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Abstract

Reward-modulated spike-timing-dependent plasticity I8 has recently
emerged as a candidate for a learning rule that could explainlocal learning

rules at single synapses support behaviorally relevarptadgachanges in com-
plex networks of spiking neurons. However the potential limitations of this

learning rule could so far only be tested through computautations. This ar-
ticle provides tools for an analytic treatment of rewardeatlated STDP, which
allow us to predict under which conditions reward-modude®d DP will be able
to achieve a desired learning effect. In particular, we ceodpce in this way
a theoretical explanation and a computer model for a funddahexperimental
finding on biofeedback in monkeys (reported in [1]).

1 Introduction

A major puzzle for understanding learning in biological anisms is the relationship between ex-
perimentally well-established learning rules for synap&ich as STDP) on the microscopic level
and adaptive changes of the behavior of biological orgasi@mthe macroscopic level. Neuromod-
ulatory systems which send diffuse signals related to cegg@ments (rewards) and behavioral state
to several large networks of neurons in the brain, have beemtified as likely intermediaries that
relate these two levels of learning. It is well-known thag tonsolidation of changes of synaptic
weights in response to pre- and postsynaptic neuronaligctequires the presence of such third
signals [2]. Corresponding spike-based learning rulebefdrm

dwﬂ (t)
dt

have been proposed in [3], whete; is the weight of a synapse from neurbto neurory, c;;(¢) is

an eligibility trace of this synapse which collects propbaeight changes resulting from a learning

rule such as STDP, ant{t) = h(t) — h is a neuromodulatory signal with mear{whereh(t) might

for example represent reward prediction errors, encodexlitih the concentration of dopamine in

the extra-cellular fluid). We will consider in this articlaly cases where the reward prediction
error is equal to the current reward. We will referd@) simply as the reward signal. Obviously

such learning scheme (1) faces a large credit-assignmebtgmn, since not only those synapses
for which weight changes would increase the chances ofdutward receive the top-down signal

d(t), but billions of other synapses too. Nevertheless the lisaable to solve this credit-assignment
problem, as has been shown in one of the earliest (but stdhgnthe most amazing) demonstrations
of biofeedback in monkeys [1]. The spiking activity of siagieurons (in area 4 of the precentral
gyrus) was recorded, the current firing rate of this neuros wade visible to the monkey in the

— ci(t)d(), (1)



form of an illuminated meter, and the monkey received foadhrels for increases (or in alternating
trials for decreases) of the firing rate of this neuron frosreiterage level. The monkeys learnt quite
reliably (on the time scale of 10’s of minutes) to change thiedirate of this neuron in the currently
rewarded directioh Obviously the existence of learning mechanisms in thenbseiich are able to
solve this difficult credit assignment problem is fundanaéfdar understanding and modeling many
other learning features of the brain. We present in sectamd34 of this abstract a learning theory for
(1), where the eligibility trace;; (¢) results from standard forms of STDP, which is able to explain
the success of the experiment in [1]. This theoretical maebnfirmed by computer simulations
(see section 4.1). In section 5 we leave this concrete legeXperiment and investigate under what
conditions neurons can learn through trial and error (visarel-modulated STDP) associations of
specific firing patterns to specific patterns of input spikEse resulting theory leads to predictions
of specific parameter ranges for STDP that support this géfem of learning. These were tested
through computer experiments, see 5.1.

Other interesting results of computer simulations of relmarodulated STDP in the context of neural
circuits were recently reported in [3] and [4] (we also refethese articles for reviews of preceding
work by Seung and others).

2 Modelsfor neurons and synaptic plasticity

The spike train of a neurohwhich fires action potentials at times”, (% +) . is formalized
by a sum of Dirac delta functions;(t) = >_ ) o(t — tE”)). We assume that positive and negative

weight changes suggested by STDP for all pairs of pre- antbymaptic spikes (according to the
two integrals in (2)) are collected in an eligibility traeg (¢), where the impact of a spike pairing
with the second spike at tinte— s on the eligibility trace at time is given by some functiotf.(s)
fors > 0:

it = [ aspo | [T arwmszta - o s

+ /OO dr W(—T)Sﬁm‘%(t —s—n)S"(t—s). (2
0

In our simulations f.(s) is a function of the fornmy.(s) = Tif% if s > 0 and O otherwise, with
time constant. = 0.5s. W (r) denotes the standard exponential STDP learning window

_f Averim | ifr>0
W(”_{ ~A_erl | ifr<0 )

where the positive constants, and A_ scale the strength of potentiation and depressigrand

7_ are positive time constants defining the width of the positind negative learning window, and
spre, Sf““ are the spike trains of the presynaptic and postsynaptioneespectively. The actual
weight change is the product of the eligibility trace witle tieward signal as defined by equation (1).
We assume that weights are clipped at the lower boundarg Gadmd an upper boundagy, ...

We use alinear Poisson neuron model whose output spikeﬂféfﬁ(t) is a realization of a Poisson
process with the underlying instantaneous firing rRt¢t). The effect of a spike of presynaptic
neuron; at timet’ on the membrane potential of neurgiis modeled by an increase in the instan-
taneous firing rate by an amouat;; (t')e(t — ¢'), wheree is a response kernel which models the
time course of a postsynaptic potential (PSP) elicited binpat spike. Since STDP according to
[3] has been experimentally confirmed only for excitatorgayses, we will consider plasticity only
for excitatory connections and assume thigt > 0 for all ¢ ande(s) > 0 for all s. Because the
synaptic response is scaled by the synaptic weights, we ssanree without loss of generality that
the response kernel is normalizedﬁ(ﬁo ds €(s) = 1. In this linear model, the contributions of all
inputs are summed up linearly:

Ry(t) = Z/ODO ds wyi(t — 5) e(s) Si(t —s) @)

*Adjacent neurons tended to change their firing rate in theesdinection, but also differential changes of
directions of firing rates of pairs of neurons are reportefd Jiiwhen these differential changes were rewarded).



whereS1, ..., .S, are then presynaptic spike trains.

3 Theoretical analysisof the resulting weight changes

We are interested in the expected weight change over songeititarvalT (see [5]), where the
expectation is over realizations of the stochastic input- @utput spike trains as well as a stochastic
realization of the reward signal, denoted by the ensemidesae(-) 5

(wji(t + T)T_ wii() e _ % </tt+T %wji(t,)dtl>E = <<%wji(t)>T>Ea (5)

where we used the abbreviati¢f(t))r = 7" /7 f(t) dt'. Using equation (1), this yields

(wji(t + T)T_ wii(t)e /OOO dr W(r) /Ooo ds fo(s) (Dji(t, s,7) vii(t — 5,7)) 1

0 o)
+ / dr W(r) ‘ ds fo(s +1)(Dji(t,s,7) vi(t — s,7)) 1 (6)
—00 r|

where Dj;(t,s,7) = (d(t)| Neuronj spikes at — s, and neurori spikes at — s — r)g is the
average reward at timegiven a presynaptic spike at time— s — r and a postsynaptic spike at
timet — s, andvy; (t,r) = (S;(¢)S:(t — r)) s describes correlations between pre- and postsynaptic
spike timings (see [6] for the derivation). We see that theeekxed weight change depends on how
the correlations between the pre- and postsynaptic negamslate with the reward signal. If these
correlations are varying slowly with time, we can exploi¢ thelf-averaging property of the weight
vector. Analogously to [5], we can drop the ensemble aveoaghe left hand side and obtain:

GOl = [T arwe) [T ds 1) Dt vite - 5.0,
0 [eS)

+ /_OO dr W (r) /r| ds fe(s+1)(Dyji(t,s,7) vi(t —s,7))p - )

In the following, we will always use the smooth time-avemgector(w;;(t))., but for brevity, we
will drop the angular brackets. If one assumes for simplittiait the impact of a pre-post spike pair
on the eligibility trace is always triggered by the postgytiaspike, one gets (see [6] for details):

dwé;(t) _ /OOO ds fe(s) /C: dr W(r)(Dji(t,s,r) vji(t —s,7)) - 8)

This assumption (which is common in STDP analysis) willadince a small error for post-before
pre spike pairs, since if a reward signal arrives at some timafter the pairing, the weight update
will be proportional tof.(d,.) instead off.(d, + r). For the analyses presented in this article, the
simplified equation (8) is a good approximation for the léagrdynamics (see [6]). Equation (8)
shows that if the reward signal does not depend on pre- artdypaptic spike statistics, the weight
will change according to standard STDP scaled by a constapbptional to the mean reward.

4 Application to biofeedback experiments

We now apply our theoretical approach to the biofeedbacleexents by Fetz and Baker [1] that
we have sketched in the introduction. The authors showedt tkgossible to increase and decrease
the firing rate of a randomly chosen neuron by rewarding thakag for its high (respectively low)
firing rates. We assume in our model that a reward is delivéveall neurons in the simulated
recurrent network with some delal;. every time a specific neurahin the network produces an
action potential

d(t) = /0 " dr SPU L — dy — r)en(r). )

wheree,.(r) is the shape of the reward pulse corresponding to one pagitigrepike of the rein-
forced neuron. We assume that the reward kegpélas zero mass, i.e, = fooo dr e, (r) = 0. In



our simulations, this reward kernel will have a positive tpim the first few hundred milliseconds,
and a long tailed negative bump afterwards. With the lineas$dn neuron model (see Section 2),
the correlation of the reward with pre-post spike pairs eftbéinforced neuron is (see [6])

Dyi(t, 5,7) = wyi / dr' e.(re(s+r —d. — ")+ €.(s — d;) = €,.(s — d). (10)
0

The last approximation holds if the impact of a single inppike on the membrane potential is
small. The correlation of the reward with pre-post spikepaf non-reinforced neurons is
Dji(t,s,r) = /OO dr' e, (r") Vit = dr =178 = dy — 1) F whiwjicls ¥ 7 = dr ZT)elr)
0 vj(t —s) + wjie(r)

(11)
If the contribution of a single postsynaptic potential te tmembrane potential is small, we can
neglect the impact of the presynaptic spike and write

Dits,r)~ [ ar e (o) 22— T e 27 (12)
0 vi(t —s)

Hence, the reward-spike correlation of a non-reinforcearoe depends on the correlation of this
neuron with the reinforced neuron. The mean weight changeéights to the reinforced neuron is
given by

d o0 o0

Ew;ﬂ(t) = / ds fe(s+ dr)er(s)/ dr W(r) (vki(t —dr — 8,7)) 1 (13)

0 —00

This equation basically describes STDP with a learning tlad is proportional to the eligibility
function in the time around the reward-delay. The mean weaighnge of neurong= k is given by

d e > ot / / A dr - ,a - dT -7
iji(t) = /Ods fe(s) /;ch)r W(r)/odr e-(r") <Vk] (t Vj(tr—i) ! )I/ji(t -5, r)>T
(14)

If the output of neurong andk are uncorrelated, this evaluates to approximately zem [Gg.

The result can be summarized as follows. The reinforcedareigrtrained by STDP. Other neurons
are trained by STDP with a learning rate proportional tortherrelation with the reinforced neuron.
If a neuron is uncorrelated with the reinforced neuron, geering rate is approximately zero.

4.1 Computer simulations

In order to test the theoretical predictions for the experidescribed in the previous section, we
have performed a computer simulation with a generic neuielauircuit receiving a global reward
signal. This global reward signal increases its value etiemg a specific neuron (the reinforced
neuron) in the circuit fires. The circuit consists of 100kieategrate-and-fire (LIF) neurons (80%
excitatory and 20% inhibitory), which are interconnectgabnductance based synapses. The short
term dynamics of synapses was modeled in accordance wittriexgntal data (see [6]). Neurons
within the recurrent circuit were randomly connected witiolpabilitiesp.. = 0.08, p.; = 0.08,

pie = 0.096 andp;; = 0.064 where the ee, ei, ie, ii indices designate the type of theypagstic
and postsynaptic neurons (excitatory or inhibitory). Tprogluce the synaptic background activity
of neocortical neurons in vivo, an Ornstein-Uhlenbeck (@dhductance noise process modeled
according to ([7]) was injected in the neurons, which alsciteld spontaneous firing of the neurons
in the circuit with an average rate dHz. In half of the neurons part of the noise was substituted
with random synaptic connections from the circuit, in orteobserve how the learning mecha-
nisms work when most of the input conductance in the neuramesdrom a larger number of input
synapses which are plastic, instead of a static noise psodd® functionf.(¢) from equation (2)

had the formf.(t) = Tiee*% if ¢t > 0 and O otherwise, with time constant = 0.5s. The reward
signal during the simulation was computed according to 8Q.with the following shape fot,.(¢)

t ot ¢ ot
e(t) = Af—e » — A7 —e . (15)
7 Tr

The parameter values fef.(¢t) were chosen such as to produce a positive reward pulse witala p
delayed 0.5s from the spike that caused it, and a long tadgdtive bump so theﬁ;’O dt e.(t) = 0.
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Figure 1: Computer simulation of the experiment by Fetz anlleB [1]. A) The firing rate of the
reinforced neuron (solid line) increases while the averfagey rate of 20 other randomly chosen
neurons in the circuit (dashed line) remains unchanBgévolution of the average synaptic weight
of excitatory synapses connecting to the reinforced ne(solid line) and to other neurons (dashed
line). C) Spike trains of the reinforced neuron at the beginning arntdeaénd of the simulation.

For values of other model parameters see [6]. The learnileg i) was applied to all synapses in the
circuit which have excitatory presynaptic and postsyrapéiurons. The simulation was performed
for 20 min simulated biological time with a simulation time stepdofms.

Fig. 1 shows that the firing rate and synaptic weights of tihrdoeced neuron increase within a few
minutes of simulated biological time, while those of theastheurons remain largely unchanged.
Note that this reinforcement learning task is more diffitkdn that of the first computer experiment
of [3], where postsynaptic firing within 10 ms after presytiafiring of a randomly chosen synapse
was rewarded, since the relationship between synaptigitgatand hence with STDP) is less direct
in this setup. Whereas a very low spontaneous firing rate of Wik required in [3], this simulation
shows that reinforcement learning is also feasible at etel$ which correspond to those reported
in [1].

5 Rewarding spike-timings

In order to explore the limits of reward-modulated STDP, veeénalso investigated a substantially
more demanding reinforcement learning scenario. The @wsignald(¢) was given in dependence
on how well the output spike traii?>** of the neurory matched some rather arbitrary spike traih
that was produced by some neuron that received the samaut spike trains as the trained neuron
with arbitrary weightsw* = (w},...,w:)T, w € {0, wnas}, but in additionn’ — n further
spike trainsS,, 41, - . ., S,y With weightsw; = wy,4,. This setup provides a generic reinforcement
learning scenario, when a quite arbitrary (and not peryaethlizable) spike output is reinforced, but
simultaneously the performance of the learner can be etalwguite clearly according to how well
its weightswy, . . . , w, match those of the target neuron for thesmput spike trains which both of
them receive. The rewakd(t) at timet is given by

d(t) = / dr k(r)SE (t — dp)S™(t — dy — 1), (16)
where the function:(r) with & = [~ _ds (s) > 0 describes how the reward signal depends
on the time difference between a postsynaptic spike andgettapike andi,. > 0 is the delay

of the reward. Our theoretical analysis below suggeststtiiatreinforcement learning task can
in principle be solved by reward-modulated STDP if some tmairgs are fulfilled. The analysis
also reveals which reward kernetsare suitable for this learning setup. The reward corretetay
synapse is (see [6])

Dj;i(t,s,r) = / dr'k(r") [VfOSt(t —dy)+ (s —dy) +wji(s+r—dp)e(s + 7 —dy)]
[V (t —d. —r")+wie(s+r—d. -], (A7)

Whereyﬁ”’“(t) = (Sf"“(t))E denotes the mean rate of the trained neuron at tineadv*(¢) =

(S*(t))r denotes the mean rate of the target spike train at tingnce weights are changing very



slowly, we havew;;(t — s — r) = w;;(¢). In the following, we will drop the dependence®f; on

t for brevity. For simplicity, we assume that input rates aegisnary and uncorrelated. In this case
(since the weights are changing slowly), also the cormteatibetween inputs and outputs can be
assumed stationary;; (t,7) = v (r). We assume that the eligibility functiofa(d,-) ~ f.(d, + )

if |r| is on a time scale of a PSP, the learning window, or the rewardet, and thatl, is large
compared to these time scales. Then, for uncorrelateddtoisput spike trains of ratel”“ and the
linear Poisson neuron model, the weight change at synapsgiven by

dw i1 (t) % pre. post ost 1T T
# ch p p [ f W-f—wjiWﬁ]
+"<5fc( r) pre [ JpostW_’_wjiWJ [1/* +V*wﬂ_’_wz<yj)ost}
+ fe(dp)wi P {u;?osf / dr W (r)e,(r) + wj; / dr W (r)e(r)e.(r)
+fc(dr)w;<wjiy7;;n1’e I:V;)(JS]"V_V + w]7WF} / dr 6(7‘)6.‘-{ (T), (18)
where f. = [Fdr fo(r), W = [T _dr W(r), = [ dr' k(r')e(r — 1) is the con-

volution of the reward kernel with the PSP is the mtegral rot\bm STDP learning window, and
We = [ dre(r)W(r).

We will now bound the expected weight change for synapsesth w! = w,,, and for synapses
jk with wi; =0.1n this way we can derive conditions for which the expectetvt change for the
former synapses is positive, and that for the latter typegative. First, we assume that the integral
over the reward kernel is positive. In this case, the weidiainge is negative for synapsewith

w} = 0ifand only if 7" > 0, and—1F**'W > w;;W,. In the worst casey;; is wpa, andv?*

is small. We have to guarantee some minimal outputwﬁi{él such that even ifvj; = wpaz, th|s
inequality is fulfilled. This could be guaranteed by someseaiurrent. For synapsesvith w; =
Wmaz, WE 0btain two more conditions (see [6] for a derivation)eTdonditions are summarized in
inequalities (19)-(21). If these inequalities are fulfilland input rates are positive, then the weight
vector converges on average from any initial weight veatox't.

VPN > W W (19)

/ dr W(r)e(r)ex(r) > —anojﬁW/ dr e(r)es(r) (20)
oS} post £ *

| _aween > -wa [”w:zzw e D] @

whereyggojﬁ is the maximal output rate. The second condition is lessreg@md should be easily
fulfilled in most setups. If this is the case, the first cormit{19) ensures that weights witti* = 0
are depressed while the third condition (21) ensures thaghigewithw* = w,,., are potentiated.

Optimal reward kernels: From condition (21), we can deduce optimal reward kermelsThe
kernel should be such that the integfal _ dr W (r)e,(r) is large, while the integral overis small
(but positive). Hence, (r) should be positive for > 0 and negative for < 0. In the following
experiments, we use a simple kernel which satisfies the mfeméoned constraints:

H(T)Z{A_F(e T o—e 5) , ft—t,>0

—A%(e T —e ™) , otherwise
where A% and A® are positive scaling constants; and 7} define the shape of the two double-
exponential functions the kernel is composed of, andefines the offset of the zero-crossing from
the origin. The optimal offset from the origin is negativedan the order of tens of milliseconds
for usual PSP-shapes Hence, reward is positive if the neuron spikes around trgetaspike or
somewhat later, and negative if the neuron spikes much i ea

5.1 Computer smulations

In the computer simulations we explored the learning rula imore biologically realistic setting,
where we used a leaky integrate-and-fire (LIF) neuron wiglutrsynaptic connections coming from
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Figure 2: Reinforcement learning of spike time&) Synaptic weight changes of the trained LIF
neuron, for 5 different runs of the experiment. The curvesisthe average of the synaptic weights
that should converge to} = 0 (dashed lines), and the average of the synaptic weightsiivaid
converge tow; = wpq, (Solid lines) with a different shading for each simulatiamr B) Com-
parison of the output of the trained neuron before (uppeelrand after learning (lower trace; the
same input spike trains and the same noise inputs were u$ee laad after training for 2 hours).
The second trace from above shows those spike times whigleweeded, the third trace shows the
target spike train without the additional noise inputs.

ﬁ 1.0 Figure 3: Predicted average weight
E change (black bars) calculated
5 0> JJ from equation (18), and the es-
'S 0.0 | i l_L m B timated average weight change
3 I I (gray bars) from simulations, pre-
.05 sented for 6 different experiments
B os with differen; parameter settings
=) m N (see Table 1%. A) Weight change
2 e | | | | I values for synapses withv} =

S -0.5- Wmaz- B) Weight change values
< 10l for synapses withv} = 0. Cases
ExpNo. 1 2 3 4 5 6 where the constraints are not ful-

filled are shaded with gray color.

a generic neural microcircuit composed of 1000 LIF neurofite synapses were conductance
based exhibiting short term facilitation and depressidme frained neuron and the arbitrarily given
neuron which produced the target spike train(“target neuron”) both were connected to the same
randomly chosen, 100 excitatory and 10 inhibitory neuraonsnfthe circuit. The target neuron
had10 additional excitatory input connections (these weightsenget tow,,,.), not accessible to
the trained neuron. Only the synapses of the trained neuwonecting from excitatory neurons
were set to be plastic. The target neuron had a weight veatbraf = 0 for 0 < ¢ < 50 and
W} = Wpmaey fOr 50 < ¢ < 110.  The generic neural microcircuit from which the trained and
the target neurons receive the input had 80% excitatory 86l ighibitory neurons interconnected
randomly with a probability of 0.1. The neurons receivedimgound synaptic noise as modeled in
[7], which caused spontaneous activity of the neurons with\gerage firing rate o.9Hz. During
the simulations, we observed a firing ratel6f6Hz for the trained, and9Hz for the target neuron.
The reward was delayed hy5s, and we used the same eligibility trace functjfut) as in the
simulations for the biofeedback experiment (see [6] foadgt The simulations were run for two
hours simulated biological time, with a simulation timepstd 0.1ms. We performed 5 repetitions
of the experiment, each time with different randomly getetaircuits and different initial weight
values for the trained neuron. In each of the 5 runs, the geesgnaptic weights of synapses with
wi = wpmaey andw; = 0 approach their target values, as shown in Fig. 2A. In ordéesbd how

3

?The values in the figure are calculated A = =Us)—2(0) for the simulations, and witi\w =
{dw/dtteim for the predicted valuew(t) is the average weight over synapses with the same valué of

Wimax /2



EX.|| 7e[MS]| Wimax | v25 [HZ] |A£10° 2—; T+,75 [Ms] A% |tsim [N] _

T 10 [0012] 10 |1662/1.05 2020 | 334 5 | japble 1. Parameter values used
2| 7 |oo20 5 |11.081.04 1516 | 458| 10 | for the simulations in Figure
3| 20 (0010 6 554|110 2540 | 1.46| 16 | 3. Both cases where the con-
4 7 10.020 5 11.08/1.07 25,16 | 4.67 | 13 | Straints are satisfied and not sat-
5 10 |0.015 6 20.77|11.10 25,20 | 3.75 3 isfied were covered. PSPs were
6| 25 |0005 3 |13.85(1.01] 2520 | 3.34| 13 | modeled ag(s) = e(~%/7)/7..

closely the learning neuron reproduces the target spile #& after learning, we have performed
additional simulations where the same spiking infuts applied to the learning neuron before and
after we conducted the learning experiment (results arerteg in Fig. 2B).

The equations in section 5 define a parameter space for wiédngined neuron can learn the target
synapse patterw™*. We have chosen 6 different parameter values encompassseg with satisfied
and non-satisfied constraints, and performed experimeimsewve compare the predicted average
weight change from equation (18) with the actual averagghteihange produced by simulations.
Figure 3 summarizes the results. In all 6 experiments, tffecant conditions (19)-(21) were cor-
rect. In those cases where these conditions were not mevgiight moved in the opposite direction,
suggesting that the theoretically sufficient conditior®){(21) might also be necessary.

6 Discussion

We have developed in this paper a theory of reward-modulaiéP. This theory predicts that re-
inforcement learning through reward-modulated STDP is ptsssible at biologically more realistic
spontaneous firing rates than the average rate of 1 Hz thatsems(and argued to be needed) in the
extensive computer experiments of [3]. We have also showmdralytically and through computer
experiments that the result of the fundamental biofeedeapkriment in monkeys from [1] can be
explained on the basis of reward-modulated STDP. The iagulieory of reward-modulated STDP
makes concrete predictions regarding the shape of variougibns (e.g. reward functions) that
would optimally support the speed of reward-modulatedrigey for the generic (but rather diffi-
cult) learning tasks where a neuron is supposed to respoingtir spikes with specific patterns of
output spikes, and only spikes at the right times are revehrdrirther work (see [6]) shows that
reward-modulated STDP can in some cases replace supetvéseihg of readout neurons from
generic cortical microcircuit models.
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