Non-rigid point setregistration: Coherent Point Drift
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Abstract

We introduceCoherentPoint Drift (CPD),a novel probabilisticmethodfor non-
rigid registrationof point sets. The registrationis treatedasa Maximum Lik e-
lihood (ML) estimationproblemwith motion coherenceconstraintover the ve-
locity eld suchthatonepoint setmovescoherentlyto align with the secondset.
We formulatethemotioncoherenceonstrainandderive asolutionof regularized
ML estimationthroughthe variationalapproachyhich leadsto anelegantkernel
form. We alsoderive the EM algorithmfor the penalizedVL optimizationwith
deterministiannealingThe CPDmethodsimultaneouslynds boththenon-rigid
transformationand the correspondencbetweentwo point setswithout making
ary prior assumptiorof the transformatiormodel exceptthat of motion coher
ence. This methodcan estimatecomplex non-linearnon-rigid transformations,
andis shovn to beaccurateon 2D and3D examplesandrobustin the presencef
outliersandmissingpoints.

1 Intr oduction

Registrationof point setsis animportantissuefor mary computervision applicationssuchasro-
bot navigation, imageguidedsumgery, motion tracking,andfacerecognition. In fact, it is the key
componentin taskssuchas object alignment,stereomatching, point set correspondenceamage
segmentationand shape/pattermatching. The registrationproblemis to nd meaningfulcorre-
spondencb®etweertwo point setsandto recoverthe underlyingtransformatiorthatmapsonepoint
settothesecondThe“points” in thepointsetarefeaturesmostoftenthelocationsof interestpoints
extractedfrom animage. Othercommongeometricafeaturesincludeline segments,implicit and
parametriccurvesandsurfaces.Any geometricafeaturecanbe represente@sa point set;in this
sensethe pointlocationsis the mostgenerabf all features.

Ragistrationtechniqueganberigid or non-rigiddependingntheunderlyingtransformationmodel.
Thekey characteristiof arigid transformations thatall distancesrepresered. Thesimpleston-
rigid transformations af ne, which alsoallows anisotropicscalingandskews. Effective algorithms
exist for rigid andaf ne registration. However, the needfor more generalnon-rigid registration
occursin mary tasks,wherecomple< non-lineartransformatiormodelsare required. Non-linear
non-rigidregistrationremainsa challengan computervision.

Many algorithmsexist for point setsregistration.A directway of associatingointsof two arbitrary
patternss proposedn [1]. Thealgorithmexploits propertiesof singularvaluedecompositiorand
works well with translation,shearingand scalingdeformations. However, for a non-rigid trans-
formation, the methodperformspoorly. Anotherpopularmethodfor point setsregistrationis the
Iterative ClosestPoint (ICP) algorithm[2], which iteratively assignscorrespondencand nds the
leastsquaredransformation(usually rigid) relating thesepoint sets. The algorithmthenredeter
minesthe closestpoint setandcontinueauntil it reacheghe local minimum. Many variantsof ICP



have beenproposedhataffectall phase®f thealgorithmfrom the selectiorandmatchingof points
to theminimizationstratgy [3]. Nonetheles$CP requiresthattheinitial poseof thetwo point sets
beadequatelyglose,whichis not alwayspossible gspeciallywhentransformatioris non-rigid[3].

Several non-rigid registrationmethodsare introduced[4, 5]. The Rolust Point Matching (RPM)
method[4] allows globalto local searchandsoft assignmenof correspondencdsetweertwo point
sets. In [5] it is further shavn that the RPM algorithm s similar to ExpectationMaximization
(EM) algorithmsfor the mixture models,whereone point setrepresentslatapointsandthe other
representsentroidsof mixturemodels.In both papersthe non-rigidtransformis parameterizedy
Thin PlateSpline (TPS)[6], leadingto the TPS-RPMalgorithm[4]. Accordingto regularization
theory the TPS parametrizations a solutionof the interpolationproblemin 2D that penalizeghe
secondorder derivatives of the transformation. In 3D the solutionis not differentiableat point
locations.In four or higherdimensionghe generalizatiorcollapsesompletely[7]. The M-stepin

the EM algorithmin [5] is approximatedor simpli cation. As aresult,the approachis not truly

probabilisticanddoesnotlead,in generalto thetrue MaximumLik elihoodsolution.

A correlation-basedpproacho point setregistrationis proposedn [8]. Two datasetsarerepre-
sentechsprobabilitydensitiesestimatedisingkerneldensityestimation.Theregistrationis consid-
eredasthe alignmentbetweerthetwo distributionsthat minimizesa similarity functionde ned by
L, norm. Thisapproachs furtherextendedn [9], wherebothdensitiesarerepresentedsGaussian
Mixture Models(GMM). Onceagainthin-platesplineis usedto parameterizéhesmoothnon-linear
underlyingtransformation.

In this paperwe introducea probabilisticmethodfor point setregistrationthatwe call the Coherent
PointDrift (CPD)method.Similarto [5], giventwo pointsetswe t a GMM to the rst pointset,
whoseGaussiartentroidsareinitialized from thepointsin the secondset. However, unlike[4, 5, 9]
which assumes thin-platesplinetransformationwe do not make ary explicit assumptiorof the
transformatiormodel. Instead,we considerthe processof adaptingthe Gaussiarcentroidsfrom
their initial positionsto their nal positionsasa temporalmotion processandimposea motion
coherenceconstraintover the velocity eld. Velocity coherences a particularway of imposing
smoothnessn the underlyingtransformation. The conceptof motion coherencavas proposedn
the Motion Coherencé& heory[10]. Theintuition is that pointscloseto oneanothertendto move
coherently This motion coherenceonstraintpenalizederivativesof all ordersof the underlying
velocity eld (thin-platesplineonly penalizeghe secondorderderivative). Examplesof velocity
elds with differentlevels of motion coherencdor differentpoint correspondencareillustratedin
Fig. 1.
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Figurel: (a) Two givenpoint sets.(b) A coherentvelocity eld. (c, d) Velocity elds thatareless
coherenfor thegivencorrespondences.

We derive a solutionfor the velocity eld througha variationalapproactby maximizingthelik eli-

hoodof GMM penalizedby motioncoherenceWe shav thatthe nal transformatiorhasanelegant
kernelform. We alsoderive anEM algorithmfor the penalizedML optimizationwith deterministic
annealing.Oncewe have the nal positionsof the GMM centroids,the correspondencbetween
the two point setscanbe easilyinferredthroughthe posteriorprobability of the Gaussiarmixture
componentgliventhe rst point set. Our methodis a true probabilisticapproachandis shavn to

be accurateandrobustin the presencef outliersandmissingpoints,andis effective for estimation
of complex non-linearmnon-rigid transformationsThe restof the paperis organizedasfollows. In

Section2 we formulatethe problemandderive the CPD algorithm. In Section3 we presentthe
resultsof CPDalgorithmandcomparéts performancavith thatof RPM [4] andICP[2]. In Section
4 we summarizehepropertief CPDanddiscusgheresults.



2 Method

Assumetwo point setsaregiven,wherethetemplatepointsetY = (y1;:::;ym )" (expressedisa
M D matrix) shouldbeallgnedW|th thereferencepointsetX = (x1;:::;Xn)" (expressedisa
N D matrix)andD is thedimensionof the points. We considerthe pointsin Y asthe centroids
of a GaussiarMixture Model,and t it to thedatapointsX by maximizingthelikelihoodfunction.
We denoteY ( astheinitial centroidpositionsandde ne a continuousvelocity functionv for the
templatepoint setsuchthatthe currentpositionof centroidsis de nedasY = v(Y o) + Yo.

Considera Gaussian-mixturéensityp(x) = P m=1 Mip(xjm) with xjm N (ym; 2lp), where
Y represent® -dimensionakentroidsof equally-weightedsaussiansvith equalisotropiccovari-
ancematricesandX setrepresentslatapoints.In orderto enforcea smoothmotion constraintwe
de ne thepriorp(Yj )/ exp( 5 (Y)),where isaweightingconstanand (Y) isafunction
thatregularizeghemotionto besmooth.UsingBayestheoremwewantto nd theparameter¥ by
maximizingthe posterioriprobability, or equivalentlyby minimizing thefollowing enegy function:

XY hd CLxn vm L2
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We make thei.i.d. dataassumptiorandignoretermsindependenof Y . Equationl hasa similar
form to that of GeneralizecElastic Net (GEN) [11], which hasshavn good performancén non-
rigid imageregistration[12]; notethattherewe directly penalizedY , while herewe penalizethe
transformatiorv. The functionrepresentsur prior knowledgeaboutthe motion,which shouldbe
smooth. Speci cally, we wantthe velocity eld v generatedy templatepoint setdisplacemento
be smooth.Accordingto [13], smoothness a measuref the“oscillatory” behavior of a function.
Within the classof differentiablefunctions,one functionis saidto be smootherthananotherif it
oscillatedess;in otherwords,if it haslessenepgy at high frequeng. The high frequeng contentof
afunctioncanbemeasuredby rst high- passltgrlng thefunction,andthenmeasuringheresulting
power. This canbe representeds (V) = .4 j¥(s)j>=G(s) ds, where v indicatesthe Fourier
transformof the velocity and G is somepositive functionthatapproachegeroasksk ! 1 . Here
G representa symmetriclow-pass lter, sothatits Fourier transformG is real and symmetric.
Following this formulation,we rewrite the enegy functionas:

z .,
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E(w) = log 7 e G(S)
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It canbe shawn usinga variationalapproach(seeAppendix A for a sketch of the proof) that the
functionwhich minimizesthe enegy functionin Eq. 2 hasthe form of theradialbasisfunction:

b4
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m=1

We choosea Gaussiarkernelform for G (noteit is not relatedto the Gaussiarform of the distri-
bution chosenfor the mixture model). Thereare several motivationsfor sucha Gaussiarchoice:
First, it satis esthe requiredproperties(symmetric,positive de nite, and G approachegzero as
ksk I 1 ). Seconda Gaussiarlow pass Ilter hasthe propertyof having the Gaussiarform in
both frequeny andtime domainwithout oscillations. By choosingan appropriatelysizedGauss-
ian Iter we have the e xibility to controltherangeof ltered frequencieandthusthe amountof
spaualsmoothnessThwd the choiceof the Gaussiarmakesour regularizatignterm equvalentto
the onein Motion CoherenceTheory(MCT) [10]. The regularizationterm 4 j¥(s)j?=G(s) ds,
with aGaussmriunc&onﬁor G,is equvalentto the sumof weightedsquare®f all orderderivatives
of thevelocity eld i 121 mom (D™Mv)? [10, 13] , whereD is a derivative operatorso that
D2My = r 2My andD?"*1v = r (r 2™v). Theequivalenceof the regularizationtermwith that
of the Motion Coherencé& heoryimpliesthatwe areimposingmotioncoherencemongthe points
andthuswe call our methodthe CoherentPoint Drift (CPD) method.Detaileddiscussiorof MCT
canbefoundin [10]. Substitutingthe solutionobtainedn Eq. 3 backinto Eq. 2, we obtain



CPD algorithm:
Initialize parameters ;
ConstructG matrix, initialize Y = Y o
Deterministicannealing:
EM optimization,until corvergence:
E-step:ComputeP
M-step: Solvefor W from Eq.7
UpdateY = Yo+ GW
Anneal =
Computethevelocity eld: v(z) = G(z; )W

Figure2: Pseudo-codef CPDalgorithm.
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where Gy v is a squaresymmetrlc Gram matrix with elementsg; = e
Wwnm b = (wyg;:::;wy )T isamatrix of the Gaussiarkernelweightsin Eq. 3.

Optimization. FollowingtheEM algorithmderivationfor clusteringusingGaussiamMixture Model
[14], wecan nd theupperboundof thefunctionin Eq. 4 as(E-step):

XM ) 2
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n=1 m=1

where P°¢ denotesthe posterior probabilities calculatedusing previous parametevalues, and
G(m; ) denoteshem™ row of G. Minimizing the upperboundQ will leadto a decreasén the
valueof theenepgy functionE in Eq. 4, unlesst is alreadyatlocal minimum. Takingthederivative
of Eq.5 with respecto W , andrewriting the equationin matrix form, we obtain(M-step)

% izG(dlag(Pl))(Y0+ GW) PX)+ GW =0 (6)
1oy P 1 v 2
whereP is a matrix of posteriorprobabilitieswith pnn = € ° M . € :

Thediag( ) notationindicatesdiagonalmatrix and1 is a columnvectorof aII ones Multlplylng
Eq.6by 2G ! (whichexistsfor aGaussiarkernel)we obtaina linearsystemof equations:

(diag(P1)) G + 21)W = PX diag(P1) Y ©)

Solvingthe systemfor W is the M-stepof EM algorithm. The E steprequirescomputationof the
posteriorprobability matrix P. The EM algorithmis guaranteedo corvergeto a local optimum
from almostary startingpoint. Eq. 7 canalsobe obtaineddirectly by nding thederivative of Eq. 4
with respecto W andequatingit to zero. This resultsin a systemof nonlinearequationghatcan
beiteratively solvedusing x edpointupdatewhichis exactlythe EM algorithmshavn above. The
computationatompleity of eachEM iterationis dominatedy the linear systemof Eq. 7, which
takesO(M 3). If usinga truncatedGaussiarkerneland/orlinear conjugategradients this canbe
reducedo O(M 2).

Robustnesgo Noise. Theuseof aprobabilisticassignmendf correspondencdsetweerpointsetsis
innatelymorerobustthanthebinaryassignmentisedin ICP. However, the GMM requireghateach
datapoint be explainedby themodel.In orderto accounfor outliers,we addanadditionaluniform
pdf componento the mixture model. This new component:hangespostenorprobablI|ty matrix P

2
1 YOId Xn 1 YOId Xn

1 =) 1
in Eq.7, whichnow is de nedaspm, = e ° ((2 2)7 M ae’ ), where
a de nesthesupportfor the uniform pdf. The useof the uniform d|str|but|0n greatlyimprovesthe

noise.

FreeParameters. Therearethreefreeparametersr themethod:; and . Parameter represents
the tradeoff betweendata tting andsmoothnessegularization. Parameter re ects the strength



of interactionbetweerpoints. Smallvaluesof producdocally smoothtransformationwhile large
valuesof correspondo nearlypuretranslationtransformationThevalueof senesasacapture
rangefor eachGaussiamixturecomponentSmaller indicatessmallerandmorelocalizedcapture
rangefor eachGaussiarcomponenin the mixture model. We usedeterministicannealingfor

startingwith alargevalueandgraduallyreducingit accordingo =, where isannealingate
(normallybetweer{0.920.98]),sothattheannealingorocesss slow enoughfor thealgorithmto be
robust. Thegradualreducingof leadsto a coarse-to- nematchstrategyy. We summarizehe CPD
algorithmin Fig. 2.

3 Experimental Results

We shaw the performanceof CPD on arti cial datawith non-rigid deformations.The algorithmis
implementedn Matlab,andtestedon a Pentium4CPU3GHzwith 4GBRAM. Thecodeis available
atwww.csee.ogi.edu/  ~myron/matlab/cpd . Theinitial valueof and aresetto 1.0in
all experiments.Thestartingvalueof is 3.0andgraduallyannealedvith = 0:97. The stopping
conditionfor the iterative processs eitherwhenthe currentchangein parametersiropsbelowv a
thresholdof 10 © or the numberof iterationsreacheghe maximumof 150.

CPDalgorithm

Figure3: Registrationresultsfor the CPD,RPM andICP algorithmsfrom top to bottom. The rst
columnshaws template( ) andreferencg+ ) point sets. The secondcolumnshaws the registered
position of the templatesetsuperimposedver the referenceset. The third columnrepresentshe
recoveredunderlyingdeformation Thelastcolumnshawvsthelink betweerinitial and nal template
point positions(only every secondpoint's displacemenis shown).

Onaveragethealgorithmcorvergesin few secondsndrequiresaround80iterations.All pointsets
arepreprocessetb have zeromeanand unit variance(which normalizestranslationand scaling).
We compareour methodon non-rigid point registrationwith RPM and ICP. The RPM and ICP
implementationsandthe 2D point setsusedfor comparisoraretaken from the TPS-RPMMatlab
packagd4].

Forthe rst experiment(Fig. 3) we usetwo cleanpointsets.BothCPDandRPMalgorithmsproduce
accurataesultsfor non-rigidregistration. The ICP algorithmis unableto escapea local minimum.
We shaw thevelocity eld throughthedeformatiorof aregulargrid. Thedeformationeld for RPM
correspond$o parameterized PStransformationyhile thatfor CPDrepresenta motioncoherent
non-lineardeformation.For the secondexperiment(Fig. 4) we make theregistrationproblemmore
challenging. The sh headin the referencepoint setis removed, andrandomnoiseis added. In
thetemplatepoint setthetail is removed. The CPD algorithmshaws robustnesvenin the areaof



missingpointsandcorrupteddata. RPM incorrectlywrapspointsto the middle of the gure. We
have alsotried differentvaluesof smoothnesparametergor RPM without muchsuccessandwe
only shawv the bestresult. ICP alsoshows poorperformancendis stuckin alocal minimum.

For the 3D experiment(Fig. 5) we show the performancef CPDon 3D faces.Thefacesurfaceis
de ned by the setof control points. We arti cially deformthe control point positionsnon-rigidly
anduseit asatemplatepoint set. The original control point positionsareusedasa referencepoint
set.CPDis effective andaccurateor this 3D non-rigidregistrationproblem.

CPDalgorithm
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Figure4: Thereferencepoint setis corruptedto make theregistrationtaskmorechallenging.Noise
is addedandthe sh headis removedin the referencepoint set. Thetail is alsoremovedin the
templatepoint set. The rst columnshaws template( ) andreferencg+) point sets. The second
columnshaws the registeredpositionof the templatesetsuperimposedver the referenceset. The
third column representghe recaveredunderlyingdeformation. The last column shaws the link

betweertheinitial and nal templatepoint positions.

4 Discussionand Conclusion

We intoduceCoherenPointDrift, anew probabilisticmethodfor non-rigidregistrationof two point
sets.Theregistrationis considerecasa Maximum Lik elihoodestimationproblem,whereonepoint
setrepresentgentroidsof a GMM andthe otherrepresentshe data. We regularizethe velocity
eld over the pointsdomainto enforcecoherentmotion andde ne the mathematicaformulation
of this constraint. We derive the solutionfor the penalizedVL estimationthroughthe variational
approachandshowv thatthe nal transformatiorhasan elegantkernelform. We also derive the
EM optimizationalgorithmwith deterministicannealing.Theestimatedrelocity eld representthe
underlyingnon-rigid transformation.Oncewe have the nal positionsof the GMM centroids the
correspondendeetweerthetwo pointsetscanbeeasilyinferredthroughthe posterioprobability of



u(d),

Figure5: Theresultsof CPD non-rigidregistrationon 3D point sets.(a, d) Thereferencdaceand
its control point set. (b, ) The templatefaceandits control point set. (c, f) Resultobtainedby
registeringthetemplatepoint setontothereferencepoint setusingCPD.

the GMM componentgiventhe data. The computationatomplexity of CPDis O(M 2), whereM
is thenumberof pointsin templatepointset. It is worth mentioningthatthe componentén thepoint
vectorarenot limited to spatialcoordinatesThey canalsorepresenthe geometricatharacteristic
of an object(e.qg., curvature,moments),or the featuresextractedfrom the intensityimage (e.g.,
color, gradient).We comparehe performancef the CPDalgorithmon 2D and3D dataagainstCP
andRPM algorithms,andshav how CPD outperformsboth methodsin the presencef noiseand
outliers. It shouldbe notedthat CPD doesnot work well for largein-planerotation. Typically such
transformatiorcanbe rst compensatetly otherwell known global registrationtechniquesefore
CPDalgorithmis carriedout. The CPD methodis mosteffective whenestimatingsmoothnon-rigid
transformations.

Appendix A

Z o2
L IS)i ds (8)
2 re G(s)

Considerthe functionin Eq.8, whereym = yom + V(Yom )Randyon is theinitial positionof y,
point. v is a continuousvelocity functionandv(yom) = gd w(s)e? < YomiS> ds in termsof its
Fouriertransformw. The following derivationfollows [13]. Substitutingv into equationEg. 8 we
obtain:

X\I XA 1 Xn Yom RRd w(s)e2 i< Yom s> gg 2 7 . ,
E(v) = log e ? . iw9)j
2 ga G(s)

ds 9)
n=1 m=1
In orderto nd the minimum of this functionalwe take its functionalderivativeswith respecto v,

E(w) _— d.
sothat w0 0, 8t 2 R¢:
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We now de ne thecoefcients agn, = , andrewrite thefunctionalderiva-

tiveas:
XM . Mo .
Amn g < Yomit> 4 WY = ( Amn )82 I< Yomit> 4 V(—t) =0 (10)
n=1 m=1 G(th m=1 n=1 G(t)

Denotingthenew coefcients wy, = 1 E=l amn , andchangingt to t, we multiply by G(t) on

bothsidesof this equationwhich resultsin:

X .
wt) = G( t) Wpe 2 1< Yomit> (11)
m=1
Assumingthat G is symmetric(sothatits Fouriertransformis real),andtakingthe inverseFourier
transformof thelastequationwe obtain:

hd X
v(z) = G(2) Wm (Z  Yom) = WmG(z  Yom) (12)
m=1 m=1
Sincew, dependnyv throughan,, andyn,,thew, thatsolve Eq.12 mustsatisfyaselfconsisteng
equationequialentto Eq. 7. A speci ¢ form of regularizerG resultsin aspeci ¢ basisfunctionG.
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