
Topmoumouteonline natural gradient algorithm

NicolasLe Roux
Universityof Montreal

nicolas.le.roux@umontreal.ca

Pierre-AntoineManzagol
Universityof Montreal

manzagop@iro.umontreal.ca

YoshuaBengio
Universityof Montreal

yoshua.bengio@umontreal.ca

Abstract

Guidedby the goal of obtainingan optimizationalgorithmthat is both fastand
yields good generalization,we study the descentdirection maximizing the de-
creasein generalizationerror or the probability of not increasinggeneralization
error. Thesurprisingresultis thatfrom boththeBayesianandfrequentistperspec-
tivesthis canyield thenaturalgradientdirection. Althoughthatdirectioncanbe
veryexpensiveto computewedevelopanef�cient, general,onlineapproximation
to the naturalgradientdescentwhich is suitedto large scaleproblems. We re-
port experimentalresultsshowing muchfasterconvergencein computationtime
andin numberof iterationswith TONGA (TopmoumouteOnlinenaturalGradient
Algorithm) thanwith stochasticgradientdescent,evenonvery largedatasets.

Intr oduction

An ef�cient optimizationalgorithmis onethatquickly �nds agoodminimumfor agivencostfunc-
tion. An ef�cient learningalgorithmmustdo thesame,with theadditionalconstraintthatthefunc-
tion is only known througha proxy. This work aimsto improve the ability to generalizethrough
moreef�cient learningalgorithms.

Considerthe optimizationof a coston a training setwith accessto a validationset. As the end
objectiveis agoodsolutionwith respectto generalization,oneoftenusesearlystopping:optimizing
the training error while monitoringthe validationerror to �ght over�tting. This approachmakes
the underlyingassumptionthat over�tting happensat the later stages.A betterperspective is that
over�tting happensall throughthelearning,but startsbeingdetrimentalonly at thepoint it overtakes
the“true” learning.In termsof gradients,thegradientof thecostonthetrainingsetis nevercollinear
with the true gradient,andthedot productbetweenthe two actuallyeventuallybecomesnegative.
Early stoppingis designedto determinewhenthat happens.Onecanthuswonder: canonelimit
over�tting beforethatpoint?Would thisactuallypostponethatpoint?

Fromthis standpoint,we discovernew justi�cations behindthenaturalgradient[1]. Dependingon
certainassumptions,it correspondseitherto thedirectionminimizing theprobabilityof increasing
generalizationerror, or to the direction in which the generalizationerror is expectedto decrease
thefastest.Unfortunately, naturalgradientalgorithmssuffer from poorscalingproperties,bothwith
respectto computationtimeandmemory, whenthenumberof parametersbecomeslarge.To address
this issue,we proposea generallyapplicableonline approximationof naturalgradientthat scales
linearly with the numberof parameters(andrequirescomputationtime comparableto stochastic
gradientdescent).Experimentsshow that it canbring signi�cant fasterconvergenceandimproved
generalization.
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1 Natural gradient

Let eL beacostde�nedas eL(� ) =
Z

L(x; � )p(x)dx whereL is alossfunctionoversomeparameters

� andovertherandomvariablex with distributionp(x). Theproblemof minimizing eL over� isoften
encounteredandcanbe quite dif�cult. Thereexist varioustechniquesto tackleit, their ef�ciency
dependingon L andp. In the caseof non-convex optimization,gradientdescentis a successful
technique.Theapproachconsistsin progressively updating� usingthegradienteg = d eL

d� .

[1] showed that the parameterspaceis a Riemannianspaceof metric eC (the covarianceof the
gradients),and introducedthe naturalgradientas the direction of steepestdescentin this space.
The naturalgradientdirection is thereforegiven by eC � 1eg. The Riemannianspaceis known to
correspondto the spaceof functionsrepresentedby the parameters(insteadof the spaceof the
parametersthemselves).

ThenaturalgradientsomewhatresemblestheNewtonmethod.[6] showedthat,in thecaseof amean
squaredcostfunction,theHessianis equalto thesumof thecovariancematrix of thegradientsand
of anadditionaltermthatvanishesto 0 asthetrainingerrorgoesdown. Indeed,whenthedataare
generatedfrom themodel,theHessianandthecovariancematrixareequal.Therearetwo important
differences:the covariancematrix eC is positive-de�nite, which makesthe techniquemorestable,
but containsno explicit secondorderinformation. TheHessianallows to accountfor variationsin
theparameters.Thecovariancematrixaccountsfor slightvariationsin thesetof trainingsamples.It
alsomeansthat,if thegradientshighly disagreein onedirection,oneshouldnotgo in thatdirection,
evenif themeansuggestsotherwise.In thatsense,it is a conservativegradient.

2 A new justi�cation for natural gradient

Until now, we supposedwe hadaccessto the true distribution p. However, this is usuallynot the
caseand,in general,thedistribution p is only known throughthesamplesof thetrainingset.These
samplesde�ne a costL (resp.a gradientg) that,althoughcloseto thetruecost(resp.gradient),is
not equalto it. We shall refer to L asthe training error andto eL asthe generalizationerror. The
dangeris thento over�t theparameters� to thetrainingset,yieldingparametersthatarenotoptimal
with respectto thegeneralizationerror.

A simple way to �ght over�tting consistsin determiningthe point when the continuationof the
optimizationon L will be detrimentalto eL . This canbe doneby settingasidesomesamplesto
form avalidationsetthatwill provideanindependentestimateof eL . Oncetheerrorstartsincreasing
on the validationset, the optimizationshouldbe stopped.We proposea differentperspective on
over�tting. Insteadof only monitoringthevalidationerror, we considerusingasdescentdirection
anestimateof thedirectionthatmaximizestheprobabilityof reducingthegeneralizationerror. The
goal is to limit over�tting at every stage,with the hopethat the optimal point with respectto the
validationshouldhave lowergeneralizationerror.

Considera descentdirectionv. We know thatif vT eg is negative thenthegeneralizationerrordrops
(for a reasonablysmallstep)whensteppingin thedirectionof v. Likewise,if vT g is negative then
thetrainingerrordrops.Sincethelearningobjective is to minimizegeneralizationerror, we would
likevT eg assmallaspossible,or at leastalwaysnegative.

By de�nition, the gradienton the trainingsetis g =
1
n

nX

i =1

gi wheregi =
@L(x i ; � )

@�
andn is the

numberof trainingsamples.With aroughapproximation,onecanconsiderthegi sasdrawsfrom the
true gradientdistribution andassumeall the gradientsareindependentandidentically distributed.
Thecentrallimit theoremthengives

g � N

 

eg;
eC
n

!

(1)

where eC is thetruecovariancematrixof @L (x;� )
@� wrt p(x).
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We will now show that,both in theBayesiansetting(with a Gaussianprior) andin the frequentist
setting(with somerestrictionsover thetypeof gradientconsidered),thenaturalgradientis optimal
in somesense.

2.1 Bayesiansetting

In theBayesiansetting,eg is arandomvariable.Wewould thusliketo de�ne aposteriorovereg given
thesamplesgi in orderto haveaposteriordistributionovervT eg for any givendirectionv. Theprior
overeg will beaGaussiancenteredin 0 of variance� 2I . Thus,usingeq.1, theposteriorovereg given
thegi s (assumingtheonly informationovereg givenby thegi s is throughg andC) is

egjg; eC � N

0

@

 

I +
eC

n� 2

! � 1

g;
�

I
� 2 + n eC � 1

� � 1
1

A (2)

Denoting eC� = I +
eC

n� 2 , we thereforehave

vT egjg; eC � N

 

vT eC � 1
� g;

vT eC � 1
�

eCv
n

!

(3)

Using this result, onecanchoosebetweenseveral strategies,amongwhich two areof particular
interest:

� choosingthe direction v suchthat the expectedvalue of vT eg is the lowest possible(to
maximizetheimmediategain). In this setting,thedirectionv to chooseis

v / � eC � 1
� g: (4)

If � < 1 , this is theregularizednaturalgradient.In thecaseof � = 1 , eC� = I andthis
is thebatchgradientdescent.

� choosingthedirectionv to minimizetheprobabilityof vT eg to bepositive. This is equiva-
lent to �nding

argminv
vT eC � 1

� g
p

vT eC � 1
� eCv

(wedroppedn for thesakeof clarity, sinceit doesnot changetheresult).If we squarethis
quantityandtakethederivativewith respectto v, we�nd 2 eC � 1

� g(vT eC � 1
� g)(vT eC � 1

�
eCv) �

2 eC � 1
�

eCv(vT eC � 1
� g)2 at thenumerator. The�rst termis in thespanof eC � 1

� g andthesecond
oneis in thespanof eC � 1

�
eCv. Hence,for thederivative to bezero,we musthave g / eCv

(since eC and eC� areinvertible),i.e.

v / � eC � 1g: (5)

Thisdirectionis thenaturalgradientanddoesnotdependon thevalueof � .

2.2 Frequentistsetting

In the frequentistsetting,eg is a �x ed unknown quantity. For the sake of simplicity, we will only
consider(asall second-ordermethodsdo) thedirectionsv of theform v = M T g (i.e. we areonly
allowedto go in a directionwhich is a linearfunctionof g).

Sinceg � N
�

eg; eC
n

�
, we have

vT eg = gT M g � N

 

egT M eg;
egT M T eCM eg

n

!

(6)

ThematrixM � whichminimizestheprobabilityof vT eg to bepositivesatis�es

M � = argminM
egT M eg

egT M T CM eg
(7)
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The numeratorof thederivative of this quantityis egegT M T eCM egegT � 2 eCM egegT M egegT . The �rst
term is in thespanof eg andthesecondoneis in thespanof eCM eg. Thus,for this derivative to be
0 for all eg, onemusthave M / eC � 1 andwe obtainthe sameresultasin the Bayesiancase:the
naturalgradientrepresentsthedirectionminimizing theprobabilityof increasingthegeneralization
error.

3 Online natural gradient

Theprevioussectionsprovideda numberof justi�cations for usingthenaturalgradient.However,
thetechniquehasaprohibitivecomputationalcost,renderingit impracticalfor largescaleproblems.
Indeed,consideringp asthenumberof parametersandn asthenumberof examples,a directbatch
implementationof the naturalgradientis O(p2) in spaceandO(np2 + p3) in time, associatedre-
spectively with thegradients'covariancestorage,computationandinversion.This sectionreviews
existing low complexity implementationsof thenaturalgradient,beforeproposingTONGA, a new
low complexity, onlineandgenerallyapplicableimplementationsuitedto largescaleproblems.In
theprevioussectionsweassumedthetruecovariancematrix eC to beknown. In apracticalalgorithm
we of courseuseanempiricalestimate,andherethis estimateis furthermorebasedon a low-rank
approximationdenotedC (actuallya sequenceof estimatesCt ).

3.1 Low complexity natural gradient implementations

[9] proposesa methodspeci�c to the caseof multilayer perceptrons.By operatingon blocksof
thecovariancematrix, thisapproachattainsa lowercomputationalcomplexity1. However, thetech-
niqueis quite involved,speci�c to multilayerperceptronsandrequirestwo assumptions:Gaussian
distributedinputsandanumberof hiddenunitsmuchinferior to thatof inputunits. [2] offersamore
generalapproachbasedon the Sherman-Morrisonformula usedin Kalman �lters: the technique
maintainsanempiricalestimateof theinversedcovariancematrix thatcanbeupdatedin O(p2). Yet
thememoryrequirementremainsO(p2). It is howevernot necessaryto computetheinverseof the
gradients'covariance,sinceoneonly needsits productwith thegradient.[10] offerstwo approaches
to exploit this. The �rst usesconjugategradientdescentto solve Cv = g. The secondrevisits
[9] therebyachieving a lower complexity. [8] also proposesan iterative techniquebasedon the
minimizationof a differentcost. This techniqueis usedin theminibatchsetting,whereCv canbe
computedcheaplythroughtwo matrixvectorproducts.However, estimatingthegradientcovariance
only from asmallnumberof examplesin oneminibatchyieldsunstableestimation.

3.2 TONGA

Existingtechniquesfail to provideanimplementationof thenaturalgradientadequatefor thelarge
scalesetting.Theirmainfailingsarewith respectto computationalcomplexity or stability. TONGA
wasdesignedto addresstheseissues,which it doesthisby maintaininga low rankapproximationof
thecovarianceandbycastingbothproblemsof �nding thelow rankapproximationandof computing
thenaturalgradientin a lowerdimensionalspace,therebyattainingamuchlowercomplexity. What
we exploit hereis thatalthougha covariancematrix needsmany gradientsto beestimated,we can
take advantageof an observedpropertythat it generallyvariessmoothlyastraining proceedsand
movesin parameterspace.

3.2.1 Computing the natural gradient dir ectionbetweentwo eigendecompositions

Eventhoughourmotivationfor theuseof naturalgradientimplied thecovariancematrixof theem-
pirical gradients,wewill usethesecondmoment(i.e. theuncenteredcovariancematrix) throughout
the paper(andso did Amari in his work). The main reasonis numericalstability. Indeed,in the
batchsetting,we have (assumingC is thecenteredcovariancematrix andg themean)v = C � 1g,
thusCv = g. But then,(C + ggT )v = g + ggT v = g(1 + gT v) and

(C + ggT )� 1g =
v

1 + gT v
= �v (8)

1Thoughthetechniqueallows for a compactrepresentationof thecovariancematrix, theworking memory
requirementremainsthesame.
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Eventhoughthedirectionis thesame,thescalechangesandthenormof thedirectionis bounded
by 1

kgk cos(g;v ) .

SinceTONGA operatesusinga low rank estimateof the gradients'non-centeredcovariance,we
mustbeableto updatecheaply. Whenpresentedwith a new gradient,we integrateits information
usingthefollowing updateformula2:

Ct = 
 Ĉt � 1 + gt gT
t (9)

whereC0 = 0 and Ĉt � 1 is the low rank approximationat time stept � 1. Ct is now likely of
greaterrank,andtheproblemresidesin computingits low rankapproximationĈt . Writing Ĉt � 1 =
X t � 1X T

t � 1,

Ct = X t X T
t with X t = [

p

 X t � 1 gt ]

With suchcovariancematrices,computingthe(regularized)naturaldirectionvt is equalto

vt = (Ct + �I ) � 1gt = (X t X T
t + �I ) � 1gt (10)

vt = (X t X T
t + �I ) � 1X t yt with yt = [0; : : : 0; 1]T : (11)

UsingtheWoodbury identitywith positivede�nite matrices[7], we have

vt = X t (X T
t X t + �I ) � 1yt (12)

If X t is of sizep � r (with r < p, thusyielding a covariancematrix of rank r ), the costof this
computationis O(pr2 + r 3). However, sincetheGrammatrix Gt = X T

t X t canberewrittenas

Gt =
�


 X T
t � 1X t � 1

p

 X T

t � 1gtp

 gT

t X t � 1 gT
t gt

�
=

�

 Gt � 1

p

 X T

t � 1gtp

 gT

t X t � 1 gT
t gt

�
; (13)

thecostof computingGt usingGt � 1 reducesto O(pr + r 3). Thisstressestheneedto keepr small.

3.2.2 Updating the low-rank estimateof Ct

To keepa low-rankestimateof Ct = X t X T
t , wecancomputeits eigendecompositionandkeeponly

the�rst k eigenvectors.This canbemadeat low costusingits relationto thatof Gt :

Gt = V DV T

Ct = (X t V D � 1
2 )D (X t V D � 1

2 )T (14)
Thecostof suchaneigendecompositionis O(kr 2 + pkr ) (for thecomputationof theeigendecom-
positionof theGrammatrixandthecomputationof theeigenvectors,respectively). Sincethecostof
computingthenaturaldirectionis O(pr + r 3), it is computationallymoreef�cient to let therankof
X t grow for severalsteps(usingformula12 in between)andthencomputetheeigendecomposition
using

Ct + b = X t + bX T
t + b with X t + b =

h

 Ut ; 


b� 1
2 gt +1 ; : : : 


1
2 gt + b� 1; 


t + b
2 gt + b]

i

with Ut theunnormalizedeigenvectorscomputedduringthepreviouseigendecomposition.

3.2.3 Computational complexity

The computationalcomplexity of TONGA dependson the complexity of updatingthe low rank
approximationandon thecomplexity of computingthenaturalgradient.The costof updatingthe
approximationis in O(k(k + b)2 + p(k + b)k) (asabove,usingr = k + b). Thecostof computing
thenaturalgradientvt is in O(p(k + b) + (k + b)3) (again,asabove,usingr = k + b). Assuming
k + b �

p
(p) andk � b, TONGA'stotalcomputationalcostpereachnaturalgradientcomputation

is thenO(pb).

Furthermore,by operatingon minibatchgradientsof sizeb0, we endup with a costperexampleof
O( bp

b0 ). Choosingb = b0, yieldsO(p) perexample,thesameasstochasticgradientdescent.Empiri-
cal comparisonof cputime alsoshows comparableCPUtime perexample,but fasterconvergence.
In ourexperiments,p wasin thetensof thousands,k waslessthan5 andbwaslessthan50.

Theresultis an approximatenaturalgradientwith low complexity, generalapplicabilityand�e xi-
bility over thetradoff betweencomputationsandthequalityof theestimate.

2Thesecondtermis notweightedby 1� 
 sothatthein�uenceof gt in Ct is thesamefor all t , event = 0.To
keepthemagnitudeof thematrix constant,onemustusea normalizationconstantequalto 1 + 
 + : : : + 
 t .
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4 Block-diagonal online natural gradient for neural networks

Onemight wonderif therearebetterapproximationsof thecovariancematrixC thancomputingits
�rst k eigenvectors.Onepossibility is a block-diagonalapproximationfrom which to retainonly
the �rst k eigenvectorsof every block (thevalueof k canbedifferentfor eachblock). Indeed,[4]
showedthat theHessianof a neuralnetwork with onehiddenlayer trainedwith thecross-entropy
costconvergesto a block diagonalmatrix duringoptimization. Theseblocksarecomposedof the
weightslinking all the hiddenunits to oneoutputunit andall the input units to onehiddenunit.
GiventhecloserelationshipbetweentheHessianandthecovariancematrices,we canassumethey
haveasimilar shapeduringtheoptimization.

Figure 1 shows the correlationbetweenthe standardstochasticgradientsof the parametersof a
16 � 50 � 26 neuralnetwork. The�rst blocksrepresenttheweightsgoing from the input units to
eachhiddenunit (thus50 blocksof size17,biasincluded)andthefollowing representtheweights
goingfrom thehiddenunits to eachoutputunit (26 blocksof size51). Onecanseethattheblock-
diagonalapproximationis reasonable.Thus,insteadof selectingonly k eigenvectorsto represent
thefull covariancematrix,wecanselectk eigenvectorsfor everyblock,yieldingthesametotalcost.
However, therankof theapproximationgoesfrom k to k � numberof blocks. In thematricesshown
in �gure 1, whichareof size2176, a valueof k = 5 yieldsanapproximationof rank380.

(a) Stochasticgradient (b) TONGA (c) TONGA - zoom

Figure1: Absolutecorrelationbetweenthestandardstochasticgradientsafteroneepochin a neural
network with 16 inputunits,50hiddenunitsand26outputunitswhenfollowing stochasticgradient
directions(left) andnaturalgradientdirections(centerandright).

Figure2 shows theratio of Frobeniusnorms kC � �C k2
F

kC k2
F

for differenttypesof approximations�C (full
or block-diagonal).We can�rst noticethatapproximatingonly theblocksyieldsa ratio of :35 (in
comparison,taking only thediagonalof C yields a ratio of :80), even thoughwe consideredonly
82076outof the4734976elementsof thematrix (1:73%of thetotal). This ratio is almostobtained
with k = 6. We canalsonoticethat,for k < 30, theblock-diagonalapproximationis muchbetter
(in termsof theFrobeniusnorm)thanthefull approximation.Theblock diagonalapproximationis
thereforeverycosteffective.
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(a) Full view
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(b) Zoom

Figure2: Qualityof theapproximation�C of thecovarianceC dependingonthenumberof eigenvec-

torskept(k), in termsof theratioof FrobeniusnormskC � �C k2
F

kC k2
F

, for differenttypesof approximation
�C (full matrixor blockdiagonal)
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Thisshowstheblockdiagonalapproximationconstitutesapowerful andcheapapproximationof the
covariancematrix in thecaseof neuralnetworks.Yet this approximationalsoreadilyappliesto any
mixturealgorithmwherewe canassumeindependencebetweenthecomponents.

5 Experiments

We performeda smallnumberof experimentswith TONGA approximatingthefull covariancema-
trix, keepingtheoverheadof thenaturalgradientsmall (ie, limiting therankof theapproximation).
Regrettably, TONGA performedonly aswell asstochasticgradientdescent,while beingrathersen-
sitive to the hyperparametervalues. The following experiments,on the otherhand,useTONGA
with theblock diagonalapproximationandyield impressive results.We believe this is a re�ection
of thephenomenonillustratedin �gure 2: theblock diagonalapproximationmakesfor a very cost
effective approximationof thecovariancematrix. All theexperimentshave beenmadeoptimizing
hyperparameterson a validationset(not shown here)andselectingthebestsetof hyperparameters
for testing,trying to keepsmalltheoverheaddueto naturalgradientcalculations.

One could worry aboutthe numberof hyperparametersof TONGA. However, default valuesof
k = 5, b = 50 and
 = :995 yieldedgoodresultsin every experiment.When� goesto in�nity ,
TONGA becomesthestandardstochasticgradientalgorithm.Therefore,a simpleheuristicfor � is
to progressively tuneit down. In ourexperiments,we only triedpowersof ten.

5.1 MNIST dataset

TheMNIST digits datasetconsistsof 50000trainingsamples,10000validationsamplesand10000
testsamples,eachonecomposedof 784pixels.Thereare10differentclasses(onefor everydigit).
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(b) Testclasserror

0 500 1000 1500 2000 2500 3000 3500 4000 4500
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

CPU time (in seconds)

N
eg

at
iv

e 
lo

g-
lik

el
ih

oo
d

 

 

Block diagonal TONGA
Stochastic batchsize=1
Stochastic batchsize=400
Stochastic batchsize=1000
Stochastic batchsize=2000

(c) TrainNLL
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(d) TestNLL

Figure3: ComparisonbetweenstochasticgradientandTONGA ontheMNIST dataset(50000train-
ing examples),in termsof trainingandtestclassi�cationerrorandNegativeLog-Likelihood(NLL).
Themeanandstandarderrorhavebeencomputedusing9 differentinitializations.

Figure3 shows that in termsof trainingCPUtime (which includestheoverheaddueto TONGA),
TONGA allows muchfasterconvergencein trainingNLL, aswell asin testingclassi�cationerror
andtestingNLL thanordinarystochasticandminibatchgradientdescenton this task.Onecanalso
notethatminibatchstochasticgradientis ableto pro�t from matrix-matrixmultiplications,but this
advantageis mainly seenin trainingclassi�cationerror.

5.2 Rectanglesproblem

TheRectangles-imagestaskhasbeenproposedin [5] to comparedeepbelief networksandsupport
vectormachines.It is atwo-classproblemandtheinputsare28� 28grey-level imagesof rectangles
locatedin varyinglocationsandof differentdimensions.The insideof therectangleandtheback-
groundareextractedfrom differentrealimages.Weused900,000trainingexamplesand10,000val-
idationexamples(noearlystoppingwasperformed,we show thewholetraining/validationcurves).
All theexperimentsareperformedwith a multi-layernetwork with a 784-200-200-100-2 architec-
ture(previously foundto work well on this dataset).Figure4 shows that in termsof trainingCPU
time, TONGA allows much fasterconvergencethan ordinary stochasticgradientdescenton this
task,aswell aslowerclassi�cationerror.
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(a) TrainNLL error
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(b) TestNLL error
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(c) Trainclasserror
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(d) Testclasserror

Figure4: ComparisonbetweenstochasticgradientdescentandTONGA w.r.t. NLL andclassi�ca-
tion error, on trainingandvalidationsetsfor therectanglesproblem(900,000trainingexamples).

6 Discussion

[3] reviews the differentgradientdescenttechniquesin the online settinganddiscussestheir re-
spective properties.Particularly, he statesthata secondorderonlinealgorithm(i.e., with a search
directionof is v = M g with g thegradientandM apositivesemide�nitematrix)is optimal(in terms
of convergencespeed)whenM convergesto H � 1. Furthermore,thespeedof convergencedepends
(amongstotherthings)ontherankof thematrixM . Giventheaforementionedrelationshipbetween
thecovarianceandtheHessianmatrices,thenaturalgradientis closeto optimalin thesensede�ned
above,providedthemodelhasenoughcapacity. On mixturemodelswheretheblock-diagonalap-
proximationis appropriate,it allows us to maintainan approximationof muchhigherrank thana
standardlow-rankapproximationof thefull covariancematrix.

Conclusionand futur e work

Webring two maincontributionsin thispaper. First,by lookingfor thedescentdirectionwith either
the greatestprobability of not increasinggeneralizationerror or the directionwith the largestex-
pectedincreasein generalizationerror, we obtainnew justi�cations for thenaturalgradientdescent
direction. Second,we presentan online low-rank approximationof naturalgradientdescentwith
computationalcomplexity andCPU time similar to stochasticgradientrdescent.In a numberof
experimentalcomparisonswe�nd thisoptimizationtechniqueto beatstochasticgradientin termsof
speedandgeneralization(or in generalizationfor agivenamountof trainingtime). Eventhoughde-
fault valuesfor thehyperparametersyield goodresults,it would beinterestingto haveanautomatic
procedureto selectthebestsetof hyperparameters.
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