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Abstract

We introduceCoherentPointDrift (CPD),a novel probabilisticmethodfor non-
rigid registrationof point sets. The registrationis treatedasa Maximum Like-
lihood (ML) estimationproblemwith motion coherenceconstraintover the ve-
locity �eld suchthatonepoint setmovescoherentlyto align with thesecondset.
Weformulatethemotioncoherenceconstraintandderiveasolutionof regularized
ML estimationthroughthevariationalapproach,which leadsto anelegantkernel
form. We alsoderive theEM algorithmfor thepenalizedML optimizationwith
deterministicannealing.TheCPDmethodsimultaneously�nds boththenon-rigid
transformationand the correspondencebetweentwo point setswithout making
any prior assumptionof the transformationmodelexcept that of motion coher-
ence. This methodcanestimatecomplex non-linearnon-rigid transformations,
andis shown to beaccurateon2D and3D examplesandrobustin thepresenceof
outliersandmissingpoints.

1 Intr oduction

Registrationof point setsis an importantissuefor many computervision applicationssuchasro-
bot navigation, imageguidedsurgery, motion tracking,andfacerecognition. In fact, it is thekey
componentin taskssuchas object alignment,stereomatching,point set correspondence,image
segmentationandshape/patternmatching. The registrationproblemis to �nd meaningfulcorre-
spondencebetweentwo pointsetsandto recovertheunderlyingtransformationthatmapsonepoint
setto thesecond.The“points” in thepointsetarefeatures,mostoftenthelocationsof interestpoints
extractedfrom an image. Othercommongeometricalfeaturesincludeline segments,implicit and
parametriccurvesandsurfaces.Any geometricalfeaturecanbe representedasa point set; in this
sense,thepoint locationsis themostgeneralof all features.

Registrationtechniquescanberigid or non-rigiddependingontheunderlyingtransformationmodel.
Thekey characteristicof arigid transformationis thatall distancesarepreserved.Thesimplestnon-
rigid transformationis af�ne, whichalsoallowsanisotropicscalingandskews. Effectivealgorithms
exist for rigid andaf�ne registration. However, the needfor more generalnon-rigid registration
occursin many tasks,wherecomplex non-lineartransformationmodelsarerequired. Non-linear
non-rigidregistrationremainsa challengein computervision.

Many algorithmsexist for pointsetsregistration.A directwayof associatingpointsof two arbitrary
patternsis proposedin [1]. Thealgorithmexploits propertiesof singularvaluedecompositionand
works well with translation,shearingandscalingdeformations.However, for a non-rigid trans-
formation,the methodperformspoorly. Anotherpopularmethodfor point setsregistrationis the
Iterative ClosestPoint (ICP) algorithm[2], which iteratively assignscorrespondenceand�nds the
leastsquarestransformation(usually rigid) relatingthesepoint sets. The algorithmthenredeter-
minestheclosestpoint setandcontinuesuntil it reachesthelocal minimum. Many variantsof ICP



havebeenproposedthataffectall phasesof thealgorithmfrom theselectionandmatchingof points
to theminimizationstrategy [3]. NonethelessICP requiresthattheinitial poseof thetwo point sets
beadequatelyclose,which is notalwayspossible,especiallywhentransformationis non-rigid[3].

Several non-rigid registrationmethodsare introduced[4, 5]. The Robust Point Matching(RPM)
method[4] allowsglobalto localsearchandsoftassignmentof correspondencesbetweentwo point
sets. In [5] it is further shown that the RPM algorithm is similar to ExpectationMaximization
(EM) algorithmsfor the mixture models,whereonepoint setrepresentsdatapointsandtheother
representscentroidsof mixturemodels.In bothpapers,thenon-rigidtransformis parameterizedby
Thin PlateSpline(TPS)[6], leadingto the TPS-RPMalgorithm[4]. Accordingto regularization
theory, theTPSparametrizationis a solutionof the interpolationproblemin 2D thatpenalizesthe
secondorder derivativesof the transformation. In 3D the solution is not differentiableat point
locations.In four or higherdimensionsthegeneralizationcollapsescompletely[7]. TheM-stepin
the EM algorithmin [5] is approximatedfor simpli�cation. As a result,the approachis not truly
probabilisticanddoesnot lead,in general,to thetrueMaximumLikelihoodsolution.

A correlation-basedapproachto point setregistrationis proposedin [8]. Two datasetsarerepre-
sentedasprobabilitydensities,estimatedusingkerneldensityestimation.Theregistrationis consid-
eredasthealignmentbetweenthetwo distributionsthatminimizesa similarity functionde�ned by
L 2 norm.Thisapproachis furtherextendedin [9], wherebothdensitiesarerepresentedasGaussian
Mixture Models(GMM). Onceagainthin-platesplineis usedto parameterizethesmoothnon-linear
underlyingtransformation.

In this paperwe introducea probabilisticmethodfor point setregistrationthatwe call theCoherent
PointDrift (CPD)method.Similar to [5], giventwo point sets,we �t a GMM to the�rst point set,
whoseGaussiancentroidsareinitialized from thepointsin thesecondset.However, unlike [4, 5, 9]
which assumesa thin-platesplinetransformation,we do not make any explicit assumptionof the
transformationmodel. Instead,we considerthe processof adaptingthe Gaussiancentroidsfrom
their initial positionsto their �nal positionsasa temporalmotion process,and imposea motion
coherenceconstraintover the velocity �eld. Velocity coherenceis a particularway of imposing
smoothnesson the underlyingtransformation.The conceptof motion coherencewasproposedin
theMotion CoherenceTheory[10]. The intuition is thatpointscloseto oneanothertendto move
coherently. This motion coherenceconstraintpenalizesderivativesof all ordersof theunderlying
velocity �eld (thin-platesplineonly penalizesthe secondorderderivative). Examplesof velocity
�elds with differentlevelsof motioncoherencefor differentpoint correspondenceareillustratedin
Fig. 1.

(a) (b) (c) (d)

Figure1: (a) Two givenpoint sets.(b) A coherentvelocity �eld. (c, d) Velocity �elds thatareless
coherentfor thegivencorrespondences.

We derive a solutionfor thevelocity �eld througha variationalapproachby maximizingthelikeli-
hoodof GMM penalizedby motioncoherence.Weshow thatthe�nal transformationhasanelegant
kernelform. We alsoderiveanEM algorithmfor thepenalizedML optimizationwith deterministic
annealing.Oncewe have the �nal positionsof the GMM centroids,the correspondencebetween
the two point setscanbe easilyinferredthroughtheposteriorprobabilityof theGaussianmixture
componentsgiven the �rst point set. Our methodis a true probabilisticapproachandis shown to
beaccurateandrobustin thepresenceof outliersandmissingpoints,andis effective for estimation
of complex non-linearnon-rigid transformations.Therestof thepaperis organizedasfollows. In
Section2 we formulatethe problemandderive the CPD algorithm. In Section3 we presentthe
resultsof CPDalgorithmandcompareits performancewith thatof RPM[4] andICP[2]. In Section
4 we summarizethepropertiesof CPDanddiscusstheresults.



2 Method

Assumetwo point setsaregiven,wherethetemplatepoint setY = (y 1; : : : ; yM )T (expressedasa
M � D matrix) shouldbealignedwith thereferencepoint setX = (x 1; : : : ; xN )T (expressedasa
N � D matrix) andD is thedimensionof thepoints.We considerthepointsin Y asthecentroids
of a GaussianMixture Model,and�t it to thedatapointsX by maximizingthelikelihoodfunction.
We denoteY 0 asthe initial centroidpositionsandde�ne a continuousvelocity function v for the
templatepointsetsuchthatthecurrentpositionof centroidsis de�ned asY = v(Y 0) + Y 0.

Considera Gaussian-mixturedensityp(x) =
P M

m =1
1

M p(xjm) with xjm � N (ym ; � 2I D ), where
Y representsD-dimensionalcentroidsof equally-weightedGaussianswith equalisotropiccovari-
ancematrices,andX setrepresentsdatapoints.In orderto enforcea smoothmotionconstraint,we
de�ne theprior p(Y j� ) / exp(� �

2 � (Y )) , where� is a weightingconstantand� (Y ) is a function
thatregularizesthemotionto besmooth.UsingBayestheorem,wewantto �nd theparametersY by
maximizingtheposterioriprobability, or equivalentlyby minimizing thefollowing energy function:

E(Y ) = �
NX

n =1

log
MX

m =1

e� 1
2 k x n � y m

� k2

+
�
2

� (Y ) (1)

We make the i.i.d. dataassumptionandignoretermsindependentof Y . Equation1 hasa similar
form to that of GeneralizedElasticNet (GEN) [11], which hasshown goodperformancein non-
rigid imageregistration[12]; notethat therewe directly penalizedY , while herewe penalizethe
transformationv. The� functionrepresentsourprior knowledgeaboutthemotion,whichshouldbe
smooth.Speci�cally, we want thevelocity �eld v generatedby templatepoint setdisplacementto
besmooth.Accordingto [13], smoothnessis a measureof the“oscillatory” behavior of a function.
Within the classof differentiablefunctions,onefunction is saidto be smootherthananotherif it
oscillatesless;in otherwords,if it haslessenergy athigh frequency. Thehigh frequency contentof
a functioncanbemeasuredby �rst high-pass�ltering thefunction,andthenmeasuringtheresulting
power. This can be representedas � (v) =

R
Rd j~v(s)j2=~G(s) ds, where ~v indicatesthe Fourier

transformof thevelocity and ~G is somepositive functionthatapproacheszeroasksk ! 1 . Here
~G representsa symmetriclow-pass�lter , so that its Fourier transformG is real and symmetric.
Following this formulation,we rewrite theenergy functionas:

E(~v) = �
NX

n =1

log
MX

m =1

e� 1
2 k x n � y m

� k2

+
�
2

Z

Rd

j~v(s)j2

~G(s)
ds (2)

It canbe shown usinga variationalapproach(seeAppendixA for a sketchof the proof) that the
functionwhichminimizestheenergy functionin Eq.2 hastheform of theradialbasisfunction:

v(z) =
MX

m =1

wm G(z � y0m ) (3)

We choosea Gaussiankernelform for G (noteit is not relatedto theGaussianform of thedistri-
bution chosenfor the mixture model). Thereareseveral motivationsfor sucha Gaussianchoice:
First, it satis�es the requiredproperties(symmetric,positive de�nite, and ~G approacheszero as
ksk ! 1 ). Second,a Gaussianlow pass�lter hasthe propertyof having the Gaussianform in
both frequency andtime domainwithout oscillations. By choosingan appropriatelysizedGauss-
ian �lter we have the �e xibility to control the rangeof �ltered frequenciesandthustheamountof
spatialsmoothness.Third, thechoiceof theGaussianmakesour regularizationtermequivalentto
the one in Motion CoherenceTheory (MCT) [10]. The regularizationterm

R
Rd j~v(s)j2=~G(s) ds,

with aGaussianfunctionfor G, is equivalentto thesumof weightedsquaresof all orderderivatives
of the velocity �eld

R
Rd

P 1
m =1

� 2m

m !2m (D m v)2 [10, 13] , whereD is a derivative operatorso that
D 2m v = r 2m v andD 2m +1 v = r (r 2m v). Theequivalenceof the regularizationtermwith that
of theMotion CoherenceTheoryimpliesthatwe areimposingmotioncoherenceamongthepoints
andthuswe call our methodtheCoherentPointDrift (CPD)method.Detaileddiscussionof MCT
canbefoundin [10]. Substitutingthesolutionobtainedin Eq.3 backinto Eq.2, weobtain



CPD algorithm:
� Initialize parameters�; � ; �
� ConstructG matrix, initialize Y = Y 0
� Deterministicannealing:

� EM optimization,until convergence:
� E-step:ComputeP
� M-step:Solve for W from Eq.7
� UpdateY = Y 0 + GW

� Anneal� = ��
� Computethevelocity �eld: v(z) = G(z; �)W

Figure2: Pseudo-codeof CPDalgorithm.

E(W ) = �
NX

n =1

log
MX

m =1

e
� 1

2










x n � y 0m �
P M

k =1 w k G ( y 0k � y 0m )
�










2

+
�
2

tr
�
W T GW

�
(4)

where G M � M is a squaresymmetric Gram matrix with elementsgij = e� 1
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and
W M � D = (w1; : : : ; wM )T is a matrixof theGaussiankernelweightsin Eq.3.

Optimization. Following theEM algorithmderivationfor clusteringusingGaussianMixture Model
[14], wecan�nd theupperboundof thefunctionin Eq.4 as(E-step):

Q(W ) =
NX

n =1

MX

m =1

Pold(mjxn )
kxn � y0m � G(m; �)W k2

2� 2 +
�
2

tr
�
W T GW

�
(5)

where P old denotesthe posteriorprobabilitiescalculatedusing previous parametervalues,and
G(m; �) denotesthemth row of G. Minimizing theupperboundQ will leadto a decreasein the
valueof theenergy functionE in Eq.4, unlessit is alreadyat localminimum.Takingthederivative
of Eq.5 with respectto W , andrewriting theequationin matrix form, we obtain(M-step)

@Q
@W

=
1
� 2 G(diag (P1 ))( Y 0 + GW ) � PX ) + � GW = 0 (6)

whereP is a matrix of posteriorprobabilitieswith pmn = e
� 1
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.
The diag (�) notationindicatesdiagonalmatrix and1 is a columnvectorof all ones. Multiplying
Eq.6 by � 2G � 1 (which existsfor a Gaussiankernel)weobtaina linearsystemof equations:

(diag (P1 )) G + �� 2I )W = PX � diag(P1 ) Y 0 (7)

Solvingthesystemfor W is theM-stepof EM algorithm. TheE steprequirescomputationof the
posteriorprobability matrix P. The EM algorithmis guaranteedto converge to a local optimum
from almostany startingpoint. Eq.7 canalsobeobtaineddirectlyby �nding thederivativeof Eq.4
with respectto W andequatingit to zero. This resultsin a systemof nonlinearequationsthatcan
beiteratively solvedusing�x edpointupdate,which is exactly theEM algorithmshown above. The
computationalcomplexity of eachEM iterationis dominatedby the linearsystemof Eq. 7, which
takesO(M 3). If usinga truncatedGaussiankerneland/orlinear conjugategradients,this canbe
reducedto O(M 2).

Robustnessto Noise.Theuseof aprobabilisticassignmentof correspondencesbetweenpointsetsis
innatelymorerobustthanthebinaryassignmentusedin ICP. However, theGMM requiresthateach
datapointbeexplainedby themodel.In orderto accountfor outliers,weaddanadditionaluniform
pdf componentto themixturemodel.This new componentchangesposteriorprobabilitymatrix P

in Eq.7, whichnow is de�nedaspmn = e
� 1
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), where
a de�nes thesupportfor theuniform pdf. Theuseof theuniform distribution greatlyimprovesthe
noise.

FreeParameters.Therearethreefreeparametersin themethod:�; � and� . Parameter� represents
the tradeoff betweendata�tting andsmoothnessregularization.Parameter� re�ects thestrength



of interactionbetweenpoints.Smallvaluesof � producelocally smoothtransformation,while large
valuesof � correspondto nearlypuretranslationtransformation.Thevalueof � servesasa capture
rangefor eachGaussianmixturecomponent.Smaller� indicatessmallerandmorelocalizedcapture
rangefor eachGaussiancomponentin the mixture model. We usedeterministicannealingfor � ,
startingwith a largevalueandgraduallyreducingit accordingto � = �� , where� is annealingrate
(normallybetween[0.920.98]),sothattheannealingprocessis slow enoughfor thealgorithmto be
robust.Thegradualreducingof � leadsto a coarse-to-�nematchstrategy. We summarizetheCPD
algorithmin Fig. 2.

3 Experimental Results

We show theperformanceof CPDon arti�cial datawith non-rigiddeformations.Thealgorithmis
implementedin Matlab,andtestedonaPentium4CPU3GHzwith 4GBRAM. Thecodeis available
at www.csee.ogi.edu/ ˜ myron/matlab/cpd . Theinitial valueof � and� aresetto 1.0 in
all experiments.Thestartingvalueof � is 3.0andgraduallyannealedwith � = 0:97. Thestopping
conditionfor the iterative processis eitherwhenthe currentchangein parametersdropsbelow a
thresholdof 10� 6 or thenumberof iterationsreachesthemaximumof 150.

CPDalgorithm

RPMalgorithm

ICPalgorithm

Figure3: Registrationresultsfor theCPD,RPM andICP algorithmsfrom top to bottom. The�rst
columnshows template(� ) andreference(+ ) point sets.Thesecondcolumnshows theregistered
positionof the templatesetsuperimposedover the referenceset. The third columnrepresentsthe
recoveredunderlyingdeformation. Thelastcolumnshowsthelink betweeninitial and�nal template
pointpositions(only everysecondpoint'sdisplacementis shown).

Onaveragethealgorithmconvergesin few secondsandrequiresaround80 iterations.All pointsets
arepreprocessedto have zeromeanandunit variance(which normalizestranslationandscaling).
We compareour methodon non-rigid point registrationwith RPM and ICP. The RPM and ICP
implementationsandthe 2D point setsusedfor comparisonaretaken from the TPS-RPMMatlab
package[4].

For the�rst experiment(Fig.3) weusetwo cleanpointsets.BothCPDandRPMalgorithmsproduce
accurateresultsfor non-rigidregistration.TheICP algorithmis unableto escapea local minimum.
Weshow thevelocity�eld throughthedeformationof aregulargrid. Thedeformation�eld for RPM
correspondsto parameterizedTPStransformation,while thatfor CPDrepresentsa motioncoherent
non-lineardeformation.For thesecondexperiment(Fig. 4) we make theregistrationproblemmore
challenging. The �sh headin the referencepoint set is removed,andrandomnoiseis added. In
thetemplatepoint setthetail is removed.TheCPDalgorithmshows robustnessevenin theareaof



missingpointsandcorrupteddata. RPM incorrectlywrapspointsto themiddleof the �gure. We
have alsotried differentvaluesof smoothnessparametersfor RPM without muchsuccess,andwe
only show thebestresult.ICPalsoshowspoorperformanceandis stuckin a localminimum.

For the3D experiment(Fig. 5) we show theperformanceof CPDon 3D faces.Thefacesurfaceis
de�ned by thesetof control points. We arti�cially deformthecontrol point positionsnon-rigidly
anduseit asa templatepoint set.Theoriginal controlpoint positionsareusedasa referencepoint
set.CPDis effectiveandaccuratefor this 3D non-rigidregistrationproblem.

CPDalgorithm

RPMalgorithm

ICPalgorithm

Figure4: Thereferencepointsetis corruptedto maketheregistrationtaskmorechallenging.Noise
is addedandthe �sh headis removed in the referencepoint set. The tail is alsoremoved in the
templatepoint set. The �rst columnshows template(� ) andreference(+ ) point sets.Thesecond
columnshows theregisteredpositionof thetemplatesetsuperimposedover thereferenceset. The
third column representsthe recoveredunderlyingdeformation. The last column shows the link
betweentheinitial and�nal templatepointpositions.

4 Discussionand Conclusion

WeintoduceCoherentPointDrift, anew probabilisticmethodfor non-rigidregistrationof two point
sets.Theregistrationis consideredasa MaximumLikelihoodestimationproblem,whereonepoint
set representscentroidsof a GMM andthe other representsthe data. We regularizethe velocity
�eld over the pointsdomainto enforcecoherentmotion andde�ne the mathematicalformulation
of this constraint.We derive the solutionfor thepenalizedML estimationthroughthe variational
approach,andshow that the �nal transformationhasan elegantkernel form. We alsoderive the
EM optimizationalgorithmwith deterministicannealing.Theestimatedvelocity �eld representsthe
underlyingnon-rigid transformation.Oncewe have the �nal positionsof theGMM centroids,the
correspondencebetweenthetwo pointsetscanbeeasilyinferredthroughtheposteriorprobabilityof
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Figure5: Theresultsof CPDnon-rigidregistrationon 3D point sets.(a, d) Thereferencefaceand
its control point set. (b, e) The templatefaceandits control point set. (c, f) Resultobtainedby
registeringthetemplatepoint setontothereferencepointsetusingCPD.

theGMM componentsgiventhedata.Thecomputationalcomplexity of CPDis O(M 3), whereM
is thenumberof pointsin templatepointset.It is worthmentioningthatthecomponentsin thepoint
vectorarenot limited to spatialcoordinates.They canalsorepresentthegeometricalcharacteristic
of an object (e.g., curvature,moments),or the featuresextractedfrom the intensity image(e.g.,
color, gradient).Wecomparetheperformanceof theCPDalgorithmon2D and3D dataagainstICP
andRPM algorithms,andshow how CPD outperformsbothmethodsin thepresenceof noiseand
outliers. It shouldbenotedthatCPDdoesnot work well for largein-planerotation.Typically such
transformationcanbe�rst compensatedby otherwell known global registrationtechniquesbefore
CPDalgorithmis carriedout. TheCPDmethodis mosteffectivewhenestimatingsmoothnon-rigid
transformations.

Appendix A

E = �
NX

n =1

log
MX

m =1

e� 1
2 k x n � y m

� k2

+
�
2

Z

Rd

j~v(s)j2

~G(s)
ds (8)

Considerthefunctionin Eq.8, wherey m = y0m + v(y0m ), andy0m is the initial positionof ym
point. v is a continuousvelocity function andv(y 0m ) =

R
Rd ~v(s)e2� i< y 0m ;s> ds in termsof its

Fourier transform~v. Thefollowing derivationfollows [13]. Substitutingv into equationEq. 8 we
obtain:
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In orderto �nd theminimumof this functionalwe take its functionalderivativeswith respectto ~v,
sothat � E ( ~v)

� ~v( t ) = 0, 8t 2 Rd:

� E (~v)
� ~v(t )

= �
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We now de�ne thecoef�cients amn =
e

� 1
2 k x n � y m

� k2
1

� 2 (x n � y m )

P M
m =1 e

� 1
2 k x n � y m

� k2 , andrewrite thefunctionalderiva-

tiveas:

�
NX

n =1
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m =1

amn e2� i< y 0m ;t > + �
~v(� t )
~G(t )

= �
MX

m =1

(
NX

n =1

amn )e2� i< y 0m ;t > + �
~v(� t )
~G(t )

= 0 (10)

Denotingthenew coef�cients w m = 1
�

P N
n =1 amn , andchangingt to � t , we multiply by ~G(t ) on

bothsidesof this equation,which resultsin:

~v(t ) = ~G(� t )
MX

m =1

wm e� 2� i< y 0m ;t > (11)

Assumingthat ~G is symmetric(sothat its Fourier transformis real),andtakingtheinverseFourier
transformof thelastequation,we obtain:

v(z) = G(z) �
MX

m =1

wm � (z � y0m ) =
MX

m =1

wm G(z � y0m ) (12)

Sincewm dependonv throughamn andym , thewm thatsolveEq.12mustsatisfyaselfconsistency
equationequivalentto Eq.7. A speci�c form of regularizer ~G resultsin a speci�c basisfunctionG.
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