.5| 48.4:2.0 | 24.1:2.8
o Iter. 15.0:0.8 | 14515 | 8.0+3.2 | 8.3f3.8 | 1.6£1.8 | 8.4+4.3 | 6.0£3.5
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