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Abstract

TheIndianBuffet Processis a Bayesiannonparametricapproachthatmodelsob-
jectsasarisingfrom aninÞnitenumberof latentfactors.Hereweextendthelatent
factormodelframework to two or moreunboundedlayersof latentfactors.Froma
generativeperspective,eachlayerdeÞnesaconditional factorial prior distribution
over thebinary latentvariablesof thelayerbelow via a noisy-ormechanism.We
explorethepropertiesof themodelwith two empiricalstudies,onedigit recogni-
tion taskandonemusictagdataexperiment.

1 Intr oduction

The Indian Buffet Process(IBP) [5] is a Bayesiannonparametricapproach that modelsobjects as
arising from an unboundednumberof latent features. One of the main motivationsfor the IBP
is the desirefor a factorial representationof data, with eachelementof the datavectormodelled
independently, i.e. asa collection of factorsrather thanasmonolithic wholesasassumedby other
modelingparadigmssuchasmixturemodels.Considermusictagdatacollectedthroughtheinternet
serviceprovider Last.fm. Usersof the servicelabel songsand artistswith descriptive tagsthat
collectively form a representationof an artist or song. Thesetagscan then be used to organize
playlistsaroundcertainthemes,suchasmusicfrom the 80Õs. The top 8 tags for the popularband
RADIOHEAD are: alternative, rock, alternativerock, indie, electronic, britpop, british, and indie
rock. The tagspoint to variousfacetsof the band,for examplethat they arebasedin Britain, that
they make useof electronicmusicandthat their style of music is alternative and/orrock. These
facetsor featuresarenot mutuallyexclusive propertiesbut representsomesetof distinctaspectsof
theband.

Modeling suchdatawith an IBP allows us to capture the latent factorsthat give rise to the tags,
including inferring thenumberof factorscharacterizingthedata. However the IBP assumesthese
latent featuresare independentacrossobject instances.Yet in many situations,a more compact
and/oraccuratedescription of thedatacouldbeobtainedif wewerepreparedto considerdependen-
ciesbetweenlatentfactors. Despitetherebeingawealthof distinctfactorsthatcollectively describe
anartist,it is clearthattheco-occurrenceof somefeaturesis morelikely thanothers.For example,
factorsassociatedwith thetagalternativearemorelikely to co-occurwith thoseassociatedwith the
tagindie thanthoseassociatedwith tagclassical.

Themaincontribution of this work is to presenta methodfor extending inÞnitelatentfactormod-
els to two or moreunboundedlayersof factors,with upper-layer factors deÞninga factorial prior
distribution over the binary factorsof the layer below. In this framework, the upper-layer factors
expresscorrelationsbetweenlower-layer factorsvia a noisy-ormechanism.Thusour modelmay
beinterpretedasaBayesiannonparametricversionof thenoisy-ornetwork [6, 8]. In specifyingthe
modelandinferencescheme,wemakeuseof therecentstick-breakingconstructionof theIBP [10].
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For simplicity of presentation,wefocusonatwo-layerhierarchy, thoughthemethodextendsreadily
to higher-ordercases.We show how the completemodel is amenableto efÞcientinferencevia a
Gibbssamplingprocedureandcompareperformanceof our hierarchicalmethodwith thestandard
IBP constructiononbothadigit modelingtask,andamusicgenre-taggingtask.

2 Latent Factor Modeling

Considera set of N objectsor exemplars: x1:N = [x1, x2, . . . , xN ]. We model the nth object
with the distribution xn | zn, 1:K , ! ! F (zn, 1:K , ! 1:K ), with modelparameters! 1:K = [! k ]Kk=1
(where! k ! H indep. " k) andfeaturevariableszn, 1:K = [znk ]Kk=1 which we take to be binary:
znk # { 0, 1} . We denotethe presenceof featurek in examplen asznk = 1 andits absenceas
znk = 0. Featurespresentin an object are said to be active while absentfeatures are inactive.
Collectively, thefeaturesform a typically sparsebinaryN $ K featurematrix,which we denoteas
z1:N ,1:K , or simply Z . For eachfeaturek let µk be theprior probability that the featureis active.
The collectionof K probabilities:µ1:K , are assumedto be mutually independent,anddistributed
accordingto aBeta(" / K, 1) prior. Summarizingthefull model,wehave (indep." n, k):

xn | zn, 1:K , ! ! F (zn, 1:K , ! ) znk | µk ! Bernoulli( µk ) µk | " ! Beta
( "

K
, 1

)

According to the standarddevelopmentof the IBP, we can marginalize over variablesµ1:K and
take the limit K % & to recover a distribution over an unboundedbinary featurematrix Z . In
thedevelopmentof theinferenceschemefor our hierarchicalmodel,we make useof analternative
characterizationof the IBP: the IBP stick-breakingconstruction[10]. As with the stick-breaking
constructionof the Dirichlet process(DP), the IBP stick-breakingconstructionprovides a direct
characterizationof the randomlatent featureprobabilitiesvia an unboundedsequence.Consider
onceagain the Þnite latent factor model describedabove. Letting K % & , Z now possesses
an unboundednumberof columnswith a corresponding unboundedset of randomprobabilities
[µ1, µ2, . . . ]. Re-arrangedin decreasingorder:µ(1) > µ(2) > . . . , thesefactorprobabilitiescanbe

expressedrecursively as:µ(k ) = U(k ) µ(k ! 1) =
∏

( l ) U( l ) , whereU(k)
i.i .d! Beta(" , 1).

3 A Hierar chy of Latent FeaturesVia a Noisy-ORMechanism

In this sectionwe extendthe inÞnitelatentfeaturesframework to incorporateinteractionsbetween
multiple layersof unboundedfeatures.We begin by deÞninga Þniteversionof the modelbefore
consideringthe limiting process.We considerherethe simplesthierarchicallatent factor model
consistingof two layersof binarylatentfeatures: anupper-layerbinarylatentfeaturematrix Y with
elementsynj , anda lower-layerbinary latentfeaturematrix Z with elementsznk . Theprobability
distribution over the elementsynj is deÞnedas previously in the limi t constructionof the IBP:
ynj | µj ! Bernoulli( µj ), with µj | " µ ! Beta(" µ /J , 1). Thelower binaryvariablesznk arealso
deÞnedasBernoulli distributedrandomquantities:

znk | yn, : , V:,k ! Bernoulli(1 '
∏

j

(1 ' ynj Vj k )) indep." n, k. (1)

However, heretheprobability thatznk = 1 is a functionof theupperbinary variablesyn, : andthe
kth columnof the weight matrix V , with probabilitiesVj k # [0, 1] connectingynj to znk . The
crux of themodelis how ynj interactswith znk via a noisy-ormechanismdeÞnedin Eq. (1). The
binary ynj modulatesthe involvementof the Vj k termsin the product,which in turn modulates
P(znk = 1 | yn, : , V:,k ). Thenoisy-ormechanisminteractspositively in thesensethatchangingan
elementynj from inactive to active canonly increaseP(znk = 1 | yn :, V:k ), or leave it unchanged
in the casewhereVj k = 0. We interpretthe active yn, : to be possiblecausesof the activation of
theindividual znk , " k. Throughtheweightmatrix V , every elementof Yn, 1:J is connectedto every
elementof Zn, 1:K , thusV is a randommatrix of sizeJ $ K . In the caseof ÞniteJ andK , an

obvious choiceof prior for V is: Vj k
i. i.d! Beta(a,b), " j , k. However, looking aheadto the case

whereJ % & andK % & , theprior overV will requiresomeadditional structure.

Recently, [11] introducedtheHierarchicalBetaProcess(HBP) andelucidatedthe relationshipbe-
tweenthisandtheIndianBuffetProcess.Weuseavariantof theHBPto deÞneaprior overV :

#k ! Beta(" ! /K , 1) Vj k | #k ! Beta(c#k , c(1 ' #k ) + 1) indep." k, j , (2)
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Figure1: Left: A graphicalrepresentationof the 2-layerhierarchy of inÞnitebinary factormodels. Right:
Summaryof thehierarchicalinÞnitenoisy-orfactormodelin thestick-breakingparametrization.

whereeachcolumnof V (indexed by k) is constrainedto sharea commonprior. Structuringthe
prior this way allows us to maintaina well behaved prior over the Z matrix aswe let K % & ,
groupingthevaluesof Vj k acrossj while E[#k ] % 0. However beyondtheregion of very small#k
(0 < #k << 1), we would like theweightsVj k to vary moreindependently. Thuswe modify the
modelof [11] to includethe +1 term to the prior over Vj k (in Eq. (2)) andwe limit c ( 1. Fig.
1 shows a graphicalrepresentationof the complete2-layerhierarchicalnoisy-or factor model,as
J % & andK % & .

Finally, we augmentthe model with an additionalrandommatrix A with multinomial elements
Ank , assigningeachinstanceof znk = 1 to an index j correspondingto the active upper-layer
unit ynj responsiblefor causingthe event. The probability that Ank = j is deÞnedvia a famil-
iar stick-breakingscheme.By enforcingan (arbitrary) orderingover the indicesj = [1, J ], we
canview thenoisy-ormechanismdeÞnedin Eq. (1) asspecifying, for each znk , anorderedseries
of binary trials (i.e. coin ßips). For eachznk , we proceedthroughthe ordered set of elements,
{ Vj k , ynj } j =1 ,2,. .. , performingrandomtrials. With probabilityyn,j ! Vj ! ,k , trial j " is deemedaÒsuc-
cessÓand we set znk = 1, Ank = j " , and no further trials are conductedfor { n, k, j > j " } .
Conversely, with probability(1 ' ynj ! Vj ! k ) thetrial is deemeda ÒfailureÓandwe move on to trial
j " + 1. Sinceall trials j associatedwith inactive upper-layer featuresarefailureswith probabil-
ity one(becauseynj = 0), we needonly considerthe trials for which ynj = 1. If, for a given
znk , all trials j for which ynj = 1 (active) arefailures,thenwe setznk = 0 with probabilityone.
The probability associatedwith the event znk = 0 is thereforegiven by the productof the failure
probabilitiesfor each of the J trials: P(znk = 0 | yn, : , V:,k ) =

∏J
j =1 (1 ' ynj Vj k ), and with

P(znk = 1 | yn, : , V:,k ) = 1 ' P(znk = 0 | yn, : , V:,k ), we arrive at thenoisy-ormechanismgiven
in Eq. (1). This processis similar to the sampling processassociatedwith the Dirichlet process
stick-breakingconstruction[7]. Indeed,theprocessdescribedabove speciÞesa stick-breaking con-
structionof ageneralizedDir ichletdistribution[1] overthemultinomialprobabilitiescorresponding
to theAnk . ThegeneralizedDirichlet distributiondeÞnedin thiswayhastheimportantpropertythat
it is conjugateto multinomial sampling.

With the generative processspeciÞedas above, we can deÞnethe posterior distribution over
the weights V given the assignment matrix A and the latent featurematrix Y . Let M j k =∑N

n =1 I (Ank = j ) bethenumberof timesthatthej th trial wasasuccessfor z:,k (i.e. thenumberof
timesynj causedtheactivationof znk ) andlet Nj k =

∑N
n =1 ynj I (Ank > j ), that is thenumberof

timesthatthej -th trial wasa failurefor znk despiteynj beingactive. Finally, let usalsodenotethe
numberof timesy:,j is active: Nj =

∑N
n =1 ynj . Giventhesequantities,theposteriordistributions

for themodelparametersµj andVj k aregivenby:

µj | Y ! Beta(" µ /J + Nj , 1 + N ' Nj ) (3)
Vj k | Y, A ! Beta(c#k + M j k , c(1 ' #k ) + Nj k + 1) (4)

Theseconjugaterelationshipsareexploited in theGibbssamplingproceduredescribedin Sect. 4.
By integratingoutVj k , wecanrecover (up to aconstant)theposteriordistributionover#k :
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p(#k | A:,k ) ) #" ! /K ! 1
k

J∏

j =1

!( c#k + M j k )
!( c#k )

!( c(1 ' #k ) + Nj k + 1)
!( c(1 ' #k ) + 1)

(5)

Oneproperty of the marginal likelihood is that wholly inactive elementsof Y , which we denote
asy:,j " = 0, do not impact the likelihoodasNj " ,k = 0, M j " ,k = 0. This becomesparticularly
importantaswe let J % & .

Having deÞnedtheÞnitemodel,it remainsto take the limit asbothK % & andJ % & . Taking
the limit of J % & is relatively straightforward astheupper-layer factormodel naturallytendsto
anIBP: Y ! IBP , andits involvementin the remainder of themodelis limited to thesetof active
elementsof Y , which remainsÞnite for Þnitedatasets. In taking K % & , the distribution over
theunbounded#k convergesto thatof theIBP, while theconditionaldistribution over thenoisy-or
weightsVj k remainsimplebetadistributionsgiventhecorresponding#k (asin Eq. (4)).

4 Infer ence

In this section,we describean inferencestrategy to draw samplesfrom the modelposterior. The
algorithmis basedjointly on theblockedGibbssamplingstrategy for truncatedDirichlet distribu-
tions [7] andon the IBP semi-orderedslice sampler [10], which we employ at eachlayer of the
hierarchy. Becausebothalgorithmsarebasedon thestrategy of directly samplingan instantiation
of themodelparameters,theirusetogetherpermitsusto deÞneanefÞcientextendedblockedGibbs
samplerover theentiremodelwithoutapproximation.

To facilitateour descriptionof thesemi-orderedslicesampler, we separateµ1:# into two subsets:
µ+

1:J + andµo
1:# , whereµ+

1:J + aretheprobabilitiesassociatedwith thesetof J + active upper-layer
factorsY + (thosethatappearat leastoncein thedataset,i.e. * i : y+

ij " = 1, 1 ( j $ ( J + ) andµo
1:#

areassociatedwith theunboundedsetof inactive featuresY o (thosenot appearingin thedataset).
Similarly, we separate#1:# into #+

1:K + and#o
1:# , andZ into correspondingactive Z + andinactive

Z o whereK + is thenumberof active lower-layerfactors.

4.1 Semi-orderedslicesampling of the upper-layer IBP

TheIBP semi-orderedslicesamplermaintainsanunorderedsetof activey+
1:N ,1:J + with correspond-

ing µ+
1:J + andV1:J +,1:K , while exploiting the IBP stick-breakingconstructionto samplefrom the

distribution of orderedinactive features,up to an adaptively chosentruncationlevel controlledby
anauxiliaryslicevariablesy .

Samplesy . Theuniformly distributedauxiliary slicevariables,sy controlsthetruncationlevel of
the upper-layer IBP, whereµ" is deÞnedasthe smallestprobability µ correspondingto an active
feature:

sy | Y, µ1:# ! Uniform(0, µ" ), µ" = min
{

1, min
1%j " %J +

µ+
j "

}
. (6)

As discussedin [10], the joint distribution is given by p(sy , µ1:# , Y ) = p(Y, µ1:# ) $ p(sy |
Y, µ1:# ), wheremarginalizingover sy preservestheoriginal distribution over Y andµ1:# . How-
ever, given sy , the conditionaldistribution p(ynj " = 1 | Z, sy , µ1:# ) = 0 for all n, j $ suchthat
µj " < sy . This is thecrux of theslicesamplingapproach:Eachsamplesy adaptively truncatesthe
model,with µ1:J > sy . Yet by marginalizing over sy , we canrecover samplesfrom the original
non-truncateddistributionp(Y, µ1:# ) withoutapproximation.

Sampleµo
1:J o . For theinactive features,we useadaptive rejectionsampling(ARS) [4] to sequen-

tially draw anorderedsetof J o posteriorfeatureprobabilitiesfrom thedistribution:

p(µo
j | µo

j ! 1, yo
:,& j = 0) ) exp

(
" µ

N∑

n =1

1
n

(1 ' µo
j )n

)
á(µo

j )" µ ! 1(1 ' µo
j )N I (0 ( µo

j ( µo
j ! 1),

until µo
J o +1 < sy . Theabove expressionarisesfrom usingthe IBP stick-breakingconstruction to

marginalizeover the inactive elementsof µ: [10]. For eachof the J o inactive featuresdrawn, the
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correspondingfeaturesyo
1:N ,1:J o areinitialized to zeroandthecorrespondingweightV o

1:J o ,1:K are
sampledfrom their prior in Eq. (2). With theprobabilitiesfor boththeactive anda truncatedsetof
inactive featuressampled,thesetof featuresarere-integratedinto a setof J = J + + J o features
Y = [y+

1:N ,1:J + , yo
1:N ,1:J o ] with probabilitiesµ1:J = [µ+

1:J + , µo
1:J o ], and correspondingweights

V T = [(V +
1:J +,1:K )T , (V o

1:J o ,1:K )T ].

SampleY . Giventheupper-layerfeatureprobabilitiesµ1:J , weightmatrixV , andthelower-layer
binaryfeaturevaluesznk , weupdateeachynj asfollows:

p(ynj = 1 | µj , zn, : , µ" ) )
µj

µ"

K∏

k=1

p(znk | ynj = 1, yn, Âj , V:,k ) (7)

Thedenominatorµ" is subjectto changeif changingynj inducesa changein µ" (asdeÞnedin Eq.
(6)); yn, Âj representsall elementsyn, 1:J exceptynj Theconditionalprobabilityof the lower-layer
binaryvariablesis givenby: p(znk | yn, : , V:,k ) = (1 '

∏
j (1 ' ynj Vj k )) .

Sampleµ+
1:J + . Onceagain we separateY andµ1:# into a setof active features:Y + with prob-

abilitiesµ+
1:J + ; anda setof inactive featuresY o with µo

1:# . Theinactive set is discardedwhile the
activesetof µ+

1:J + areresampled from theposteriordistribution: µ+
j | y+

:,j ! Beta(Nj , 1+ N ' Nj ).
At this point we alsoseparatethe lower-layerfactors into anactive setof K + factorsZ + with cor-
responding#+

1:K + , V +
1:J +,1:K + anddatalikelihoodparameters! + ; andadiscardedinactiveset.

4.2 Semi-orderedslicesampling of the lower-layer factor model

Samplingthevariablesof thelower-layerIFM modelproceedsanalogouslyto theupper-layerIBP.
However the presenceof the hierarchical relationship betweenthe #k and the V:,k (asdeÞnedin
Eqs.(3) and(4)) doesrequiresomeadditionalattention.Weproceedby makinguseof themarginal
distributionover theassignmentprobabilitiesto deÞneasecondauxiliaryslicevariable,sz .

Samplesz . Theauxiliary slicevariableis sampledaccording to thefollowing, where#" is deÞned
asthesmallestprobabilitycorrespondingto anactive feature:

sz | Z, #1:# ! Uniform(0, #" ), #" = min
{

1, min
1%k " %K +

#+
k "

}
.

Sample #o
1:K o . Given sz and Y , the randomprobabilitiesover the inactive lower-layer binary

features,#o
1:# , aresampledsequentiallyto draw asetof K o featureprobabilities,until #K o +1 < sz .

Thesamplesaredrawn according to thedistribution:

p(! o
k | ! o

k−1, Y + , zo
:,≥k = 0) ! I (0 " ! o

k " ! o
k−1) (! o

k )! ! −1

 
JY

j =1

!( c(1 # ! o
k ) + Nj )

!( c(1 # ! o
k ))

!

$

exp

 

" "

JY

j =1

!( c)
!( c + Nj )

N 1+ ···+ N JX

i =0

wi c
i

iX

l =1

1
l
(1 # ! o

k )l

!

á (8)

Eq. (8) arisesfrom the stick-breakingconstructionof the IBP and from the expressionfor
P(zo

:,>k = 0 | #o
k , Y + ) derived in the supplementarymaterial[2]. Herewe simply notethat the

wi areweightsderivedfrom theexpansionof a productof termsinvolving unsignedStirling num-
bersof theÞrstkind. Thedistributionovertheorderedinactivefeaturesis log-concavein log#k , and
is thereforeamenableto efÞcientsamplevia adaptive rejectionsampling(aswasdonein sampling
µo

1:J o ). Eachof theK o inactive featuresareinitialized to zerofor every dataobject,Z o = 0, while
the correspondingV o and likelihoodparameters! o aredrawn from their priors. Once the #1:K o

aredrawn, both the active andinactive featuresof the lower-layer arere-integratedinto the setof
K = K + + K o featuresZ = [Z + , Z o] with probabilities#1:K = [#+

1:K + , #o
1:K o ] andcorresponding

weightmatrixV = [V +
1:J +,1:K + , V o

1:J +,1:K o ] andparameters! = [! + , ! o].
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SampleZ . GivenY + andV weuseEq. (1) to specifytheprior overz1:N ,1:K ! . Then,conditional
on thisprior, thedataX andparameters! , wesamplesequentiallyfor eachznk :

p(znk | y+
n, : , V:,k , zn, ¬k , #, ! ∗) =

1
! ∗

0

@1 #
J +
Y

j =1

(1 # y+
nj Vj k )

1

A f (xn | zn, : , #),

wheref (xn | zn, : , ! ) is thelikelihoodfunctionfor thenth dataobject.

SampleA. Givenznk , y+
n, : andV:,k , we draw themultinomial variableAnk to assignresponsibil-

ity, in theeventzik = 1, to oneof theupper-layerfeaturesy+
nj ,

p(Ank = j | znk = 1, y+
n, : , V:,k ) = Vj k

"
j −1Y

i =1

(1 # y+
ni Vik )

#

, (9)

andif y+
n,j " = 0, " j $ > j   , thenp(Ank = j   | znk = 1, y+

n, : , V:,k ) =
∏j   ! 1

i =1 (1 ' y+
ni Vik ) to ensure

normalizationof thedistribution. If znk = 0, thenP(Ank = & ) = 1.

SampleV and #+
1:K + . Conditionalon Y + , Z andA, theweightsV areresampledfrom Eq. (4),

following theblockedGibbssamplingprocedureof [7]. GiventheassignmentsA, theposteriorof
#+

k is given(up to a constant)by Eq. (5). This distribution is log concave in #+
k , thereforewe can

onceagainuseARSto draw samplesof theposteriorof #+
k , 1 ( k ( K + .

5 Experiments

In this section, we presenttwo experimentsto highlight thepropertiesandcapabilitiesof our hier-
archicalinÞnitefactormodel. Our goal is to assess,in thesetwo cases,the impactof includingan
additionalmodelinglayer. To this end,andin eachexperiment,we compareour hierarchical model
to theequivalentIBP model.In eachcase,hyperparametersarespeciÞedwith respectto theIBP (us-
ing cross-validationby evaluatingthelikelihoodof aholdoutset)andheldÞxedfor thehierarchical
factormodel. Finally all hyperparametersof thehierarchicalmodel thatwerenot marginalizedout
wereheldconstantoverall experiments,in particularc = 1 and" ! = 1.

5.1 Experiment I: Digits

In this experimentwe took examplesof imagesof hand-written digits from the MNIST dataset.
Following [10], thedatasetconsistedof 1000examplesof imagesof thedigit 3 wherethehandwrit-
tendigit imagesareÞrstpreprocessedby projectingonto theÞrst64 PCA components.To model
MNIST digits, we augmentboth the IBP andthe hierarchicalmodelwith a matrix G of the same
sizeasZ andwith i.i .d. zeromeanandunit varianceelements. Eachdataobject,xn is modeled
as: xn | Z, G, ! , $2

x ! N ((zn, : + gn, :)! , $2
X I ) where+ is theHadamard(element-wise)product.

Theinclusionof G introducesanadditionalstepto ourGibbssampling procedure,however therest
of the hierarchicalinÞnity factormodel is asdescribedin Sect. 3. In orderto assessthe success
of our hierarchicalIFM in capturinghigher-orderfactorspresentin the MNIST data,we consider
a de-noisingtask. Randomnoise(std=0.5)wasaddedto a post-processedtestsetandthe models
wereevaluatedin its ability to recover thenoise-freeversionof a setof 500examplesnot usedin
training.Fig. 2 (a) presentsacomparisonof thelog likelihoodof the(noise-free)test-setfor boththe
hierarchicalmodelandtheIBP model.TheÞgureshows that the2-layernoisy-ormodelgivessig-
niÞcantlymorelikelihoodto thepre-corrupteddatathantheIBP, indicatingthatthenoisy-or model
wasable to learn usefulhigher-orderstructurefrom MNIST data. Oneof thepotentialbeneÞtsof
thestyleof modelwe proposehereis that thereis theopportunityfor latentfactorsat onelayer to
sharefeaturesat a lower layer. Fig. 2 illustratestheconditionalmodeof therandomweightmatrix
V (conditionalonasampleof theothervariables)andshowsthatthereis signiÞcantsharing of low-
level featuresby thehigher-layer factors.Fig. 2 (d)-(e)comparethefeatures(sampledrows of the
! matrix) learnedby both the IBP andby thehierarchicalnoisy-orfactormodel. Interestingly, the
sampledfeatureslearnedin thehierarchicalmodelappearto beslightly morespatiallylocalizedand
sparse.Fig. 2 (f)-(i) illustratessomeof themarginalsthatarisefrom theGibbssamplinginference
process.Interestingly, the IBP modelinfers a greaternumberof latent factorsthat did the 2-layer
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Figure2: (a) The log likelihoodof a de-noisedtestset.Corrupted(with 0.5-stdGaussiannoise)versionsof
testexamples wereprovidedto thefactormodelsandthelikelihoodof thenoise-freetestsetwasevaluatedfor
both an IBP-basedmodelaswell asfor the 2-layernoisy-ormodel. The two layer modelshown substantial
improvementin log likelihood. (b) Reconstructionof noisyexamples.Thetop row shows theoriginal values
for a collectionof digits. Thesecondrow shows their corruptedversions;while thethird andfourth row show
thereconstructionsfor theIBP-basedmodelandthe2 layernoisy-orrespectively. (c) A subsetof theV matrix.
The rows of V are indexed by j while the columnsof V are indexed by k. The vertical striping patternis
evidenceof signiÞcantsharingof lower-layerfeaturesamongtheupper-layerfactors.(d)-(e)Themostfrequent
64 features(rows of the# matrix) for (d) the IBP andfor (e) the2-layerinÞnitenoisy-orfactormodel. (f) A
comparisonof thedistributionsof thenumberof active elementsbetweentheIBP andthenoisy-ormodel. (g)
A comparisonof the numberof active (lower-layer) factorspossessedby an objectbetweenthe IBP andthe
hierarchicalmodel. (h) thedistribution of upper-layeractive factorsand(i) thenumberof active factorsfound
in anobject.

noisy-ormodel(at theÞrstlayer). However, thedistribution over factorsactive for eachdataobject
is nearlyidentical.This suggeststhepossibility that theIBP is maintainingspecializedfactorsthat
possiblyrepresenta superpositionof frequentlyco-occurringfactorsthat the noisy-or modelhas
capturedmorecompactly.

5.2 Experiment II: Music Tags

Returningto our motivating examplefrom the introduction, we extractedtagsandtag frequencies
from thesocialmusicwebsiteLast.fm usingtheAudioscrobblerwebservice.Thedatais in theform
of counts1 of tagassignment for eachartist. Our goal in modelingthis datais to reducethis often
noisycollectionof tagsto asparserepresentationfor eachartist.Wewill adoptadifferentapproach
to the standardLatentDirichlet Allocation (LDA) documentprocessingstrategy of modelingthe
documentÐor in this casetagcollectionÐashaving beengeneratedfrom a mixtureof tagmultino-
mials.Wewish to distinguishbetweenanartist thateveryoneagreesis bothcountryandrockversus
anartistthatpeoplearedividedwhetherthey arerockor country.

To this end,we canagain make useof theconjugatenoisy-ormodelto modelthecountdatain the
form of binomial probabilities,i.e. to the modeldeÞnedin Sect. 3, we addthe randomweights

Wkt
i.i .d! Beta(a,b), " k.t connectingZ to the dataX via the distribution: X nt ! Binomial(1 '∏

k (1 ' znk W ), C) whereC is thelimit on thenumberof possiblecountsachievable.This would
correspondto the numberof peoplewho ever contributeda tag to that artist. In the caseof the
Last.fmdataC = 100. Maintainingconjugacy overW will requireusto addanassignmentparameter

1Thepublicly availabledatais normalizedto maximumvalue100.

7



80 100 120 140 160
0

200

400

600

800

num. active features

M
C

M
C

 it
er

at
io

ns

0 2 4 6 8
0

50

100

150

200

250

300

num. active features

nu
m

. o
bj

ec
ts

0 1 2 3 4
0

100

200

300

400

500

600

num. active features

nu
m

. o
bj

ec
ts

20 30 40 50 60 70
0

500

1000

1500

2000

num. active features

M
C

M
C

 it
er

at
io

ns

Figure3: Thedistribution of active featuresfor thenoisy-or modelat the (a) lower-layerand(c) theupper-
layer. Thedistributionoveractive featuresperdataobjectfor the(b) upper-layerand(d) lower-layer.

Bnt whoserole is analogousto Ank . With themodelthusspeciÞed,we presenta datasetof 1000
artistswith a vocabulary sizeof 100 tagsrepresentinga total of 312134counts. Fig. 3 shows the
result runningthe Gibbssamplerfor 10000iterations. As the Þgureshows, both layersarequite
sparse.Generally, mostof thefeatureslearnedin theÞrstlayeraredominatedby oneto threetags.
Most featuresat thesecondlayercover a broaderrangeof tags. The two mostprobablefactorsto
emergeat theupperlayerareassociatedwith thetags(in orderof probability):

1. electronic, electronica, chi llout, ambient, experimental
2. pop, rock, 80s, dance, 90s

Theability of the2-layernoisy-ormodelto capturehigher-orderstructurein thetagdatawasagain
assessedthoughacomparisonto thestandardIBP usingthenoisy-orobservation modelabove. The
modelwasalsocomparedagainstamorestandardlatentfactormodelwith thelatentrepresentation
%nk modelingthedatathroughageneralizedlinearmodel:X nt ! Binomial(Logistic(%n, :O:,t ), C),
wherethe function Logistic(.) is the logistic sigmoid link function and the latent representation
%nk ! N (0, " #) arenormally distributed. In this case,inferenceis performedvia a Metropolis-
HastingsMCMC methodthatmixesreadily. Thetestdatawasmissing90%of thetagsandthemod-
elswereevaluatedby their successin imputingthemissingdatafrom the10%thatremained.Here
again,the2-LayerNoisy-Ormodelachievedsuperiorperformance,asmeasuredby themarginal log
likelihoodon a hold out setof 600artist-tagcollections.InterestinglybothsparsemodelsÐtheIBP
andthenoisy-ormodelÐdramaticallyoutperformedthegeneralizedlatentlinearmodel.

Method NLL
Gen.latentlinearmodel(BestDim = 30) 8.7781e05± 0.02e05

IBP 5.638e05± 0.001e05
2-LayerNoisy-OrIFM 5.542e05 ± 0.001e05

6 Discussion

We have deÞneda noisy-ormechanismthat allows one inÞnite factormodel to act asa prior for
anotherinÞnite factormodel. The modelpermitshigh-orderstructureto be capturedin a factor
modelframework while maintaininganefÞcientsamplingalgorithm. Themodelpresentedhereis
similar in spirit to thehierarchicalBetaprocess,[11] in thesensethatbothmodelsdeÞneahierarchy
of unboundedlatentfactormodels.However, while thehierarchical Betaprocesscanbeseenasa
wayto groupobjectsin thedata-setwith similarfeatures,ourmodelprovidesawayto groupfeatures
that frequentlyco-occurin thedata-set.It is perhapsmoresimilar in spirit to thework of [9] who
alsosoughtameansof associating latentfactorsin anIBP, however theirwork doesnotactdirectly
on theunboundedbinaryfactorsasoursdoes.Recentlythequestion of how to deÞnea hierarchical
factormodelto inducecorrelationsbetweenlower-layerfactorswasaddressedby [3] with their IBP-
IBP model. However, unlikeour model,wherethedependenciesinducedby theupper-layerfactors
via annoisy-or mechanism,theIBP-IBP modelmodelscorrelationsvia anAND constructthrough
theinteractionof binaryfactors.
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