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Abstract

In bioinformatics it is often desirable to combine data freanious measurement
sources and thus structured feature vectors are to be adalyat possess different
intrinsic blocking characteristics (e.g., different jpatts of missing values, obser-
vation noise levels, effective intrinsic dimensionaklie We propose a new ma-
chine learning tool, heterogeneous component analysig\JH®Gr feature extrac-
tion in order to better understand the factors that undsta complex structured
heterogeneous data. HCA is a linear block-wise sparse iay8CA based not
only on a probabilistic model with block-wise residual arte terms but also on
a Bayesian treatment of a block-wise sparse factor-loatliaix. We study vari-
ous algorithms that implement our HCA concept extractireysg heterogeneous
structure by obtaining common components for the blockssp®tific compo-
nents within each block. Simulations on toy and bioinforiggatiata underline the
usefulness of the proposed structured matrix factorinat@ncept.

1 Introduction

Microarray and other high-throughput measurement deviees been applied to examine speci-
mens such as cancer tissues of biological and/or clinicatest. The next step is to go towards
combinatorial studies in which tissues measured by two aerbsuch devices are simultaneously
analyzed. However, such combinatorial studies inevitabiyer from differences in experimental
conditions, or, even more complex, from different measweintechnologies. Also, when concate-
nating a data set from different measurement sources, e oftserve systematic missing parts
in a dataset (e.g., Fig 3A). Moreover, the noise levels may among different experiments. All
these induce heterogeneous structure in data, that needs to be treated appropriateiywork will
contribute exactly to this topic, by proposing a Bayesiarthoe for feature subspace extraction,
called heterogeneous component analysis (HCA, sectionsl 3a HCA performs a linear feature
extraction based on matrix factorization in order to obtaisparse and structured representation.
After relating to previous methods (section 4), HCA is apglto toy data and more interestingly
to neuroblastoma data from different measurement tecbrigsection 5). We obtain interesting
factors that may be a first step towards better biologicalehbdilding.

2 Formulation of the HCA problem

Let a matrixY = {y;;}i=1.:m,j=1.~ denote a set ofV observations ofl/-dimensional feature
vectors, wherey;; € R is thej-th observation of theé-th feature. In a heterogeneous situation, we

assume thé/-dimensional feature vector is decomposed ihtdisjoint blocks. Let/(!) denote a
set of feature indices included in th¢h block, so thaf () U--- U IX) = [ andI® N 1) = ¢ for
L1,
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Figure 1: An illustration of a typical dataset and the resyltthe HCA. The observation matrix

Y consists of multiple samples= 1, ..., N with high-dimensional featureise I. The features
consist of multiple blocks, in this cagé") U 1 U I®) = I. There are many missing observations
whose distribution is highly structural depending on edclchh HCA optimally factorizes the ma-

trix Y so that the factor-loading matrl{ has structural sparseness; it includes some regions of zero
elements according to the block structure of the observed &ach factor may or may not affect all
the features within a block, but each block does not necgssffect all the factors. Therefore, the
rank of each factor-loading sub-matrix for each block (oy aet of blocks) can be different from
the others. The resulting block-wise sparse matrix reflecisaracteristibeterogeneity of features
over blocks.

We assume that the matfix € RM > is a noisy observation of a matrix of true valukse R >N
whose rank is<' (< min(M, N)) and has a factorized form:

Y=X+EX=UV", (1)

whereE ¢ RM*N U ¢ RMXK andV ¢ RV*X are matrices of residuals, factor-loadings, and
factors, respectively. The superscript T denotes the matnspose. There may be missing or
unmeasured observations denoted by a ma¥ix {0, 1}*~, which indicates observatiap, is
missing ifw;; = 0 or exists otherwiseu;; = 1).

Figure 1 illustrates the concept of HCA. In this example, dhserved data matrix (left panel) is
made up by three blocks of features. They have block-wismti@n in effective dimensionali-
ties, missing rates, observation noise levels, and so oithwie overall callheterogeneity. Such
heterogeneity affects the effective rank of the obsermadigh-matrix corresponding to each block,
and hence leads naturally to different ranks of factordiogub-matrix between blocks. In ad-
dition, there can exist block-wise patterns of missing gal(shadowed rectangular regions in the
left panel); such a situation would occur, for example inffiarmatics, when some particular genes
have been measured in one assay (constituting a block) bint aother assay (constituting another
block).

To better understand the objective data based on the feattnaction by matrix factorization, we
assume a block-wise sparse factor-loading mdifiright panel in Fig.1). Namely, the effective
rank of an observation sub-matrix corresponding to a bledleflected by the number of non-zero
components in the corresponding rowsldf Assuming such a block-wise sparse structure can
decrease the model’s effective complexity, and will désetthe data better and therefore lead to
better generalization ability, e.g., for missing valuedicgon.

3 A probabilistic model for HCA

Model For each element of the residual matey;, = v;; — Zszl Uik Vjk, We assume a Gaussian
distribution with a common varianee? for every feature in the same block (:
1 -2 2
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wherel (i) denotes the pre-determined block index to whichititle feature belongs. For a factor
matrix V', we assume a Gaussian prior:

Inp(V Z Z ( —In 27r> (3)

j=1 k=1

The above two assumptions are exactly the same as thosefmtplistic PCA that is a special case
of HCA with a single active block. Another special case wreseh block contains only one active
feature is probabilistic factor analysis (FA). Namely, nimaxm likelihood (ML) estimation based

on the following Iog-IikeIihood includes both the PCA aneé tRA as special settings of the blocks.

1
Inp(Y,V|U,o? Zw” ( Jl lnol( ) —In 27r) + 3 Z (—’U?k —In2m). (4)
jk
o? = (0})=1....1 is a vector of variances of all blocks. Sineg; = 0 iff y;; is missing, the

summation _, ; is actually taken for all observed values¥n

Another character of the HCA model is the block-wise spaastof-loading matrix, which is im-
plemented by a prior fot/, given by

Inp(U|T) = Ztm( 2m 1n27r>7 (5)

whereT = {¢;;} is a block-wisemask matrix which defines the block-wise-sparse structure; if
ti = 0, thenwu;, = 0 with probability 1. Each column vector of the mask matrixeslone of
the possible block-wise mask patterns; a binary pattertovedose dimensionality is the same as
the factor-loading vector, and whose values are consjstéher0 or 1, within each block. When
there arelL blocks, each column vector @ can take one of” possible patterns including the zero
vector, and hence, the matfiXwith K columns can take one af-* possible patterns.

Parameter estimation We estimated the model parametéfsand V' by maximuma posteriori

(MAP) estimation, andr by ML estimation; that is, the log-joint = def log P(Y,U,V|o,T)was
maximized w.r.tU, V ando.

Maximization of the log-jointC w.rt U, V, ando was performed by the conjugate gradient algo-
rithm that was available in the NETLAB toolbox [1]. The statary condition w.r.t. the variance,
% = 0, was solved as a closed form&fandV:

(U V) E mean(””)[ } (6)

wheremean; ;;)[.] is the average over all paifs, j) not missing in the-th block. By redefining
the objective function with the closed form solution pludde:

LU, V)= LUV, U, V), )
the conjugate gradient @f w.r.t. U andV led to faster and more stable optimization than the naive
maximization of w.r.t. U, V', ando 2.

Model selection The mask matrixI” was determined by maximization of the log-marginal likeli-
hood [ £LdU dV which was calculated by Laplace approximation around theP\atimator:

s Y- 71 detH, ®)

where F ' aeaeTﬁ is the Hessian of log-joint w.r.t. all elemer(#) in the parameter&/ andV'.
The log Hessian ternindet H, which works as a penalty term for maintaining non-zero eletsiin
the factor-loading matrix, was simplified in order for tralghe calculation. Namely, independence
in the log-joint was assumed:
0*L 0%L 0%L
~ ~0,and — = 0, 9)
8Ujk1}jk/
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which enabled a similar tractable computation to variaiddayes (VB) and was expected to pro-
duce satisfactory results.

To avoid searching through an exponentially large numbpoesibilities, we implemented a greedy
search that optimizes each of the column vectors in a step-mianner, called HCA-greedy algo-
rithm. In each step of the HCA-greedy algorithm, factoreliog and factor vectors are estimated
based or2” possible settings of block-wise mask vectors, and we adtepbne achieving the
maximum log-marginal. It terminated if zero vector is adegjas the best mask vector.

HCA with ARD  The greedy search still searct¥spossibilities per a factor, whose computation
increases exponentially as the number of blaEkscreases. The automatic relevance determination
(ARD) is a hierarchical Bayesian approach for selectinguaaht bases, which has been applied to
component analyzers since its first introduction to BayeBi@A (BPCA) [2].

The prior forU is given by

L K
Inp(Ula) = % Z Z {Z (—aupud, +Inay —In 27‘()} , (20)

i€l

whereq;;, is an ARD hyper-parameter for tlieh block of thek-th column ofU. « is a vector of
all elements oty I = 1,..., L,k = 1,..., K. With this prior, the log-joint probability density
function becomes

1
Inp(Y,U,V|o?, ) Zw”( ol() “ lnol() 111277)4—52( v — In2m)
ik

+ = Z —ay; ;Cum +Inayyr —In 27r) (12)

According to this ARD approachy is updated by the conjugate gradient-based optimization si
multaneously withJ and V. In each step of the optimization, was updated until the stationary
condition of log-marginal w.r.to approximately held.

In HCA with ARD, called HCA-ARD, the initial values df/ andV" were obtained by SVD. We also
examined an ARD-based procedure with another initial vaktéing, i.e., starting from the result
obtained by HCA-greedy, which is signified by HCA-g+ARD.

4 Related work

In this work, the ideas from both probabilistic modeling iilar component analyzers and sparse
matrix factorization frameworks are combined into an atiedy tool for data with underlying het-
erogeneous structures.

The weighted low-rank matrix factorization (WLRMF) [3] hasdn proposed as a minimization
problem of the weighted error:

min = Zw” (yij — ZuikUjk)27 (12)
k

wherew;; is a weight for the elememij of the observation matriY". The weight value is set
asw;; = 0 if the correspondingy;; is missing orw;; > 0 otherwise. This objective func-
tion is equivalent to the (negative) log-likelihood of a pabilistic generative model based on
an assumption that each element of the residual matrix chegaussian distribution with vari-
ancel /w;;. The WLRMF objective function is equivalent to our log-likedod function (4) if the
weight is set at estimated inverse noise variance for éaghth element. Although the prior term,
Inp(V) = =4 37, v}, + const., has been added to eq. (4), it justimposes a constraint diméze
indeterminacy betweell andV/, and hence the resultant low-rank mai/ " is identical to that
by WLRMF.

Bayesian PCA [2] is also a matrix factorization proceduréjcl includes a characteristic prior
density of factor-loading vectork) p(U|a) = —1 3, au?, + const.. Itis an equivalent prior for
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Figure 2: Experimental results when applied to an artifidath matrix. (A) Missing pattern of the
observation matrix. Vertical and horizontal axes corresptm row (typically, genes) and column
(typically, samples) of the matrix (typically, gene exmies matrix). Red cells signify missing
elements. (B) True factor-loading matrix. Horizontal adenotes factors. Color and its intensity
denote element values and white cells denote zero elemétasels from (C) to (H) show the
factor-loading matrices estimated by SVD, WLRMF, BPCA, HGreedy, HCA-ARD, and HCA-
g+ARD, respectively. The vertical line in panel (F) denadtes automatically determined number
of components. Panel (I) shows missing value predictiofopgiance obtained by the three HCA
algorithms and other methods. The vertical and horizones @enote normalized root mean square
of test errors and dimensionalities of factors, respelgtive

HCA-ARD (eq. (10)) if we assume only a single block. Althoudfs prior term obviously a simple
L? norm in the WLRMF, it also includes hyper parameiewhich constitute different regularization
term and it leads to automatic model (intrinsic dimensiiyaselection whero is determined by
evidence criterion.

Component analyzers with sparse factor-loadings haventlgceeen investigated as sparse PCA
(SPCA). In a well established context of SPCA studies (el}), the tradeoff problem is solved
between the understandability (sparsity of factor-logd)rand the reproducibility of the covariance
matrix from the sparsified factor-loadings. In our HCA, thedk-wise sparse factor-loading matrix
is useful not only for understandability but also for getieedion ability. The latter merit comes
from the assumption that the observation includes unceytaiue to a small sample size, large
noises, and missing observations, which have not beendmnesi sufficiently in SPCA.

5 Experiments

Experiment 1: an artificial dataset We prepared an artificial data set with an underlying block
structure. For this we generated 2 x 9 factor-loading matriXU that included a pre-determined
block structure (white vs. colored in Fig. 2(B)), and@ x 9 factor matrixV" by applying orthog-
onalization to the factors sampled from a standard Gausisaribution. The observation matrik
was produced by VT + E, where each element & was generated from a standard Gaussian.
Then, missing values were artificially introduced accogdio the pre-determined block structure

(Fig. 2(A)).

e Block 1 consisted of 20 features with randomly selected 10i%simg entries.

e Block 2 consisted of 50 features whose 50% columns were cgigiplmissing and the
remaining columns contained randomly selected 50% missitiges.

e Block 3 consisted of 100 features whose 20% columns were letemp missing and the
remaining columns contained randomly selected 20% missitiges.

We applied three HCA algorithms: HCA-greedy, HCA-ARD, an@Alg+ARD, and three existing
matrix factorization algorithms: SVD, WLRMF and BPCA.



SVD SVD calculated for a matrix whose missing values are imptdexéros.
WLRMF[3] The weights were set 1 for the value-existing entries or @Hemissing entries.

BPCA WLRMF with an ARD prior, called here BPCA, which is equivaleatHCA-ARD except
that all features are in a single active block (i.e., coldreBiig. 2(B)). We confirmed this
method exhibited almost the same performance as VB-EMebagerithm [5].

The generalization ability was evaluated on the basis ok#tienation performance for artificially
introduced missing values. The estimated factor-loadiragrices and missing value estimation
accuracies are shown in Figure 2. Factor-loading matriesgd on WLRMF and BPCA were
obviously almost the same with that by SVD, because thes timethods did not assume any
sparsity in the factor-loading matrix.

The HCA-greedy algorithm terminated At = 10. The factor-loading matrix estimated by HCA-
greedy showed an identical sparse structure to the onestimgsof the top five factors in the true
factor-loadings. The sixth factor in the second block wasemtracted, possibly because the second
block lacked information due to the large rate of missingigal This algorithm also happened to
extract one factor not included in the original factor-lmays, as the tenth one in the first block.

Although the HCA-ARD and HCA-g+ARD algorithms extractedglones as the top three and four
factors, respectively, they failed to completely recamsttthe sparsity structure in other factors. As
shown in panel (1), however, such a poorly extracted strectlid not increase the generalization
error, implying that the essential structure underlyingdata was extracted well by the three HCA-
based algorithms.

Reconstruction of missing values was evaluated by norexhliaot mean square errolSRMSE def

v/mean[(y — 7)2]/var[y], wherey andj denote true and estimated values, respectively, the mean
is the average over all the missing entries and the varianioe all entries of the matrix.

Figure 2(1) shows the generalization ability of missingueapredictions. SVD and WLRMF, which
incurred no penalty on extracting a large number of facexkibited the best results arouht= 9,
but got worse with the increase in the number®ue to over-fitting. HCA-g+ARD showed the
best performance & = 9, which was better than that obtained by all the other meth&t{SA-
greedy, HCA-ARD, and BPCA exhibited comparative perforomat/ = 9. At K = 2,...,8, the
HCA algorithms performed better than BPCA. Namely, the spatructure in the factor-loadings
tended to achieve better performance. HCA-ARD performssiédfectively than the other two HCA
algorithms at{’ > 13, because of convergence to local solutions. This reasapjzosted by the fact
that HCA-g+ARD employing good initialization by HCA-greg@xhibited the best performance
among all the HCA algorithms. Accordingly, HCA showed a éetieneralization ability with a
smaller number of effective parameters than the existintpaus.
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Figure 3: Analysis of an NBL dataset. Vertical axes denotghtdimensional features. Features
measured by array CGH technology are sorted in the chromalsomaler. Microarray features are
sorted by correlations to sample’s prognosis, dead or alivime end of clinical followup. (A)
Missing pattern in the NBL dataset. White and red colors denbserved and missing entries in
the data matrix, respectively. (B) and (C) Factor-loadiragnoes estimated by the HCA-greedy and
WLRMF algorithms, respectively.



Experiment 2: a cross-analysis of neuroblastoma data We next applied our HCA to a neu-
roblastoma (NBL) dataset consisting of three data blocksridy three kinds of high-throughput
genomic measurement technologies.

Array CGH Chromosomal changes of 2340 DNA segments (using 2340 prelss measured
for each of 230 NBL tumors, by using the array comparativeoggén hybridization (array
CGH) technology. Data for 1000 probes were arbitrarily cielé from the whole dataset.

Microarray 1 Expression levels of 5340 genes were measured for 136 tunoonsNBL patients.
We selected 1000 genes showing the largest variance ovéBéimors.

Microarray 2 Gene expression levels in 25 out of 136 tumors were also mediby a small-sized
microarray technology harboring 448 probes.

The dataset Microarray 1 was the same one as used in the psestiody [6], and the other two
datasets, array CGH and Microarray 2, were also providechbysame research group for this
study. As seen in Figure 3(A), the set of measured samplegwtesdifferent in the three experi-
ments, leading to apparent block-wise missing obserstidve normalized the data matrix so that
the block-wise variances become unity. We further added &8sing entries randomly into the
observed entries in order to evaluate missing value piedigerformance.

When HCA-greedy was applied to this dataset, it terminatdd at 23, but we continued to obtain
further factors untilKk’ = 80. Figure 3(B) shows the factor-loading matrix from = 0 to 23.
HCA-greedy extracted one factor showing the relationskigvben the three measurement devices
and three factors between aCGH and Microarray 1. The otbtariaaccounted for either of aCGH
or Microarray 1. The first factor was strongly correlatedhapiatient’s prognosis as clearly shown
by the color code in the parts of Microarrays 1 and 2. Note thatfeatures in these two datasets
are aligned by correlations to the prognosis. This sugghaststhe dataset Microarray 2 did not
include factors other than the first one as those strongiyedlto the prognosis. On the other hand,
WLRMF extracted the identical first factor to HCA-greedy, eutracted much more factors con-
cerning Microarray 2, all of which may not be trustworthy dese the number of samples observed
in Microarray 2 was as small as 25.
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Figure 4: Missing value prediction performance by the sgoathms. Vertical axis denotes nor-
malized root mean square of training errors (A) or test er(Brand C). Horizontal axis denotes the
number of factors (A and B) or the number of nhon-zero elemiarttse factor-loading matrices (C).

Each curve corresponds to one of the six algorithms.

We also applied SVD, WLRMF, BPCA and other two HCA algorithroghie NBL dataset. For
WLRMF, BPCA, HCA-ARD, and HCA-g+ARD, the initial numbers ofdtors were set ak =
5,10,20,...,70,and80. Missing value prediction performance in terms of NRMSE whtained
as a measurement value of generalization performance. thatt¢he original data matrix included
many missing values, but we evaluated the performance g wsitificially introduced missing
values. Figure 4 shows the results.

Training errors almost monotonically decreased as the eumbfactors increased (Fig. 4A), in-
dicating the stability of the algorithms. The only exceptisas HCA-ARD whose error increased
from K = 30 to K = 40; this was due to local solution, because HCA-g+ARD emplgytime
same algorithm but starting from different initializatishowed consistent improvements in its per-
formance.



Test errors did not show monotonic profiles except that Hededy exhibited monotonically better
results for largerk values (Fig. 4B and C). SVD and WLRMF exhibited the best penforce
at K = 22 and K = 60, respectively, and got worse as the number of factors iseckaue to
over-fitting.

Overall, the variants of our new HCA concept have shown goakrnlization performance as
measured on missing values, much similar to existing methtidké WLRMF. We would like to
emphasize, however, that HCA yields a cledeetor structure that is easier interpretable from the
biological point of view.

6 Conclusion

Complex structured data are ubiquitous in practice. Famme, when we should integrate data
derived from different measurement devices, it becomeigalty important to combine the infor-
mation in each single source optimally — otherwise no gamlmachieved beyond the individual
analyses. Our Bayesian HCA model allows to take into acceunh structured feature vectors
that possess different intrinsic blocking characterssti@he new probabilistic structured matrix
factorization framework was applied to toy data and to nklastoma data collected by multiple
high-throughput measurement devices which had block-wigsing structures due to different
experimental designs. HCA achieved a block-wise sparderféamading matrix, representing the
information amount contained in each block of the datasatibaneously. While HCA provided
a better or similar missing value prediction performanantkxisting methods such as BPCA or
WLRMF, the heterogeneous structure underlying the problexa @learly captured much better.
Furthermore the HCA factors derived are an interestingasgntation that may ultimately lead to a
better modeling of the neuroblastoma data (see section 5).

In the current HCA implementation, block structures wersuased to be known, as for the neu-
roblastoma data. Future work will go into a fully automatstimate of structure from measured
multi-modal data and the respective model selection tegtas to achieve this goal.

Clearly there is an increasing need for methods that aretalsldiably extract factors from multi-
modal structured data with heterogeneous features. Ourrefwtffort will therefore strive towards
applications beyond bioinformatics and to design novelcstired spatio-temporal decomposition
methods in applications like electroencephalography (EE@age and audio analyses.

Acknowledgement This work was supported by a Grant-in-Aid for Young ScidstiéB) No.
19710172 from MEXT Japan.

References

[1] I. Nabney and Christopher Bishop. Netlab:  Netlab neuratwork software.
http://www.ncrg.aston.ac.uk/netlab/, 1995.

[2] C.M. Bishop. Bayesian PCA. IRroceedings of 11th conference on Advancesin neural infor-
mation processing systems, pages 382—-388. MIT Press Cambridge, MA, USA, 1999.

[3] N. Srebro and T. Jaakkola. Weighted low rank matrix agprations. InProceedings of 20th
International Conference on Machine Learning, pages 720-727, 2003.

[4] A. d’Aspremont, F. R. Bach, and L. El Ghaoui. Full regutation path for sparse principal
component analysis. roceedings of the 24th International Conference on Machine Learning,
2007.

[5] S. Oba, M. Sato, |. Takemasa, M. Monden, K. Matsubara, &ntshii. A Bayesian missing
value estimation method for gene expression profile dBtainformatics, 19(16):2088—2096,
2003.

[6] M. Ohira, S. Oba, Y. Nakamura, E. Isogai, S. Kaneko, A. dzdwa, T. Hirata, H. Kubo,
T. Goto, S. Yamada, Y. Yoshida, M. Fuchioka, S. Ishii, and AkBlgawara. Expression profiling
using a tumor-specific cDNA microarray predicts the progmos$intermediate risk neuroblas-
tomas.Cancer Cell, 7(4):337-350, Apr 2005.



