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Abstract

Guidedby the goal of obtainingan optimizationalgorithmthatis both fastand
yields good generalizationwe study the descentdirection maximizing the de-
creasdn generalizatiorerror or the probability of not increasinggeneralization
error. Thesurprisingresultis thatfrom boththe Bayesiarandfrequentisperspec-
tivesthis canyield the naturalgradientdirection. Although thatdirectioncanbe
very expensieto computewe developanef cient, generalpnlineapproximation
to the naturalgradientdescentwhich is suitedto large scaleproblems. We re-
port experimentalresultsshaving muchfastercorvergencein computatiortime
andin numberof iterationswith TONGA (Topmoumouténline naturalGradient
Algorithm) thanwith stochastigradientdescentgvenon very large datasets.

Intr oduction

An ef cient optimizationalgorithmis onethatquickly nds agoodminimumfor agivencostfunc-
tion. An efcient learningalgorithmmustdo the samewith the additionalconstrainthatthe func-
tion is only known througha proxy. This work aimsto improve the ability to generalizehrough
moreef cient learningalgorithms.

Considerthe optimizationof a coston a training setwith accesgo a validationset. As the end
objectiveis agoodsolutionwith respecto generalizationpneoftenusesearly stopping:optimizing
the training error while monitoringthe validationerrorto ght over tting. This approachmakes
the underlyingassumptiorthat over tting happenst the later stages.A betterperspectie is that
over tting happensll throughthelearning,but startsbeingdetrimentabnly atthepointit overtales
the“true” learning.In termsof gradientsthegradientof thecostonthetrainingsetis never collinear
with thetrue gradient,andthe dot productbetweerthe two actually eventuallybecomesegative.
Early stoppingis designedo determinewhenthat happens.One canthuswonder: canonelimit

over tting beforethatpoint?Would this actuallypostponehatpoint?

Fromthis standpointwe discover new justi cations behindthe naturalgradient{1]. Dependingon
certainassumptionsit correspondeitherto the directionminimizing the probability of increasing
generalizatiorerror, or to the directionin which the generalizatiorerror is expectedto decrease
thefastestUnfortunately naturalgradientalgorithmssuffer from poorscalingpropertiespothwith
respecto computatiortime andmemorywhenthenumberof parameterbecomesarge. To address
this issue,we proposea generallyapplicableonline approximationof naturalgradientthat scales
linearly with the numberof parametergand requirescomputationtime comparablgo stochastic
gradientdescent) Experimentshaow thatit canbring signi cant fastercorvergenceandimproved
generalization.



1 Natural gradient

z
Letl€beacostde nedasl€( ) = L(x; )p(x)dx whereL isalossfunctionoversomeparameters

andovertherandomvariablex with distributionp(x). Theproblemof minimizing € over is often
encountere@ndcanbe quite dif cult. Thereexist varioustechniquedo tackleit, their ef ciency
dependingon L andp. In the caseof non-comwvex optimization,gradientdescents a successful

techniqueTheapproackconsistdn progressiely updating usingthegradientg = ‘(’,—'9

[1] shoved that the parameterspaceis a Riemannianspaceof metric € (the covarianceof the
gradients),and introducedthe naturalgradientas the direction of steepestiescentn this space.
The naturalgradientdirectionis thereforegiven by € 'g. The Riemannianspaceis known to
correspondo the spaceof functionsrepresentedby the parameterginsteadof the spaceof the
parameterthemseles).

ThenaturalgradientsomavhatresemblesheNewton method.[6] shavedthat,in thecaseof amean
squarectostfunction,the Hessiars equalto the sumof the covariancematrix of the gradientsand
of anadditionaltermthatvanishego 0 asthetraining errorgoesdown. Indeed,whenthe dataare
generatedrom themodel,theHessiarandthe covariancematrix areequal. Therearetwo important
differences:the covariancematrix € is positive-de nite, which makesthe techniguemore stable,
but containsno explicit secondorderinformation. The Hessiarallows to accountfor variationsin
theparametersThecovariancanatrix accountdgor slightvariationsin thesetof trainingsampleslt
alsomeanghat, if the gradientshighly disagreen onedirection,oneshouldnotgoin thatdirection,
evenif themeansuggest®therwise.In thatsenseit is aconsenrative gradient.

2 A newjusti cation for natural gradient

Until now, we supposedve hadaccesgo the true distribution p. However, this is usuallynot the
caseand,in generalthedistribution p is only known throughthe samplesf thetrainingset. These
samplegde ne acostL (resp.agradientg) that,althoughcloseto thetrue cost(resp.gradient),is

not equalto it. We shallreferto L asthetraining errorandto [€ asthe generalizatiorerror. The
dangeiis thento over t the parameters to thetrainingset,yielding parameterghatarenotoptimal

with respecto thegeneralizatiorerror.

A simpleway to ght over tting consistsin determiningthe point whenthe continuationof the
optimizationon L will be detrimentalto I€. This canbe doneby settingasidesomesamplesto

form avalidationsetthatwill provide anindependengstimateof I€. Oncetheerrorstartsincreasing
on the validation set, the optimizationshouldbe stopped. We proposea differentperspectie on

over tting. Insteadof only monitoringthe validationerror, we considerusingasdescentirection
anestimateof the directionthatmaximizesthe probability of reducingthe generalizatiorerror. The

goalis to limit over tting at every stage with the hopethat the optimal point with respectto the

validationshouldhave lower generalizatiorerror.

Considera descentirectionv. We know thatif v' g is negative thenthe generalizatiorerrordrops
(for areasonablysmall step)whensteppingin thedirectionof v. Likewise,if v' g is negative then
thetraining error drops. Sincethe learningobjectie is to minimize generalizatiorerror, we would
likevT g assmallaspossiblepr atleastalwaysnegative.
B " . - X _ @(xi;) -

y de nition, the gradienton the training setis g = 0 0 whereg; = ~—a@ andn is the

i=1

numberof trainingsamplesWith aroughapproximationpnecanconsidettheg; sasdravsfrom the
true gradientdistribution andassumaeall the gradientsareindependenaindidentically distributed.
The centrallimit theorenthengives

g N g— (1)

where€ is thetrue covariancematrix of % wrt p(x).



We will now shaw that, bothin the Bayesiansetting(with a Gaussiarprior) andin the frequentist
setting(with somerestrictionsover the type of gradientconsidered)the naturalgradientis optimal
in somesense.

2.1 Bayesiansetting

In theBayesiarsetting,g is arandomvariable.We would thuslik eto de ne aposterioroverg given
thesamplegy; in orderto have a posteriordistribution overv™ g for ary givendirectionv. Theprior
overg will beaGaussiarcenteredn 0 of variance I . Thus,usingeq.1, theposterioroverg given
theg; s (assumingheonly informagonoverg givenbytheg;sis throughglandC) is

I

1 1
gig; € N@I+% o; |—2+n@1 A )
Denoting€ =1 + nﬁg,wethereforeha/e
!
Te 1
Vigg€ N vie g > Y @n Cv (3)

Using this result, one can choosebetweenseveral stratgies, amongwhich two are of particular
interest:

choosingthe directionv suchthat the expectedvalue of v' g is the lowest possible(to
maximizetheimmediategain). In this setting,the directionv to chooseas

vi € 1g 4)

If < 1,thisistheregularizednaturalgradient.In thecaseof = 1 ,€ = | andthis
is thebatchgradientdescent.

choosingthedirectionv to minimizethe probabilityof v g to be positive. This is equiva-
lentto nding
V€ g
argmin, p————
Vi€ l€v

(we droppedn for the sale of clarity, sinceit doesnot changetheresult).If we squarethis
quantityandtake the derivative with respectov, we nd 2€ g(v' € !g)(v' € l€v)
2€ €v(v' € g)? atthenumeratorThe rst termisin thespanof € 'gandthesecond
oneis in the spanof € *€v. Hence for the derivative to be zero,we musthaveg / €v
(since€ and€ areinvertible),i.e.

vi € lg: (5)
This directionis the naturalgradientanddoesnot dependon the valueof
2.2 Frequentistsetting
In the frequentistsetting,g is a x ed unknowvn quantity For the sale of simplicity, we will only
consider(asall second-ordemethodsdo) the directionsv of theformv = M T g (i.e. we areonly
allowedto goin adirectionwhichis alinearfunctionof g).

Sinceg N g ,wehae
|

YR '
vig=g'Mg N gTMg;%@Mg (6)
ThematrixM  which minimizesthe probability of v' g to be positive satis es
T
M = argminy — g Mg (7)

g MTCMg



The numeratorof the derivative of this quantityisgg™™ T €M gg" 2€Mgg" M gg'. The rst
termis in the spanof g andthe secondoneis in the spanof €M g. Thus, for this derivative to be

0 for all g, onemusthave M / € ! andwe obtainthe sameresultasin the Bayesiancase:the
naturalgradientrepresentshe directionminimizing the probability of increasinghe generalization
error.

3 Online natural gradient

The previous sectiongprovided a numberof justi cations for usingthe naturalgradient. However,
thetechniquehasa prohibitive computationatost,renderingt impracticalfor largescaleproblems.
Indeed consideringp asthe numberof parameterandn asthe numberof examplesa directbatch
implementatiorof the naturalgradientis O(p?) in spaceandO(np? + p?) in time, associatede-
spectvely with the gradients'covariancestorage computatiorandinversion. This sectionreviews
existing low compleity implementation®f the naturalgradient,beforeproposingTONGA, a new
low compleity, online andgenerallyapplicableimplementatiorsuitedto large scaleproblems.In

theprevioussectionsve assumedhetruecovariancematrix € to beknown. In apracticalalgorithm
we of courseusean empirical estimate andherethis estimates furthermorebasedon a low-rank
approximatiordenotedC (actuallya sequencef estimate<C;).

3.1 Low complexity natural gradient implementations

[9] proposesa methodspeci ¢ to the caseof multilayer perceptrons.By operatingon blocks of
the covariancematrix, this approachattainsa lower computationatomplexity *. However, thetech-
nigueis quiteinvolved, speci ¢ to multilayer perceptronandrequirestwo assumptionsGaussian
distributedinputsanda numberof hiddenunitsmuchinferior to thatof input units. [2] offersamore
generalapproachbasedon the Sherman-Morrisorformula usedin Kalman lters: the technique
maintainsanempiricalestimateof theinversedcovariancematrix thatcanbeupdatedn O(p?). Yet
the memoryrequirementemainsO(p?). It is however not necessaryo computetheinverseof the
gradients'covariance sinceoneonly needsts productwith thegradient.[10] offerstwo approaches
to exploit this. The rst usesconjugategradientdescento solve Cv = g. The secondrevisits
[9] therebyachieving a lower compleity. [8] also proposesan iterative techniquebasedon the
minimizationof a differentcost. This techniques usedin the minibatchsetting,whereCv canbe
computectheaplythroughtwo matrix vectorproducts However, estimatinghegradientcovariance
only from a smallnumberof examplesin oneminibatchyieldsunstablesstimation.

3.2 TONGA

Existingtechniquedail to provide animplementatiorof the naturalgradientadequatdor the large
scalesetting. Their mainfailingsarewith respecto computationatomplexity or stability,. TONGA
wasdesignedo addressheseissueswhichit doesthis by maintainingalow rankapproximatiorof
thecovarianceandby castingbothproblemsof nding thelow rankapproximatiorandof computing
thenaturalgradientin alowerdimensionakpacetherebyattaininga muchlower compleity. What
we exploit hereis thatalthougha covariancematrix needsmary gradientgo be estimatedye can
take advantageof an obsened propertythatit generallyvariessmoothlyastraining proceedsand
movesin parametespace.

3.2.1 Computing the natural gradient dir ection betweentwo eigendecompositions

Eventhoughour motivationfor theuseof naturalgradienimplied the covariancematrix of theem-
pirical gradientsye will usethesecondnoment(i.e. theuncenteredovariancematrix) throughout
the paper(andso did Amari in his work). The main reasonis numericalstability. Indeed,in the
batchsetting,we have (assumingC is the centerectovariancematrix andg themean)v = C !g,
thusCv = g. Butthen,(C + gg")v=g+ gg"v=g(1+ g"v) and

TV 1q— v oo_
(C+gg') 9= 1 gV v

(8)

Thoughthe techniqueallows for a compactepresentationf the covariancematrix, the working memory
requirementemainghe same.



Eventhoughthe directionis the same the scalechangesandthe norm of the directionis bounded
1

by kgk cos(g;v) -

Since TONGA operateausing a low rank estimateof the gradients'non-centerecovariance,we

mustbe ableto updatecheaply Whenpresentedvith a new gradient,we integrateits information
usingthefollowing updateformula?:

Ct = ét 1+ gtgtT (9)
whereCy = 0andC; ; is the low rank approximationat time stept 1. C; is now likely of

greaterrank,andthe problemresidesn computingits low rankapproximationC;. Writing &; 1 =
Xt 1xtT 1

Co = XXTwithXe=[P X 1 g
With suchcovariancematrices computingthe (regularized)naturaldirectionv; is equalto
vi = (Ci+ 1) tg= (XX + 1) g (10)
Vi = (X X+ 1) WXy withyy = [0;:::0;1]: (11)
Usingthe Woodlury identity with positive de nite matriceq7], we have
Vi = XXX+ 1) Ly (12)

If X¢ isof sizep r (withr < p, thusyielding a covariancematrix of rankr), the costof this
computatioris O(pr? + r3). However, sincethe Grammatrix G; = X X canberewrittenas

XT . Xe 1 PXT ,q G P—XT g

G: = st 1 t1 = 2t t1 ; 13
t p 9 X 1 9 o p 9 X 1 9 o (13)
thecostof computingG; usingG; ; reduceso O(pr + r3). This stressetheneedto keepr small.

3.2.2 Updating the low-rank estimateof C;

To keepalow-rankestimateof C; = XX, we cancomputeits eigendecompositioandkeeponly
the rst k eigervectors.This canbemadeat low costusingits relationto thatof G :

G = VDVT

Ct = (X{VD 2)D(X;VD 2)T (14)
The costof suchan eigendecompositiois O(kr? + pkr) (for the computatiorof the eigendecom-
positionof the Grammatrix andthecomputatiorof the eigervectorsrespectiely). Sincethecostof
computingthe naturaldirectionis O(pr + r3), it is computationallymoreef cient to let therankof
Xt grow for severalstepg(usingformula12 in betweenjandthencomputethe eigendecomposition
using .

h i

. b o1 1 +b
Ciob = XeroXfhpWithXep= Ui 7 Gt 50 2Gsb 1 7 Gl

with U; theunnormalizedeigervectorscomputedduringthe previouseigendecomposition.

3.2.3 Computational complexity

The computationalcompleity of TONGA dependson the compleity of updatingthe low rank
approximationandon the compleity of computingthe naturalgradient. The costof updatingthe
approximatioris in O(k(k + b)2 + p(k + b)k) (asabove,usingr = k + b). Thecostof computing
thenatur&lgradientvt isin O(p(k + b) + (k + b)®) (again,asabove,usingr = k + b). Assuming
k+b (p) andk b, TONGA total computationatostpereachnaturalgradientcomputation
is thenO(pb).

Furthermoreby operatingon minibatchgradientsof sizeb®, we endup with a costper exampleof
O(’g—ﬁ). Choosingo = b, yieldsO(p) perexample the sameasstochastigradientdescentEmpiri-
cal comparisorof cputime alsoshavs comparableCPUtime perexample,but fastercorvergence.
In our experimentsp wasin thetensof thousandsk waslessthan5 andb waslessthan50.

Theresultis an approximatenaturalgradientwith low compleity, generalapplicability and e xi-
bility overthetradof betweercomputationgandthe quality of the estimate.

2Thesecondermis notweightecdby1  sothatthein uenceof g in C; isthesamefor all t, event = 0.To
keepthe magnitudeof the matrix constantpnemustusea normalizationconstanequalto 1+ + :::+



4 Block-diagonal online natural gradient for neural networks

Onemightwonderif therearebetterapproximation®f the covariancematrix C thancomputingits

rst k eigervectors. Onepossibility is a block-diagonalpproximationfrom which to retainonly
the rst k eigervectorsof every block (the valueof k canbe differentfor eachblock). Indeed,[4]
shaved thatthe Hessianof a neuralnetwork with onehiddenlayertrainedwith the cross-entrop
costcorvergesto a block diagonalmatrix during optimization. Theseblocksare composedf the
weightslinking all the hiddenunits to one outputunit andall the input units to one hiddenunit.
Giventhe closerelationshipbetweerthe Hessiarandthe covariancematrices we canassumehey
have a similar shapeduringthe optimization.

Figure 1 shaws the correlationbetweenthe standardstochasticgradientsof the parameterof a
16 50 26 neuralnetwork. The rst blocksrepresenthe weightsgoingfrom theinput unitsto
eachhiddenunit (thus50 blocksof size17, biasincluded)andthe following representhe weights
goingfrom the hiddenunitsto eachoutputunit (26 blocksof size51). Onecanseethatthe block-
diagonalapproximationis reasonableThus, insteadof selectingonly k eigervectorsto represent
thefull covariancematrix,we canselectk eigervectorsfor everyblock, yieldingthesametotal cost.
However, therankof theapproximatiorgoesfromk tok numberof blocks In thematricesshavn
in gure 1, whichareof size2176 avalueof k = 5 yieldsanapproximatiorof rank380.

(a) Stochastigradient (b) TONGA (c) TONGA - zoom

Figurel: Absolutecorrelationbetweerthe standardstochastigradientsafteroneepochin aneural
network with 16 input units,50 hiddenunitsand26 outputunitswhenfollowing stochastigradient
directions(left) andnaturalgradientdirections(centerandright).

Figure2 showvstheratio of Frobeniusnormsk(f(—cck:zﬁ for differenttypesof approximationsC (full
F

or block-diagonal).We can rst noticethatapproximatingonly the blocksyields a ratio of :35 (in

comparisontaking only the diagonalof C yields a ratio of :80), eventhoughwe considerednly

820760ut of the 4734976elementf thematrix (1:73% of thetotal). Thisratio is almostobtained
with k = 6. We canalsonoticethat,for k < 30, the block-diagonabpproximations muchbetter
(in termsof the Frobeniusnorm)thanthe full approximation.The block diagonalapproximatioris

thereforevery costeffective.

- - - Full matrix approximation - -- Full matrix approximation
Block diagonal approximation ik Block diagonal approximation

norms.

Ratio of the squared Frobenius norms

Ratio of the squared Frobenius

Number k of eigenvectors kept Number k of eigenvectors kept

(a) Full view (b) Zoom

Figure2: Quality of theapproximatiorC of thecovarianceC dependingonthenumberof eigervec-

2
torskept(k), in termsof theratio of Frobeniumorms'“l:(—c(k:zk—ﬂ for differenttypesof approximation
F

C (full matrix or block diagonal)



Thisshavstheblock diagonalapproximatiorconstitutes powerful andcheapapproximatiorof the
covariancematrixin the caseof neuralnetworks. Yet this approximatioralsoreadily appliesto ary
mixture algorithmwherewe canassumeéndependencbetweerthe components.

5 Experiments

We performeda smallnumberof experimentsvith TONGA approximatinghefull covariancema-
trix, keepingthe overheadof the naturalgradientsmall (ie, limiting the rank of the approximation).
Ragrettably TONGA performedonly aswell asstochastigradientdescentwhile beingrathersen-
sitive to the hyperparametevalues. The following experiments,on the otherhand,use TONGA
with the block diagonalapproximatiorandyield impressie results. We believe thisis are ection
of the phenomenoiilustratedin gure 2: the block diagonalapproximatiormakesfor a very cost
effective approximationof the covariancematrix. All the experimentshave beenmadeoptimizing
hyperparametersn a validationset(not shavn here)andselectingthe bestsetof hyperparameters
for testing,trying to keepsmallthe overheaddueto naturalgradientcalculations.

One could worry aboutthe numberof hyperparametersf TONGA. However, default valuesof
k = 5 b= 50and = :995yieldedgoodresultsin every experiment. When goesto in nity ,
TONGA becomeghe standardstochastigradientalgorithm. Therefore a simpleheuristicfor  is
to progressiely tuneit down. In our experimentswe only tried powersof ten.

5.1 MNIST dataset

The MNIST digits datasetonsistof 50000training samples10000validationsamplesand10000
testsamplesgachonecomposeaf 784 pixels. Thereare10 differentclassegonefor every digit).

GPU time (n Seconds)

CPUtme (inseconds)

(a) Train classerror (b) Testclasserror (c) TrainNLL

Figure3: Comparisorbetweerstochastigradienand TONGA onthe MNIST datase{50000train-
ing examples)jn termsof trainingandtestclassi cationerrorandNegative Log-Likelihood(NLL).
Themeanandstandarcerrorhave beencomputedusing9 differentinitializations.

Figure3 shaws thatin termsof training CPU time (which includesthe overheaddueto TONGA),
TONGA allows muchfastercorvergencein training NLL, aswell asin testingclassi cationerror
andtestingNLL thanordinarystochasti@andminibatchgradientdescenbn this task. Onecanalso
notethatminibatchstochastigradientis ableto pro t from matrix-matrixmultiplications,but this
adwantagas mainly seenin trainingclassi cationerror.

5.2 Rectanglesproblem

The Rectangles-imgestaskhasbeenproposedn [5] to comparedeepbelief networksandsupport
vectormachineslt is atwo-clasgproblemandtheinputsare28 28grey-levelimagesof rectangles
locatedin varyinglocationsandof differentdimensions.The insideof the rectangleandthe back-
groundareextractedfrom differentrealimages We used900,00Qrainingexamplesand10,000val-
idationexamples(no early stoppingwasperformedwe shav thewholetraining/halidationcurves).
All the experimentsareperformedwith a multi-layer network with a 784-200-200-10€2 architec-
ture (previously foundto work well on this dataset) Figure4 shows thatin termsof training CPU
time, TONGA allows much fastercorvergencethan ordinary stochasticggradientdescenton this
task,aswell aslower classi cationerror.
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Figure4: Comparisorbetweenstochastigradientdescenand TONGA w.r.t. NLL andclassi ca-
tion error, ontrainingandvalidationsetsfor the rectangleproblem(900,000trainingexamples).

6 Discussion

[3] reviews the differentgradientdescentechniquedn the online settingand discussesheir re-
spectve properties.Particularly, he stateshata secondorderonline algorithm(i.e., with a search
directionofisv = M g with g thegradientandM apositive semide nitematrix)is optimal(in terms
of corvergencespeedwhenM corvergesto H . Furthermorethespeedf corvergencedepends
(amongsbtherthings)ontherankof thematrix M . Giventhe aforementionedelationshipbetween
thecovarianceandthe Hessiarmatricesthe naturalgradientis closeto optimalin the senseale ned
above, provided the modelhasenoughcapacity On mixture modelswherethe block-diagonakbp-
proximationis appropriatejt allows usto maintainan approximationof muchhigherrankthana
standardow-rankapproximatiorof thefull covariancematrix.

Conclusionand futur e work

We bring two maincontributionsin this paper First, by looking for the descentirectionwith either
the greatestprobability of not increasinggeneralizatiorerror or the directionwith the largestex-
pectedncreasean generalizatiorerror, we obtainnew justi cations for the naturalgradientdescent
direction. Secondwe presentan online low-rank approximationof naturalgradientdescentwith
computationatompleity and CPU time similar to stochastigyradientrdescent.In a numberof
experimentacomparisonsve nd this optimizationtechniqudo beatstochastigradientn termsof
speecdandgeneralizatiorfor in generalizatiorior agivenamountof trainingtime). Eventhoughde-
faultvaluesfor the hyperparametengeld goodresults,it would beinterestingto have anautomatic
procedurdo selectthebestsetof hyperparameters.
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