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Abstract

Computation of a satisfactory control policy for a Markoid#on process when
the parameters of the model are not exactly known is a proklecountered in
many practical applications. The traditional robust applois based on a worst-
case analysis and may lead to an overly conservative pdtitiis paper we con-
sider the tradeoff between nominal performance and thetwase performance
over all possible models. Based on parametric linear progriag, we propose a
method that computes theholeset of Pareto efficient policies in the performance-
robustness plane when only the reward parameters are stij@iccertainty. In
the more general case when the transition probabilitieslae subject to error,
we show that the strategy with the “optimal” tradeoff migle hhon-Markovian
and hence is in general not tractable.

1 Introduction

In many decision problems the parameters of the problemrmaexéntly uncertain. This uncertainty,
termedparameter uncertaintycan be the result of estimating the parameters from a fiaitgte or

a specification of the parameters that itself includes uat#y. The standard approach in decision
making to circumvent the adverse effect of the parameteerti@ioty is to find a solution that per-
forms best under the worst possible parameters. This agprtermed the “robust” approach, has
been used in both single stage ([1]) and multi-stage detjzioblems (e.qg., [2]).

In robust optimization problems, it is usually assumed thatconstraint parameters are uncertain.
By requiring the solution to be feasible to all possible pagters within the uncertainty set, Soyester
([1]) solved the column-wise independent uncertainty casd Ben-Tal and Nemirovski ([3]) solved
the row-wise independent case. In robust MDP problemsgetheay be two different types of
parameter uncertainty, namely, the reward uncertaintythadransition probability uncertainty.
Under the assumption that the uncertainty is state-wisepaddent (an assumption made by all
papers to date, to the best of our knowledge), the optimgtityciple holds and this problem can be
decomposed as a series of step by step mini-max problenedsopbackward induction ([2, 4, 5]).

The above cited results focus on worst-case analysis. ifplkds that the vector afominal param-
eters(the parameters used as an approximation of the true onedtegs of the uncertainty) is not
treated in a special way and is just an element of the set sitfiegparameters. The objective of the
worst-case analysis is to eliminate the possibility of gisaus performance. There are several dis-
advantages to this approach. First, worst-case analysidead to an overly conservative solution,
i.e., a solution which provides mediocre performance urdlepossible parameters. Second, the
desirability of the solution highly depends on the precismaling of the uncertainty set which is
often based on some ad-hoc criterion. Third, it may happattiie nominal parameters are close to



the real parameters, so that the performance of the solutidar nominal parameters may provide
important information for predicting the performance untlee true parameters. Finally, there is
a certain tradeoff relationship between the worst-castopeance and the nominal performance,
that is, if the decision maker insists on maximizing oneetiitn, the other criterion may decrease
dramatically. On the other hand, relaxing both criteria rfemd to a well balanced solution with
both satisfactory nominal performance and also reasomablestness to parameter uncertainty.

In this paper we capture the Robustness-Performance (R&dff explicitly. We use the worst-
case behavior of a solution as the function representingigstness, and formulate the decision
problem as an optimization dfoth the robustness criterion and the performance under nominal
parameters simultaneously. Here, “simultaneously” iseved by optimizing the weighted sum of
the performance criterion and the robustness criteriorth@dest of our knowledge, this is the first
attempt to address the overly conservativeness of wosst-@aalysis in robust MDP.

Instead of optimizing the weighted sum of the robustnesgeanidrmance for some specific weights,
we show how to efficiently find the solutions for all possibleights. We prove that the set of these
solutions is in fact equivalent to the set of all Pareto effitisolutions in the robustness-performance
space. Therefore, we solve the tradeoff probleithoutchoosing a specific tradeoff parameter, and
leave the subjective decision of determining the exactewfido the decision maker. Instead of
arbitrarily claiming that a certain solution is a good trafieour algorithm computes the whole
tradeoff relationship so that the decision maker can chdwsenost desirable solution according to
her preference, which is usually complicated and an exglticim is not available. Our approach
thus avoids the tuning of tradeoff parameters, where gépe@good a-priori method exists. This
is opposed to certain relaxations of the worst-case rolptshization approach like [6] (for single
stage only) where some explicit tradeoff parameters halre thosen. Unlike risk sensitive learning
approaches [7, 8, 9] which aim to tune a strategy online, ppr@ach compute a robust strategy off-
line without trial and error.

The paper is organized as follows. Section 2 is devoted t®Ehé&adeoff for Linear Programming.
In Section 3 and Section 4 we discuss the RP tradeoff for MOIR wicertain rewards, and uncer-
tain transition probabilities, respectively. In Sectiow®& present a computational example. Some
concluding remarks are offered in Section 6.

2 Parametric linear programming and RP tradeoffs in optimization

In this section, we briefly recall Parametric Linear Progmang (PLP) [10, 11, 12], and show
how it can be used to find the whole set of Pareto efficient mulgtfor RP tradeoffs in Linear
Programming. This serves as the base for the discussion tbR&offs in MDPs.

2.1 Parametric Linear Programming

A Parametric Linear Programming is the following set of iitély many optimization problems:

Forall € [0,1): Minimize:  Ac® 'x+ (1 - \)e® 'x @
Subject to: Ax=Db
x > 0.

We call () " x the first objective, an&® ' x the second objective. We assume that the Linear
Program (LP) is feasible and bounded for both objectiveghcAigh there are uncountably many
possible), Problem (1) can be solved by a simplex-like algorithm. H&selve” means that for each

A, we find at least one optimal solution. An outline of the PL&oalthm is described in Algorithm

1, which is essentially a tableau simplex algorithm while #ntering variable is determined in a
specific way. See [10] for a precise description.

Algorithm 1. 1. Find a basic feasible optimal solution for= 0. If multiple solutions exist,
choose one among those with minine&) ' x.

2. Record current basic feasible solution. Check the retigost (i.e., the zero row in the
simplex table) of the first objective, denoted{ﬁé. If none of them is negative, end.



3. Among all columns with negativéjl), choose the one with largest ratiiél)/éf)| as the
entering variable.

4. Pivot the base, go to 2.

This algorithm is based on the observation that for anyhere exists an optimal basic feasible
solution. Hence, by finding a suitable subset of all verticEthe feasible region, we can solve
the PLP. Furthermore, we can find this subset by sequengisbting among neighboring extreme
points like the simplex algorithm does. This algorithm tarates after finitely many iterations. It
is also known that the optimal value for PLP is a continuog@ivise linear function ok. The
theoretical computational cost is exponential, althougtciically it works well. Such property is
shared by all simplex based algorithm. A detailed discussioPLP can be found in [10, 11, 12].

2.2 RP tradeoffs in Linear Programming

Consider the following LP:
NOMINAL PROBLEM : Minimize: ¢ x 2
Subjectto:Ax < b
HereA e R™*™ x e R™,b € R",c € R™.

Suppose that the constraint matrdxis only a guess of the unknown true parametérwhich is
known to belonging to set (we call A the uncertainty s¢t We assume thak is constraint-wise
independent and polyhedral for each of the constraintst i§ha = [, A;, and for each, there

exists a matrixI'(i) and a vectow (i) such thath; = {a(i) " |T'(i)a(i) < v(i)}.

To quantify how a solutiox behaves with respect to the parameter uncertainty, we dagrfellow-
ing criterion to be minimized as itebustness measu(eore accurately, non-robustness measure).

- +
p(x) £ sup [AX - b}
Aea 1
n n ®)
= sup » max [é(i)Tx —b;,0] = max sup a(i) x| —b;,0p.
Aea ; ; &(1):T(D)a (i) <v (i)

Here[-] stands for the positive part of a vectér;) " is theith row of the matrixA, andb; is the
ith element ob. In words, the functiop(x) is the largest possible sum of constraint violations.

Using the weighted sum of the performance and robustnesstolg as the minimizing objective,
we formulate the explicit tradeoff between robustness artbpmance as:
GENERAL PROBLEM : A € [0, 1] Minimize: Ac"x + (1 — \)p(x)
Subject to:Ax < b. 4)
HereA e R™*™,x ¢ R™, b € R",c € R™.

By duality theorem, for a givem, supz;.z(ia()<v() a(i) 'x equals to the optimal value of the
following LP ony(4):
Minimize:  v(i) "y (i)
Subjectto: T'(i) "y(i) = x
y(i) > 0.
Thus, by adding slack variables, we rewrite GENERAL PROBL&¥Mhe following PLP and solve
it using Algorithm 1:
GENERALPROBLEM (PLP): A€ [0,1]  Minimize: \e¢"x+ (1 —A\)17z
Subject to:Ax < b,
T(i) y(i) =x,
v(i) Ty (i) — b; < z,
z >0,
y(@)>0;i=1,2,--- n.

®)



Here, 1 stands for a vector of ones of length z; is theith element ofz, andx, y(¢),z are the
optimization variables.

3 The robustness-performance tradeoff for MDPs with uncertan rewards

A (finite) MDP is defined as a 5-tuple T, S, A, p(+|s,a),r(s,a) > where: T is the (possibly
infinite) set of decision stages is the state setA; is the action set of state p(-|s,a) is the

transition probability; and-(s, a) is the expected reward of statewith actiona € A,. We use

r to denote the vector combining the reward for all statesacgairs and-; to denote the vector
combining all reward of state. Thus,r(s,a) = rs(a). Both.S and A; are assumed finite. Both

andr are time invariant.

In this section, we consider the case wheiis not known exactly. More specifically, we have a
nominal parameter(s, a) which is believed to be a reasonably good guess of the truardew he
rewardr is known to belong to a bounded $8t We further assume that the uncertainty Beis
state-wise independent and a polytope for each state. $fat+ [],_g R., and for eachs € S,
there exists a matriX’s; and a vectod, such thath, = {rs|Csr; > d,}. We assume that for
different visits of one state, the realization of the rewagéd not be identical and may take different
values within the uncertainty set. The set of admissibldrobpolicies for the decision maker is the
set of randomized history dependent policies, which we tiebpI17 %,

In the following three subsections we discuss differentdéad reward criteria: cumulative reward
with a finite horizon, discounted reward with infinite honizcand limiting average reward with
infinite horizon under a unichain assumption.

3.1 Finite horizon case

In the finite horizon casel{ = {1,---, N}), we assume without loss of generality that each state
belongs to only one stage, which is equivalent to the assampt non-stationary reward realization,
and useS; to denote the set of states at tie stage. We also assume that the first stage consists of
only one states;, and that there are no terminal rewards. We define the faligwo functions as

the performance measure and the robustness measure ofyazpelill? *:

N-1
P(W) £ EW{ Z F(siv ai)}a

N-1
AN, s
R(m) = gég}ﬁﬂ{; r(si,a;)}-

(6)

The minimum is attainable, siné& is compact and the total expected reward is a continuous func
tion of r. We say that a strategy is Pareto efficientf it obtains the maximum of?(7) among all
strategies that have a certain valueRifr). The following result is straightforward; the proof can
be found in the full version of the paper.

Proposition 1. 1. If 7* is a Pareto efficient strategy, then there exists & [0, 1] such that
7 € argmax,crur{AP(7) + (1 — A)R(m)}.

2. If m* € argmax,cur{\P(7) + (1 — A)R(m)} for someX € (0,1). Thenrt* is a Pareto
efficient strategy.

For0 <t < N, s € S, andX € [0, 1] define:

N-1
Pt(ﬂ}S) £ E, { Z ?(Si7ai)\st = s}

i=t

N-1
Ri(m,s) = ?éigg]E” { Z r(si,a;)|sy = s} M
Ms) & max, {APi(m,8) + (1 — M) Ry(m, 8)} .



We setPy = Ry = cy = 0, and note that} (s;) is the optimal RP tradeoff with weight. The
following theorem shows that the principle of optimalitylti® for c. The proof is omitted since it
follows similarly to standard backward induction in finiterfizon robust decision problems.

Theorem 1. For s € S;, t < N, let A4 be the probability simplex oA, then

ct’\(s) = max { min [)\ ZaeAs 7(s,a)q(a) + (1 = N) ZaGAS r(&a)q(a)] +

qEA; rs€R,
Y vesin Taea, P15, )a(@)ed () -

We now consider the maximin problem in each state and showtbdimd the solutions for alh

in one pass. We also prove thalt(s) is piecewise linear in\. Let Sy, 1 = {s',---,s¥}. Assume
forall j € {1,---,k}, ¢, (s7) are continuous piece-wise linear functions. Thus, we ceideli
[0,1] into finite (sayn) intervals[0, A1], - - - [An—1, 1] such that in each interval, a}; functions

are linear. That s, there exist constatitandm? such that;,, (s7) = UX4ml, for X € [Ni_1, Ai].
By the duality theorem, we have thal(s) equals to the optimal value of the following LP grand
q.
k: . .
Maximize: (1 — \)d]y + A\F, q + Z Z p(s?|s,a)g(a)cy,(s?)

j=lacA,
Subject to:Cy = q, (8)
1Tq=1,
q,y > 0.

Observe that the feasible set is the same fohaBubstitutingc;', ; (s7) and rearranging, it follows
that for A € [\;_1, \;] the objective function equals to

(1= N{ Laea, [Zho p(sils,a)mi | ala) + Ty }
+)\{ > aca, {F(& a) + Z?Il p(si|s,a)(l? + mf)} q(a)}.

Thus, forA € [\;_1, \;], from the optimal solution fon;_;, we can solve for al\ using Algo-
rithm 1. Furthermore, we need not to re-initiate for eaclervdl, since the optimal solution for
the end ofi*" interval is also the optimal solution for the begin of the tniexerval. It is obvious
that the resulting;(s) is also continuous, piecewise linear. Thus, siage= 0, the assumption of
continuous and piecewise linear value functions holds lekWard induction.

3.2 Discounted reward infinite horizon case

In this section we address the RP tradeoff for infinite horiddDPs with a discounted reward
criterion. For a fixed\, the problem is equivalent to a zero-sum game, with the oecimaker
trying to maximize the weighted sum aiNaturetrying to minimize it by selecting an adversarial
reward realization. A well known result in discounted zeton stochastic games states that, even if
non-stationary policies are admissible, a Nash equilibiiimwhich both players choose a stationary
policy exists; see Proposition 7.3 in [13].

Given an initial state distribution(s), it is also a known result [14] that there exists a one-to-
one correspondence relationship between the state-einsleiqnlmencieszg’i1 Y VE(1s, 2 5,0:=a) foOr
stationary strategies and vectors belonging to the fofigvgiolytopeX':

Z x(s',a) — Z Z vp(s'|s,a)z(s,a) = a(s’), z(s,a) >0, Vs,Va € As. 9)

a€A seSacAs

Since it suffices to consider a stationary policy for Nattine,tradeoff problem becomes:

Maximize: inf Z Z [MF(s,a)x(s,a) + (1 — N)r(s,a)z(s,a)]
TN S aed, (10)

Subjecttox € X.



By duality of LP, Equation (10) could be rewritten as thedaling PLP and solved by Algorithm 1.

MaximizeA Y~ Y~ 7(s,a)z(s,a) + (1 = A) Y _ [d]y.]

sES acA, s€s
Subject to: Z x(s',a) — Z Z yp(s'|s,a)z(s,a) = a(s'), Vs,
acA, SES a€A, (12)
x(s,a) >0, Vs,Va,
CIYS = Xs VS,
Ys > 0, Vs.

3.3 Limiting average reward case (unichain)

In the unichain case the set of limiting average statesadtequency vectors (that is, all limit points
of sequence$+ >, | E. [1%:37%:@]}, for r € 17 1) is the following polytopeY:

n=1
Z ZZ s'|s,a)x(s,a) = 0,Vs €S,
a€A, SES a€A,
Z Z x(s,a) =1, (12)
seSaEAs

z(s,a) > 0,Vs,Va € As.

As before, there exists an optimal maximin stationary goliBy a similar argument as for the
discounted case, the tradeoff problem can be convertee timtlowing PLP:

Maximizer >~ 7( )+ (=2 [d]y]

seS acA; ses

Subject tO:Z x(s', Z Z s'|s,a)z(s,a) =0, Vs,

a€Ay seS acA;

Z Z x(s,a) =1, (13)

sE€S acA,

C;rys =X, Vs,
ys >0, Vs,

x(s,a) >0, Vs, Va.

4 The RP tradeoff in MDPs with uncertain transition probabilit ies

In this section we provide a counterexample which demotestrthat the weighted sum criterion
in the most general case, i.e., the uncertain transitiobghitity case, may lead to non-Markovian
optimal policies.

In the finite horizon MDP shown in the Figure &, = {s1, 2,53, s4, s5,t1,t2,t3,t4}; Ay =
{a(1,1)}; A2 = {a(2,1)}; Ass = {a(3,1)}; Ay = {a(4,1)} and A5 = {a(5,1),a(5,2)}.
Rewards are only available at the final stage, and are plyrfecdwn. The nominal transition prob-
abilities arep (s2]s1,a(1,1)) = 0.5, p(s4]s2,a(2,1)) = 1, andp (t3]s5, a(5,2)) = 1. The set of
possible realization ig (s2]s1,a(1,1)) € {0.5}, p (s4]s2,a(2,1)) € [0, 1], andp (¢3|s5, a(5,2)) €
[0,1]. Observe that the worst parameter realizatiop(ist|s2, a(2,1)) = p(t3|s5,a(5,2)) = 0.

We look for the strategy that maximizes the sum of the nonieabrd and the worst-reward (i.e.,
A = 0.5). Since multiple actions only exist in staig, a strategy is determined by the action chosen
on s5. Let the probability of choosing actiar(5, 1) anda(5,2) bep and1 — p, respectively.

Consider the historys1 — s2”. In this case, with the nominal transition probabilityigtrajectory
will reacht1 with a reward of10, regardless of the choice pf The worst transition is that action
a(2,1) leads tos5 and actiona(5,2) leads tot4, hence the expected rewardds + 4(1 — p).
Therefore the optimal equals tal, i.e., the optimal action is to chooaé5, 1) deterministically.
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Figure 1: Example of non-Markovian best strategy

Consider the historys1 — s3". In this case, the nominal reward i + 8(1 — p), and the worst
case reward i§p + 4(1 — p). Thusp = 0 optimize the weighted sum, i.e., the optimal strategy is to
choose(5, 2).

The unique optimal strategy for this example is thus nonKdaan. This non-Markovian property
implies a possibility that past actions affect the choicéutidire actions, and hence could render the
problem intractable. The optimal strategy is non-Marko\bacause we are taking expectation over
two different probability measures, hence the smoothigerty of conditional expectation cannot
be used in finding the optimal strategy.

5 A computational example

We apply our algorithm to @-stage machine maintenance problem. £ét {1, --- ,n} denote the
state space for each stage. In statéhe decision maker can choose either to replace the machine
which will lead to statel deterministically, or to continue running, which with pediility p will

lead to stater + 1. If the machine is in state, then the decision maker has to replace it. The
replacing cost is perfectly known to lag, and the nominal running cost in statés c;. We assume

that the realization of the running cost lies in the intefegl— oy, cp, + 0]. We setey, = Vvh -1
andd, = 2h/n. The objective is to minimize the total cost, in a risk-aegeadtitude. Figure 2(a)
shows the tradeoff of this MDP.

For each solution found, we sample the reward 300 times di@pto a uniform distribution. We
normalize the cost for each simulation, i.e., we divide thstdy the smallest expected nominal
cost. Denoting the normalized cost of thg simulation for strategy ass; (), we use the following
function to compare the solutions:

oy S [si(5)]

vj(a) = 300 .
Note thato = 1 is the mean of the simulation cost, whereas largputs higher penalty on deviation
representing a risk-averse decision maker. Figure 2(hyshioat, the solutions that focus on nomi-
nal parameters (i.e) close tol) achieve good performance for smallbut worse performance for
largea. Thatis, if the decision maker is risk neutral, then the sohs based on nominal parameters
are good. However, these solutions are not robust and agondtchoices for risk-averse decision
makers. Note that, in this example, the nominal éeshe expected cost for each stage, i.e., the
parameters are exactly formulated. Even in such case, wihaegsk-averse decision makers can
benefit from considering the RP tradeoff.

6 Concluding remarks

In this paper we proposed a method that directly addressesiiustness versus performance trade-
off by treating the robustness as an optimization objectBased on PLP, for MDPs where only
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Figure 2: The machine maintenance problem: (a) the PR tflad®&) normalized mean of the
simulation for different values af.

rewards are uncertain, we presented an efficient algorittahdomputes the whole set of optimal
RP tradeoffs for MDPs with finite horizon, infinite horizorsdounted reward, and limiting average
reward (unichain). For MDPs with uncertain transition @bliities, we showed an example where
the solution may be non-Markovian and hence may in generialtkaectable.

The main advantage of the presented approach is that it sstre@obustness directly. This frees
the decision maker from the need to make probabilistic aptionms on the problems parameters. It
also allows the decision maker to determine the desiredstobas-performance tradeoff based on
observing the whole curve of possible tradeoffs rather theessing a single value.
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