Optimal Change-Detection and Spiking Neurons

AngelaJ. Yu
CSBMB, Princeton University
Princeton, NJ 08540

aj yu@rincet on. edu

Abstract

Survival in a non-stationary, potentially adversarialiesvment requires animals
to detect sensory changes rapidly yet accurately, two oftpsding desiderata.
Neurons subserving such detections are faced with thesponeling challenge
to discern “real” changes in inputs as quickly as possiblejerignoring noisy
fluctuations. Mathematically, this is an example offenge-detectioproblem
that is actively researched in the controlled stochasticgsses community. In
this paper, we utilize sophisticated tools developed i ¢banmunity to formal-
ize an instantiation of the problem faced by the nervousesysaind character-
ize the Bayes-optimal decision policy under certain assiomp. We will derive
from this optimal strategy an information accumulation dedision process that
remarkably resembles the dynamics of a leaky integratefiemdeuron. This cor-
respondence suggests that neurons are optimized fornpeiput changes, and
sheds new light on theomputationalimport of intracellular properties such as
resting membrane potential, voltage-dependent condcetamd post-spike reset
voltage. We also explore the influence that factors suchnaisgi uncertainty,
neuromodulation, and rewasthouldanddo have on neuronal dynamics and sen-
sitivity, as the optimal decision strategy depends ciiijaan these factors.

1 Introduction

Animals interacting with a changeable, potentially adaged environment need to excel in the
detection of changes in its sensory inputs. This detectiowever, is riddled by the inherently com-
peting goals of accuracy and speed. Due to the noisy and pleberature of sensory inputs, the
animal can generally achieve more accurate detection byngdor more sensory inputs. However,
gathering this extra information incurs an opportunitytcas the extra time can be used to gather
more food, attract a mate, or escape a predator. Neuronersuigsthe detection process face a
similar speed-accuracy trade-off. In this work, we aim tadenstand the computations performed
by a neuron at the time-scale of single spikes. How sensitiveuron is to each input spike should
depend on the relative probabilities of the input repreagntoise and useful information, and the
relative costs of mis-interpretation. We formulate thehjpeon as an example @hange-detectign
and characterize theptimal decision policy in this context. The formal tools we utilimeformal-

ize the change-detection problem are built upon work in tha af controlled stochastic processes.
Controlled stochastic processes refer to decision-makiegvironments plagued not only by infer-
ential uncertainty about the state of the world, but alseuainty associated with the consequences
of an action or decision on the world itself. Finding optirdakision policies for such processes is
an actively researched problem in financial mathematicopadations research. As we will discuss
below, neuronal change-detection is a prime example of ayrbblem.

In Sec. 2, we introduce the general framework of changeetlete In Sec. 3, we apply the frame-
work to a specific scenario similar to that faced by the neuaad characterize the optimal solution.
In Sec. 3, we demonstrate that the optimal information actdation and decision process has dy-
namics remarkably resembling that of a spiking neuron. Wanéne the computational import of
certain intracellular properties, characterize the imutput firing rate relationship, and extend the
framework of multi-source detection. In Sec. 4, we expldre behavioral consequences of opti-



mal change-detection and examine issues such as the spaedey trade-off, temporal and spatial
cueing, and neuromodulation.

2 A Bayesian Formulation of the Change-Detection Problem

The Generative M odel

Suppose we have sequential inputszo, . . ., which are generatadl by a distributionf, (z) before
time d € {0,1,...}, and by a distributiory, (x) afterwards, where the random variabtev.j 0
denotes the sudden, hidden change tithleas an initial probability’(6 = 0) = ¢o, and a geometric
distribution thereafter:P(§ = t) = (1—qo)(1—q)"q, t > 0. The change-detection problem is
concerned with finding the optimal decision policy for rety the change fronf, to f; as early as
possible while minimizing false-alarms [1]. A decision jggl~r is a mapping, possibly stochastic,
from all observations made so far to the control (or acti@)s(x; = {z1,...,2¢}) — {a1,az}.
The actioru; terminates the observation process and repoxts, anda, continues the observation
for another time step. Every unique decision policy is idfextt by a correspondingv. of stopping
times7€{0,1,...}. In the following, we will user andr interchangeably to refer to a policy.

TheLoss Function
Following convention [2], we assume a loss function lingeafiaise alarms and detection delay:
lﬂ'(ea 7—) = 1{‘r<0;7r} + 1{729;#}0(7 - 9) (1)

where1l is the indicator function, and > 0 is a constant that specifies the relative importance of
speed and accuracy. The total loss is the expectation dbgsunction ovef andr:

Li2(1.00,7);7) = Z (ZP +Zc(70)P(9,7)> =P(r<0) +c((t—0)%) (2)
=0
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An optimal policy 7* minimizesL,. Due to the linear loss in detection delay, the expected loss
blows up for all policies that do not stop almost suredys{ probability=1) in finite time; there-
fore, we restrict the optimization problem in the followitmthe class of almost-surely finite-time
policies. Using the notatioR;, £ P(6 < t|x;), we have the following:

PO >7)= ZPT t,0>7) Z/P 0> 7%, ) P(T=t]%,)p(x;)dx; = (1= Py )r .
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The cumulative posterior probabiliti?, at the detection tlme, therefore, is the crltlcal factor in
loss evaluation and policy optimization:

L = (e[ 2g P + (1= PT))o pyrim - 3)
Bayes Rule gives us the iterative update rule for the curvel@bsteriorP; = P (6 < t|x;),
(P + (1= P)g)fi(wes1)

P = B U= P9 Al + (- PO — o)

P;1, is a deterministic function of; andx;,1, but appears to take a stochastic trajectory since
Z¢y1 1S an i.i.d.-distributed.v. The expectation OfP;41|x¢) is P;+(1— P;)g. We also define the
monotonically relateghosterior ratiod, = which has the update rule

Py=qo . (4)
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Optimal Policy: Threshold Crossing
In order to optimize over the spacealf possible stopping rules (policies), we define the following

(1) theconditional termination cost;, associated with stopping at timafter observing;: C; £
022;3 P; + (1 — P;); (2) theminimal conditional costy;, to be expected after observatian:
v = essinf(C,|x;), wherer ranges over all stopping rules that terminate no earliem thand



the expectation is taken over all future observations (tvksn be a function of the decision taken
at every time step); (3ss infthe largestd.s) r.v. less thand.s) everyr.v. X,,,n € N.

As an example of Bellman's Equation, satisfies the dynamic programming equatign =
min{C%, (y:+1|x:¢) }, and that the stationary, deterministic stopping rtile= min{t > 1|v; = C;}
achieves optimality (Eq. 2). This implies that the optimaligy consists of a stopping re-
gion S C [0,1] and a continuation regiod’ = [0,1]\ S, such thatr(P, : P, € S) = a; and
m(P;: P, € C) = ay. We will state and prove a useful theorem below, which wilpiynthat C
and S neatly fall into two contiguous blocks, such that the optipalicy requires the termination
action as soon a®; exceeds some fixed threshaltf* — ie the optimal policy is dirst-passage
processn P!

Before we present the theorem, we first introdti@emethod of truncatiorirhe difficulty of solving
the dynamic equation fot, lies in its infinite recursiveness. If we can imposédirate horizon

T on, then the finitely recursive relation = min {Ct, (7/,|x:)} has a corresponding finite-
horizon optimal policyrs, whereyX = Cr. Taking the infinite limityf° £limz_ o 77 , it has been
shown [2] that when the expected loss is finite (which is treedeere, since the expression in Eq. 2
is finite for all decision policies that stoms. in finite time), v; = 7¢°, and=}. converges to the
infinite-horizonoptimal policy7*. We also note the following self-evident lemma.

Lemma. Suppose{g;(t)}icr is a family of decreasing functions in andh(t) = 3", g;(t)w;(t),
where), w;(t) = 1Vt. If g;(t) < g;(t) impliesw;(t) > w’(t), thenh(t) decreases with

Theorem. C;— (v, 1|x¢) is a decreasing function d?,.
Proof. Cr_1 — (v%|x;_1) decreases witl’r_;. Assume that the theorem holds for 1, and note:

Cr — <%T+1|Xt> =—(ct+qP +q+ Zgi,wi
whereg; £ max(0,1;), l; £ Cip1 — (Vo |Xe, 241 = 1), andw; = P(xy41 = i[x). g; decreases
with P, for eachi, sincel; decreases witlP;; by the inductive hypothesis, anfl ., increases
with P, by Eq. 4. Supposg j are such thafy (i) — fo(i) > f1(j) = fo(j), then®, 1 (i) > 411 (j),
and P,1(i¢) > P,11(j), for any givenx,. The inductive hypothesis implieg < g;. Also note
dwy /dP, = (f1(k)— fo(k))(1—q), sodw; /dP, > dw;/dP,. Thus,Cy— (v} |x;) decreases witl?,.

This theorem states that the cost of stopping at timedative to continuing gets smaller when it is
more certain thafl <t¢. This is true for any finite stopping tini€ and therefore also for the infinite-
horizon limit. If C;—(y:41|x:) is negative for some value @, then the optimal policy is to select
actionay; this is also true for any larger values Bf. Define B* € [0, 1] as the lower bound of all
suchP,, then the stopping and continuation regions have the f@m1] and[0, B*), respectively.

Ideally, we would like to have an exact solution for the opimolicy as a function of the generative
and cost parameters of the change-detection problem agdéfirsec. 1. While the explicit form
of B* is not known, the theorem allows us to find the optimal poliaynerically by evaluating and
minimizing the empirical loss as a function of the decisioresholdB € [0, 1].

3 Neuronal change-detection

In the following, we focus on the specific case whgrand f; are Bernoulli processes with respec-
tive rate parameters, and\;. This case resembles the problem faced by neurons, whieliveec
sequential binary inputs (spike=1, no spike=0) with apprately Poisson statistics. The Bernoulli
process is a discrete-time analog of the Poisson procedgylanates the problematic assumption
(made by the Poisson model) that spikes could be fired infinitese to one another. For now, we
assume that the generative paramefars\g, qo, ¢ and the cost parameterare known. We also
assume, without loss of generality, that> )\ (rate increases), since otherwise we can just redefine
the inputs ( or 1). When the parameters satisfy> (A — Ao —¢q(1—Xp))/(1— A1), we have the
explicit solutionB* = ¢/(q = ¢), or & > ¢/c (proof omitted). This corresponds to tbee-step
look-aheadpolicy, and is optimal when the cost of detection is large bewthe probability of the
change taking place is very high. This turns out not to be & rgeresting case as the detection
process is driven to cross the threshold even in the absémegy input spikes.



Although we do not have an explicit solution for the optimatettion threshold* in general, we
can numerically compare different valuesi®for any specific problem. Fig. 1(a) shows the empiri-
cal cost averaged over 1000 trials for different threshaldes. For these particular parameters, the
minimum is around3 = 0.65, although the cost function is quite shallow for a large eafyvalues

of B around the optimum, implying that performance is not paltéidy sensitive to relatively large
perturbation around the optimal value.

Repeated Change-Detection and Firing Rate

From the problem formulation in sec. 2, it might seem like filaenework only applies to detecting
a single change, or multiple unrelated changes. Howeversdéime policy formulation can apply
to the case of repeated detection of changes, one afteranistta temporally contiguous fashion.
As long as each detection event is generated from the samel pachmetersq( qo, f1, fo), and
the cost parametet)remains constant, the threshold-crossing policy is@titimal in minimizing
the empirical expected loss over these repeated eventsoriihgenerative parameter affected by
the repetition isqy, which represents the probability of the inputs alreadynpeaienerated from
/1 before the current observation process began. In this tegeketection scenarigg should in
general be high if the detection threshd¥ is high, and low ifB* is low. However, the strength
of this coupling is tempered by (i) whether each detectiomieation resets the generative process,
as happens when visual detection leads to saccades anti¢meseétting of input statistics, and (ii)
the amount of time elapsed during the refractory period @ftdetection spike. Fortunately, while
qo is influenced by the detection policy, the optimization af golicy is not influenced by, since

it consists of comparing’; and (y;,1|x;) at every time step. This comparison does not depend on
qo,» Which simply adds a linear factor to both terms.

In this repeated firing scenario, where the number of spkesatively high relative to the frequency
of changes, the loss function of Eq. 2 can be rewritterLas= poro + ¢/r1, wherer; is the
mean firing rate when the inputs are generated fifignandp, is the fraction of time whery; is
applicable (as opposed #3). In other words, if the rate of change is slow compared taorwai
firing rates, then optimal processing amounts to minimizivey“spontaneous” firing rate durinfy
and maximizing the “stimulus-evoked” firing rate duriyig

Optimality and Dynamics of L eaky I ntegrate-and-Fire

Fig. 1(b) illustrates this concept of repeated firing. The panel shows an example tracing of the
dynamical variableb, in the repeated optimal change-detection process. Whedgueaches the
threshold).65/(1—0.65) (or equivalently wherP; reache$.65, the optimal threshold as determined
in the last section), a change is reported and the whole gsaesets t@,. The dynamics ofb,

is remarkably similar to a leaky integrate-and-fire neurdhe bottom panel shows a raster plot of
input and output spikes over 25 trials, and again the resamablto spiking neurons is remarkable.
Closer inspection indicates that the update rule for théepias ratio in Eqg. 5 indeed approximates

the dynamics of é&eaky integrate-and-fire neurdB]. Let a = % we can rewrite Eq. 5 as
P, = CL(‘I’t_1 + q) (6)
Whenz; =1, a = Ujﬁ > 1, ®,; increases, and the rate of increase is larger whgiiself

is larger. This is reminiscent of the near-threshold dymranaf the Hodgkin-Huxley model, in
which thevoltage-dependerctivation of sodium conductance drives the neuron to fife\[vhen

x; = 0, ®, converges tob?. = f1q/(fo(1 — q) — f1) (by Eq. 5), which is greater thah when
fo(0)/f1(0) > 1—q. We can think of®%_ as theresting membrane potentiaSince®?, increases
with ¢, it implies that the resting potential should be higher donder to the firing threshold, making
the neuron more sensitive to synaptic inputs, when theresisoager expectation that a change is
imminent.

Relationship Between Input and Output Firing Rates
We can also look at the input-output relationship at the diiate level. The state-dependent rate
parameter, has the expected values:

1 1 A24X0—2X0\
a0 2 (al fo) = — a2 (alf1) = DAL M

1—¢ 1-qg  Xo—A
Given Egs. 5 and 6, we can write down an approximate, exliqitession fof®,|f;):
t—1

<<I>t|fz->wai<<<1>t71>+q>=at-<<1>o>+aiqza’?=aﬁ<<bo>+Mzaﬁ o+—1-) . (7)
K3 k:O 1 1 170”,: 7 aifl
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Figure 1: Optimal change-detection and dynamics. (a) Theairgeal average cost (over 1000 trials)
has a single shallow minimum & = 0.65. \g = 0.13, A\; = 0.17, ¢ = 0.0125, ¢o = 0.05,

¢ = 0.0005; these parameters apply for the remainder of the papersintesrwise specified. (b)
Top panel: a typical example of the dynamicsigfover time. Superimposed @b, are the spikes,
which are arbitrarily set to a fixed high value. Black barsrrtéa bottom indicate input spikes.
Green line indicates time of actual change. In this exanglehance flurry of input spikes near
the start causes the optimal change-detector to fire; dftechange, the increased input firing rate
induces the change-detector fire much more frequently. MNated, decreases whenever there
is a lull in input spikes. Bottom panel: Raster plot of inpbtug) and output (red) spikes; both
more frequent after the the change indicated by the green (@) Output spikes (bottom) increase
frequency quickly after the increase in input spikes (top).

Given the decision thresholt, (®,,|fo) = (P4, |fo) = B, wheret; is the average number of time
steps it takes to reach the threshold for fpr= f;, and can be assumed to 3e 1 (it takes many
time steps of input integration to reach the threshold). heedfore have

—1)+ @ o to/t
q) _ (I) _ tg/t1 Q/(a’o ~ 0/1. 8
o (woe ) =t (mogy) = w=a (egig) b @

And therefore the ratio of the output firing ratesz 1/¢; fori=1,2, is

1 A2 A0—220A1 AN 02X A1
no_to_logay _loiy +logMEERR  log MRl ©)
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Since the arguments afg in both the denominator and numerator are greater than/ro > 1.
Therefore, when the input rates are such that \g, then the respective output rates are also such
thatr, >ry. To see exactly how the output firing rate ratio changes asetifin of the input rates,

we define the functiog(Xg, A1) % and take its partial derivatives with respect\g

0
and \;. Then we see that theutput firing ratioEq. 9 also increases with; and decreases with
Ao, consistent with intuitions. Fig. 1(c) shows the averageden/firing rate over time: the rise in

output firing rate closely follows that in the input, desphe small change in the input firing rates.

M ulti-sour ce change-detection

So far, we have only considered the case of the Bernoullitthpmiformly changing from one
rate to another. However, sometimes the problem at handei®bmulti-source change-detection.
For instance, a visual neuron detecting the onset of a sisnulight get inputs from up-stream
neurons sensitive to stimuli with different propertiedféient colors, orientations, depth of view,
etc.). Here, we extend our framework to the case of two indéget sources of mputs using an
approach similar to that taken in [5]. The soupei € {1, 2} emits observanonsl, xh,...froma
Bernoulli process that changes from rat,eto Aé at an unknown timé@?, wheref' is generated by
a geometric distribution with parametgr, and the prior probability>(° = 0) is ¢j. The objective
is to detect) £ min (6, 6) with the cost function specified as before (Egs. 12).

Defining the individual posteriorB; £ P(¢% < t|x!), wherexi = %, ... ¢, we have the following
P, 2 P(min(0',0%) < t|x;,x})=1—-(1-PH(1 - P} =P+ P? - P'P?. (10)
We can also define the corresponding overall posterior ratio

O, 2 P/1-P)=d! + 2+ P2 (11)
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Figure 2: Effect of cueing on change-detection. (a) Distittm of first spikes for the optimal
stopping policy; spikes aligned to tinfewhen the actual change takes place. (b) This distribution is
significantly tightened with mean brought closer to the akthhange, when there is extra temporal
information about an imminent change € .02). (c) The distribution of spikes is also slightly
tightened and brought closer to the actual change time, \tiexe is stronger prior probability of

a stimulus appearingy{ = .1), as during special cueing. The effect is smaller becauséither
prior leads to false alarms as well as reducing detecticaydel

as a function of the individual posterior rati® = P/ /(1 — P}). Following reasoning very close
to that of Sec. 2, we can show that if the generative and coatpsters are such thé} is lower-
bounded byb?_ for ¢ > 1, then the optimal stopping/detection policy is to terménaitthe smallest

t, such thatb, = ®; +®? + &} d? > (¢! +¢>—q'q?)/c. Despite the generative independence of
the two Bernoulli processes, we note that the optimal padifferentfrom the nédve strategy of
running two single-source change-detectors, and repdmaage as soon as one of them reports a
change. To see this, consider the case whgn= ¢! /¢, but ®? ~ 0, so thatd, ~ ¢} = ¢! /c <
(¢*+4¢*(1 — ¢*))/c. Therefore, the individual detector for procéssould have reported a change,
but the overall detector would not.

4 Optimal Change-Detection and Neuromodulation

A sizeable body of behavioral studies suggest that stimpitasessing is influenced by cognitive
factors such as knowledge about the timing of stimulus grseihether or not a stimulus would
appear in a particular location. There is evidence that éaeamodulators norepinephrine [6], and
acetylcholine [7] are respectively involved in those twpexts of stimulus processing. Separately,
there is a rich literature on the effects of these variousaraodulators at the single-cell level [8].
Since we have here an explicit model of neuronal dynamicdasction of the statistical properties
associated with the stimulus, we are ideally positionedx@néne how these propertieshould
affect the cellular properties, and whether the known biginalconsequences of neuromodulation
are consistent with their observed effects at the cellahell

If the system has some prior knowledge about the onset timestimulus, we can model the infor-
mation accumulation process as starting shortly beforentb@n change-time, with a tight distribu-
tion over the random variable Making ¢ larger achieves both effects in our model. Fig. 2A shows
the distribution of first spikes far000 trials; Fig. 2B shows that this distribution is more tightlys-
tered immediately after the actual change ti#rfer largerq. Experimentally, it has been observed
that norepinephrine makes sensory neurons fire more viglyrtwbottom-up sensory inputs [8]. It
is also known from behavioral studies that a temporal cuedngs detection performance, and that
noradrenergic depletion diminishes this advantage [6].

If there is some prior knowledge about the stimulus beingparticular location, we can model this
with a higher prior probabilityy, of the stimulus being present. This also has the effect oéaging
the responsiveness of the change-detection process tospiges (Fig. 2C), as well as making the
detection (spiking) process more sensitive. It has beewsleaperimentally that a (correct) spatial
cue improves stimulus detection, and that acetylcholinedicated in this process [7], and that
acetylcholine potentiates neurons and increases th@iomeg/eness to sensory inputs [8].

5 Discussion

Responding accurately and rapidly to changes in the envieon is a problem confronted by the
brain at every level, from single neurons to behavior. I8 thork, we have presented a formal treat-
ment of the change-detection problem and obtained impigptaperties of the optimal policy — for a
broad class of problems, the optimal detection algorithatigeshold-crossing process based on the
posterior probability of the change having taken placectioan be iteratively updated using Bayes’



Rule. Applying these ideas to the case of neurons that mpitlysand accurately detect changes
in input spike statistics, we saw that the optimal algorityiglds dynamics remarkably similar to
the intracellular dynamics of spiking neurons. This su¢gd®at neurons are optimized for tracking
discrete, abrupt changes in the inputs. The model yieldghhinto the computational import of
cellular properties such as resting membrane potentiat; guike reset potential, voltage-dependent
conductances, and the input-output spiking relationshiye basic framework was extended to ex-
amine the case of multi-source change-detection, a profaleed by a neuron tasked with detecting
a stimulus when it could be one of two possible sub-categoWée also explored the computational
consequences of spatial and temporal cueing on stimulestitat, and saw that thieehavioral
andbiophysicaleffects of neuromodulatiore¢ by acetylcholine and norepinephrine) are consistent
within the framework.

This novel framework for modeling single-neuron compuatasi is attractive, as it suggests explicit
design principlesinderlying neuronal dynamics, and not merely provides erg#ze model. Since
the computational objects are well-specified at the ouisptpvides a natural theoretica link be-
tween cellular properties and behavioral constraintss Hlso appealing as a self-consistent and
elegantly simple model of the computations taking placeirigle neurons. Every neuron in this
scheme simply detects changes in its synaptic inputs, oike-8p-spike time scale, and propagates
its knowledge according to its own speed-accuracy tratfleAdifthat a down-stream neuron needs
from this neuron for its own change-detection computatimsthis neuron’s average firing rate in
different states, the rate of change among these stateshargtior probability of of this neuron
being in one of those states — all of these quantities candredd over a longer time-scale. In
particular, the down-stream neuron does not need to knowtahis neuron’s inputs, its internal dy-
namics, its decision policy, its objective function, its debof the world, etc. In this scheme, more
sophisticated computations can be achieved by poolinghegéhe outputs of different neurons in
various configurations — we explored this briefly with therapée of multi-source change-detection.
Another advantage of this framework is that it eliminatestibundary betweenferenceanddeci-
sion In this scheme, neurons make inferences about their irgnasnake decisions averylevel

of processing. It therefore obviates the problem of where rerarchical nervous system does the
nature of the computation change from input-processingtisibn-making.

While the incorporation of formal tools from controlled shastic processes into the modeling of
single-cell computations is a novel approach, this worleiated to several other theoretical works.
The idea of neurons processing and representing prolabilisormation has received much atten-
tion in recent years, with most work focusing on the level efironal populations [9-12]. Theo-
retical work on the representation and processing of priisadinformation in single neurons are
comparatively more rare. It has been suggested [13] thigtioetecision-making neurons may accu-
mulate probabilistic information and spike when the evizieaxceeds a certain threshold. However,
it was typically assumed that the neurons already receiméramusly-valued inputs that represent
probabilistic information. Moreover, the tasks considiirethese earlier works involvestationary
discrimination, such that there was no explicit non-stediity in the state of the world/inputs. We
note that our framework is generalizationof the commonly studied 2AFC task, which is equiva-
lent to setting the change probabilifyto 0 in our model. Consistent with this characterization, our
optimal policy is a generalization of the SPRT algorithm ethiis known to be optimal for stationary
2AFC discrimination [14].

One closely related piece of work proposed that single meut@ck thdog posterior ratio of the
state of an underlying binary variable, and spike when thve in@uts imply a value for this log
posterior ratio that is sufficiently different from the nenis current estimate based on previous
inputs [15]. The key difference at the conceptual level &t tthis previous work focused on the
explicit propagation of probabilistic information acres=urons, thus introducing complications into
processing and learning that are necessary to make thislgtistic knowledge consistent across
neurons. Also, there was no explicit analysis of the opfityaf the output spike generation process:
how much of a discrepancy merits a spike, and how this depemtise relevant statistical and cost
parameters. At the mechanistic level, having the membratenpal represent thiog posterior
ratio, as opposed to the posterior ratio, requires the digempdate rule to involve exponentiation.
While it was shown in that work that the dynamics is approxehaleaky integrate-and-fire during
steady state, it does not help the most interesting case) thieeworld is rapidly changing and the
linear approximation is most detrimental. We showed in tinisk that there are good reasons for
neuronsot to integrate inputs linearly. The amount of new evidenceipled by each input (spike



or not spike) at every time step is state-dependentshodldbe so according to optimal information
integration. This work suggests that the particular tydesalinearity we see in neuronal dynamics
aredesirablefrom a computational point of view.

One important assumption we made in our model is that the afodetection delay is linear in
time, parameterized by the constant Without this assumption, the controlled dynamic process
framework would not apply, as the decision policy would nolyalepend on a state variable, but on
time in an explicit way. However, in general, there might beta fixedc that relates the trade-off
between false alarms and detection delay. Intuitivehould be related to how much rewaralld

be obtained per unit of time if the system werat engaged in prolonging the current observation
process. In particular, if a new “trial” begins as soon asdineent “trial” terminates, regardless of
detection accuracy, thershould be sett@ (6 < 7)/(r), which also places the two cost terms in the
same dimension. If we had analytical expressiongf@ < 7) and(r) as a function of the decision
thresholdB, then we could solve the optimization problem through tHe@msistency constraint
placed on the optimal thresholg* through its dependence en Unfortunately, there is no known
analytical expressions fdP(0 < 7; B) and(r; B). Alternatively, one might still numerically obtain
a value for a fixed detection threshold that incurs the lowest among all thresholds. There is no
guarantee, however, that the optimal policy lives in thisapzeterized family of policies. It may be
that the best fixed threshold policy is still far from optindatection.

There are several important and exciting directions in thie plan to extend the current work.
One is the consideration of more complex state transitibomthis work, we assumed that the state
transition is always fronf, to f;. But in more general scenarios, the inputs are likely tontévack

to fo before another transition inty, and so on. Thus, we need at least two populations of degector
one that detects the onségt ¢o f1), and one that detects the offsét (o fj). Intuitively, there ought

to be recurrent connections between them, to propagateggrdgate the total information about
what states the inputs are in. A related problem is when §hgténcan be in multiplex 2) possible
states, or even a continuous range of states, with com@esitions among these states. Another
interesting question is what happens when we have a differanore complex distribution for the
change variablé. We know, for instance, that animals are capable of utijzndependent temporal
information about the mean and variance of the stimulustohséhe geometric model we assumed,
these two variables are coupled. Finally, we note that thmdbframework we presented, that of
optimal detection of changes in input statistics, is noy@gplicable to the level of single neuron,
but also to systems and cognitive level problems. For exangartain problems in reinforcement
learning, such as reversal learning and exploration vexspi®itation in general, are also amenable
to analysis by a similar approach. We intend to explore sohtikeese problems in the future using
similar formal tools from controlled dynamic processes.
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