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Abstract

During the last years support vector machines (SVMs) have been successfully ap-
plied in situations where the input space X is not necessarily a subset of RY. Ex-
amples include SVMs for the analysis of histograms or colored images, SVMs for
text classification and web mining, and SVMs for applications from computational
biology using, e.g., kernels for trees and graphs. Moreover, SVMs are known to be
consistent to the Bayes risk, if either the input space is a complete separable metric
space and the reproducing kernel Hilbert space (RKHS) H C L,(Px) is dense,
or if the SVM uses a universal kernel k. So far, however, there are no kernels of
practical interest known that satisfy these assumptions, if X ¢ R?. We close this
gap by providing a general technique based on Taylor-type kernels to explicitly
construct universal kernels on compact metric spaces which are not subset of R
We apply this technique for the following special cases: universal kernels on the
set of probability measures, universal kernels based on Fourier transforms, and
universal kernels for signal processing.

1 Introduction

For more than a decade, kernel methods such as support vector machines (SVMs) have belonged
to the most successful learning methods. Besides several other nice features, one key argument
for using SVMs has been the so-called “kernel trick” [22]], which decouples the SVM optimization
problem from the domain of the samples, thus making it possible to use SVMs on virtually any input
space X . This flexibility is in strong contrast to more classical learning methods from both machine
learning and non-parametric statistics, which almost always require input spaces X C R?. Asa
result, kernel methods have been successfully used in various application areas that were previously
infeasible for machine learning methods. The following, by no means exhaustive, list illustrates this:

e SVMs processing probability measures, e.g. histograms, as input samples have been used to an-
alyze histogram data such as colored images, see [} [11} [14} [12} 27, [29], and also [[17] for non-
extensive information theoretic kernels on measures.

e SVMs for text classification and web mining [[15 12} [16],

e SVMs with kernels from computational biology, e.g. kernels for trees and graphs [23]].

In addition, several extensions or generalizations of kernel-methods have been considered, see
e.g. [13} 126} 9, 116} [7, 18 4]]. Besides their practical success, SVMs nowadays also possess a rich



statistical theory, which provides various learning guarantees, see [31] for a recent account. In-
terestingly, in this analysis, the kernel and its reproducing kernel Hilbert space (RKHS) make it
possible to completely decouple the statistical analysis of SVMs from the input space X. For ex-
ample, if one uses the hinge loss and a bounded measurable kernel whose RKHS H is separable
and dense in L, () for all distributions p on X, then [31, Theorem 7.22] together with [31, Theo-
rem 2.31] and the discussion on [31, page 267ff] shows that the corresponding SVM is universally
classification consistent even without an entropy number assumption if one picks a sequence (\,)
of positive regularization parameters that satisfy A,, — 0 and nA,/Inn — oo. In other words,
independently of the input space X, the universal consistency of SVMs is well-understood modulo
an approximation theoretical question, namely that of the denseness of H in all L (p).

For standard input spaces X C R and various classical kernels, this question of denseness has been
positively answered. For example, for compact X C RE, [30] showed that, among a few others,
the RKHSs of the Gaussian RBF kernels are universal, that is, they are dense in the space C(X)
of continuous functions f : X — R. With the help of a standard result from measure theory, see
e.g. [1, Theorem 29.14], it is then easy to conclude that these RKHS are also dense in all L; (i) for
which p has a compact support. This key result has been extended in a couple of different directions:
For example, [[18] establishes universality for more classes of kernels on compact X C R¢, whereas
[32]] shows the denseness of the Gaussian RKHSs in L1 (p) for all distributions z on R?. Finally,
[7, 18} 28 29] show that universal kernels are closely related to so-called characteristic kernels that
can be used to distinguish distributions. In addition, all these papers contain sufficient or necessary
conditions for universality of kernels on arbitrary compact metric spaces X, and [32] further shows
that the compact metric spaces are exactly the compact topological spaces on which there exist
universal spaces.

Unfortunately, however, it appears that neither the sufficient conditions for universality nor the proof
of the existence of universal kernels can be used to construct universal kernels on compact metric
spaces X ¢ R?. In fact, to the best of our knowledge, no explicit example of such kernels has so far
been presented. As a consequence, it seems fair to say that, beyond the X C R?-case, the theory of
SVMs is incomplete, which is in contrast to the obvious practical success of SVMs for such input
spaces X as illustrated above.

The goal of this paper is to close this gap by providing the first explicit and constructive examples
of universal kernels that live on compact metric spaces X ¢ R?. To achieve this, our first step is to
extend the definition of the Gaussian RBF kernels, or more generally, kernels that can be expressed
by a Taylor series, from the Euclidean R to its infinite dimensional counter part, that is, the space
{5 of square summable sequences. Unfortunately, on the space {5 we face new challenges due to
its infinite dimensional nature. Indeed, the closed balls of ¢5 are no longer (norm)-compact subsets
of ¢, and hence we cannot expect universality on these balls. To address this issue, one may be
tempted to use the weak™-topology on /5, since in this topology the closed balls are both compact
and metrizable, thus universal kernels do exist on them. However, the Taylor kernels do not belong
to them, because —basically— the inner product (-, - ), fails to be continuous with respect to the
weak*-topology as the sequence of the standard orthonormal basis vectors show. To address this
compactness issue we consider (norm)-compact subsets of {5, only. Since the inner product of /5 is
continuous with respect to the norm by virtue of the Cauchy-Schwarz inequality, it turns out that the
Taylor kernels are continuous with respect to the norm topology. Moreover, we will see that in this
situation the Stone-Weierstra3-argument of [30] yields a variety of universal kernels including the
infinite dimensional extensions of the Gaussian RBF kernels.

However, unlike the finite dimensional Euclidean spaces R? and their compact subsets, the compact
subsets of {5 can be hardly viewed as somewhat natural examples of input spaces X. Therefore,
we go one step further by considering compact metric spaces X for which there exist a separable
Hilbert space H and an injective and continuous map p : X — H. If, in this case, we fix an analytic
function K : R — R that can be globally expressed by its Taylor series developed at zero and
that has strictly positive Taylor coefficients, then k(z,z") := K ({p(x), p(z"))2) defines a universal
kernel on X and the same is true for the analogous definition of Gaussian kernels. Although this
situation may look at a first glance even more artificial than the /5-case, it turns out that quite a few
interesting explicit examples can be derived from this situation. Indeed, we will use this general
result to present examples of Gaussian kernels defined on the set of distributions over some input
space €) and on certain sets of functions.



The paper has the following structure. Section [2]contains the main results and constructs examples
for universal kernels based on our technique. In particular, we show how to construct universal
kernels on sets of probability measures and on sets of functions, the latter being interesting for
signal processing. Section [3] contains a short discussion and Section [f] gives the proofs of the main
results.

2 Main result

A kernel k£ on a set X is a function £ : X x X — R for which all matrices of the form
(k(wi,25))}j=1» » € N, 21,...,2, € X, are symmetric and positive semi-definite. Equiva-
lently, k is a kernel if and only there exists a Hilbert space H and a map ® : X — H such

that k(z,2") = (®(x), (2')) z for all z, 2" € X. While neither H or ® are uniquely determined,
the so-called reproducing kernel Hilbert space (RKHS) of &, which is given by
H:={(,®(-))z:veH}

and || f|| g = inf{||v]|z : f = (v, ®(-)) 5} is uniquely determined, see e.g. [31, Chapter 4.2]. For
more information on kernels, we refer to [31, Chapter 4]. Moreover, for a compact metric space
(X,d), we write C'(X) := {f : X — R| f continuous} for the space of continuous functions on X
and equip this space with the usual supremum norm || - ||. A kernel k on X is called universal, if
k is continuous and its RKHS H is dense in C'(X). As mentioned before, this notion, which goes
back to [30], plays a key role in the analysis of kernel-based learning methods. Let r € (0, c0].
The kernels we consider in this paper are constructed by functions K : [—r,r] — R that can be
expressed by its Taylor series, that is

K(t)=>apt", tel-rr]. (1)
n=0
For such functions [31, Lemma 4.8] showed that
k(z,a) = K((@,2')ge) = > an(@, 2"V, 2,2’ € /rBpa, 2)
n=0

defines a kernel on the closed ball \/rBra := {x € R?: ||z|s < \/r} with radius /7, whenever all
Taylor coefficients a,, are non-negative. Following [31]], we call such kernels Taylor kernels. [30],
see also [31, Lemma 4.57], showed that Taylor kernels are universal, if a,, > 0 for all n > 0, while
[21] notes that strict positivity on certain subsets of indices n suffices.

Obviously, the definition of k is still possible, if one replaces R4 by its infinite dimensional and
separable counterpart £5 := {(w;);>1 : [[(w))lI7, := Y, wj < oo}. Let us denote the closed
unit ball in 5 by By,, or more generally, the closed unit ball of a Banach space E by B, that is
Bg :={v € E:||v|g < 1}. Our first main result shows that this extension leads to a kernel, whose
restrictions to compact subsets are universal, if a,, > 0 for all n € INy := INU {0}.

Theorem 2.1 Let K : [—r,7] — R be a function of the form (I)). Then we have:
i) If ap, > 0 foralln >0, then k : \/rBy, x /T By, — R is a kernel, where

k(w,w') == K ((w,w'),) = Zan<w,w’>}}2 , w,w’ € \/rBy,. 3)
n=0

ii) If an > 0 for all m € Ny, then the restriction kjw xw : W x W — R of k to an arbitrary
compact set W C \/r By, is universal.

To consider a first explicit example, let K := exp : R — R be the exponential function. Then
K clearly satisfies the assumptions of Theorem for all » > 0, and hence the resulting exponen-
tial kernel is universal on every compact subset W of ¢5. Moreover, for ¢ € (0,00), the related
Gaussian-type RBF kernel &, : 5 x {5 — R defined by

exp(202 <’LU, wl>£2 )

ko (w,w') == exp(—0?|lw — w'||7,) =

“4)

exp(o?||w||, ) exp(o?[|w’[IZ,)



is also universal on every compact W C {5, since modulo the scaling by o it is the normalized
version of the exponential kernel, and thus it is universal by [31, Lemma 4.55].

Although we have achieved our first goal, namely explicit, constructive examples of universal ker-
nels on X ¢ RY, the result is so far not really satisfying. Indeed, unlike the finite dimensional
Euclidean spaces R?, the infinite dimensional space /o rarely appears as the input space in real-
world applications. The following second result can be used to address this issue.

Theorem 2.2 Let X be a compact metric space and H be a separable Hilbert space such that there
exists a continuous and injective map p : X — H. Furthermore, let K : R — R be a function of
the form ({I)). Then the following statements hold.:

i) Ifa, > O0foralln € Ny, then k : X x X — R defines a kernel, where

oo

k(z,2') = K(<p(x),p(m’)>7_t) = Z an<p(x),p(x’)>;; , z, 2’ € X. 5)

n=0
ii) If an, > 0 for alln € Wy, then k is a universal kernel.

iii) For o > 0, the Gaussian-type RBF-kernel k, : X x X — R is a universal kernel, where
kol a') i= exp(—0[p(@) — p(@)[E) . w0’ € X. ©)

It seems possible that the latter result for the Gaussian-type RBF kernel can be extended to other
positive non-constant radial basis function kernels such as k, (z, 2’) := exp(—c?||p(z) — p(z')||%)

or the Student-type RBF kernels ky (2, 2') := (1 + 02||p(z) — p(a’)||2,) " foro? > 0and o > 1.
Indeed, [23]] uses the fact that on R? such kernels have an integral representation in terms of the
Gaussian RBF kernels to show, see [25, Corollary 4.9], that these kernels inherit approximation

properties such as universality from the Gaussian RBF kernels. We expect that the same arguments
can be made for /5 and then, in a second step, for the situation of Theorem

Before we provide some examples of situations in which Theorem[2.2]can be used to define explicit
universal kernels, we point to a technical detail of Theorem[2.2] which may be overseen, thus leading
to wrong conclusions.

To this end, let (X, dx ) be an arbitrary metric space, H be a separable Hilbert spaceand p : X — H
be an injective map. We write V' := p(X) and equip this space with the metric defined by H.
Thus, p : X — V is bijective by definition. Moreover, since H is assumed to be separable, it is
isometrically isomorphic to /5, and hence there exists an isometric isomorphism I : H — ¢5. We
write W := I(V') and equip this set with the metric defined by the norm of ¢5. For a function
f+ W — R, we can then consider the following diagram

folop

(X, dx) (R, |-1)

P f

(Vo[- i) (WA~ [le.)

(7

Since both p and I are bijective, it is easy to see that f not only defines a function g : X — R
by g := f o I o p, but conversely, every function g : X — IR has such a representation and this
representation is unique. In other words, there is a one-to-one relationship between the functions
X — R and the functions W — R. Let us now assume that we have a kernel £y, on W with RKHS
Hy, and canonical feature map @y : W — Hyy. Then kx : X x X — R, given by

kx(z,z") :== kw (I o p(x),I 0 p(z")), z,2' € X,
defines a kernel on X, since

kx(x,2") = kw(I o p(x), I o p(a’)) = (2w (I(p(z"))), 2w (I(p(2)))) pry» @2 € X,



shows that @y o I o p : X — Hyy is a feature map of kx. Moreover, [31, Theorem 4.21] shows
that the RKHS H x of kx is given by

Hx = {{f.®wolop(-))my : f € Hw}.

Since, for f € Hyy, the reproducing property of Hy, gives f o I o p(x) = (f, Pw o I o p(x)) m,,
for all z € X we thus conclude that Hxy = {folop: f € Hy} =: Hy ol op. Letus
now assume that X is compact and that &y is one of the universal kernels considered in Theorem
[2.1) or the Gaussian RBF kernel {@). Then the proof of Theorem [2.2] shows that kx is one of the
universal kernels considered in Theorem Moreover, if we consider the kernel kyy : V x V — R
defined by ky (v,v") := kw (I(v), I(v")), then an analogous argument shows that &y is a universal
kernel. This raises the question, whether we need the compactness of X, or whether it suffices
to assume that p is injective, continuous and has a compact image V. Surprisingly, the answer is
that it depends on the type of universality one needs. Indeed, if p is as in Theorem 2.2} then the
compactness of X ensures that p is a homeomorphism, that is, p’1 : V. — X is continuous, too.
Since I is clearly also a homeomorphism, we can easily conclude that C(X) = C(W) o I o p,
that is, we have the same relationship as we have for the RKHSs Hy and Hx. From this, the
universality is easy to establish. Let us now assume the compactness of V' instead of the compactness
of X. Then, in general, p is not a homeomorphism and the sets of continuous functions on X
and V are in general different, even if we consider the set of bounded continuous functions on X.
To see the latter, consider e.g. the map p : [0,1) — S! onto the unit sphere S* of R? defined
by p(t) := (sin(2nt),cos(2nt)). Now this difference makes it impossible to conclude from the
universality of ky (or ky) to the universality of kx. However, if 7 denotes the topology of V,
then p=1(1y) := {p~1(O) : O € 7y} defines a new topology on X, which satisfies p~1 (1) C 7x.
Consequently, there are, in general, fewer continuous functions with respect to p~1(7y). Now, it
is easy to check that d,(z, ') := ||p(z) — p(z')|| defines a metric that generates p~*(7y) and,
since p is isometric with respect to this new metric, we can conclude that (X,d,) is a compact
metric space. Consequently, we are back in the situation of Theorem [2.2] and hence kx is universal
with respect to the space C'(X,d,) of functions X — TR that are continuous with respect to d,,.
In other words, while Hx may fail to approximate every function that is continuous with respect
to dx, it does approximate every function that is continuous with respect to d,. Whether the latter
approximation property is enough clearly depends on the specific application at hand.

Let us now present some universal kernels of practical interest. Please note, that although the func-
tion p in our examples is even linear, the Theorem[2.2]only assumes p to be continuous and injective.
We start with two examples where X is the set of distributions on some space ).

Example 1: universal kernels on the set of probability measures.

Let (2, dq) be a compact metric space, B(2) be its Borel o-algebra, and X := M () be the set of
all Borel probability measures on €2. Then the topology describing weak convergence of probability
measures can be metrized, e.g., by the Prohorov metric

dx(P,P’) :=inf{e > 0:P(A) < P'(A%) +eforall A € B(Q)}, P.PPeX, (8

where A° = {w' € Q : dg(w,w') < eforsomew € A}, see e.g. [2l Theorem 6.8, p.73].
Moreover, (X, dx ) is a compact metric space if and only if (€2, dg) is a compact metric space, see
(19, Thm. 6.4]. In order to construct universal kernels on (X, dx) with the help of Theorem
it thus remains to find separable Hilbert spaces H and injective, continuous embeddings p : X —
H. Let kg be a continuous kernel on © with RKHS Hg and canonical feature map ®q(w) :=
kao(w, "), w € Q. Note that kg, is bounded because it is continuous and €2 is compact. Then Hg
is separable and @, is bounded and continuous, see [31, Lemmata 4.23, 4.29, 4.33]. Assume that
kq is additionally characteristic, i.e. the function p : X — Hq defined by the Bochner integral
p(P) := Ep®q is injective. Then the next lemma, which is taken from [[10, Thm. 5.1] and which is
a modification of a theorem in [3| p. III. 40], ensures the continuity of p.

Lemma 2.3 Let (2, dq) be a complete separable metric space, H be a separable Banach space and
® : Q — H be a bounded, continuous function. Then p : M1(Q) — H defined by p(P) := Ep® is
continuous, i.e., Ep. ® — Ep®, whenever (P,,)neny C M1 (Q2) converges weakly in M1(2) to P.

Consequently, the map p : M1(Q) — Hq, satisfies the assumptions of Theorem and hence the
Gaussian-type RBF kernel

ko(P,P') := exp (—0°|Ep®q — Ep ®allF,,), P,P € Myi(Q), ©)



is universal and obviously bounded. Note that this kernel is conceptionally different to characteristic
kernels on 2. Indeed, characteristic kernels live on €2 and their RKHS consist of functions 2 —
R, while the new kernel k, lives on M (£2) and its RKHS consists of functions M;(2) — R.
Consequently, k., can be used to learn from samples that are individual distributions, e.g. represented
by histograms, densities or data, while characteristic kernels can only be used to check whether two
of such distributions are equal or not.

Example 2: universal kernels based on Fourier transforms of probability measures.

Consider, the set X := M (Q), where Q C R?is compact. Moreover, let p be the Fourier transform
(or characteristic function), that is p(P) := P, where P(t) := [¢/*!du(z) € C, t € R?. Itis
well-known, see e.g. [6, Chap. 9], that, for all P € M;(Q), P is uniformly continuous on R? and
[P|lss < 1. Moreover, p : P — P is injective, and if a sequence (P,,) converges weakly to some

P, then (f’n) converges uniformly to P on every compact subset of RY. Now let x be a finite
Borel measure on R? with support(11) = RY, e.g., 11 can be any probability distribution on R¢ with
Lebesgue density & > 0. Then the previous properties of the Fourier transform can be used to
show that p : M;(Q) — La(u) is continuous, and hence Theorem [2.2] ensures that the following
Gaussian-type kernel is universal and bounded:

ko(P,P) i=exp(—0”|P = P'|I7, ),  P,P € Mi(Q). (10)

In view of the previous two examples, we mention that the probability measures P and P’ are often
not directly observable in practice, but only corresponding empirical distributions can be obtained.
In this case, a simple standard technique is to construct histograms to represent these empirical distri-
butions as vectors in a finite-dimensional Euclidean space, although it is well-known that histograms
can yield bad estimates for probability measures. Our new kernels make it possible to directly plug
the empirical distributions into the kernel k,, even if these distributions do not have the same length.
Moreover, other techniques to convert empirical distributions to absolutely continuous distributions
such as kernel estimators derived via weighted averaging of rounded points (WAPRing) and (averag-
ing) histograms with different origins, [20} 24]] can be used in &, too. Clearly, the preferred method
will most likely depend on the specific application at hand, and one benefit of our construction is
that it allows this flexibility.

Example 3: universal kernels for signal processing.

Let (2, A, 1) be an arbitrary measure space and Lo(u) be the usual space of square u-integrable
functions on 2. Let us additionally assume that Lo () is separable, which is typically, but not
always, satisfied. In addition, let us assume that our input values x; € X are functions taken from
some compact set X C Lo(p). A typical example, where this situation occurs, is signal processing,
where the true signal f € Lo ([0, 1]), which is a function of time, cannot be directly observed, but a
smoothed version g := T o f of the signal is observable. This smoothing can often be described by a
compact linear operator T : Ly ([0, 1]) — L2([0, 1]), e.g., a convolution operator, acting on the true
signals. Hence, if we assume that the true signals are contained in the closed unit ball By, 0,1}
then the observed, smoothed signals 7" o f are contained in a compact subset X of Lo([0, 1]). Let
us now return to the general case introduced above. Then the identity map p := id : X — Lo(u)
satisfies the assumptions of Theorem and hence the Gaussian-type kernel

ko(g,9') = exp(=a®llg = ¢'lI,) s 9.9 €X, (11)

defines a universal and bounded kernel on X. As in the previous examples, note that the computation
of k, does not require the functions g and ¢’ to be in a specific format such as a certain discretization.

3 Discussion

The main goal of this paper was to provide an explicit construction of universal kernels that are
defined on arbitrary compact metric spaces, which are not necessarily a subset of R%. There is a
still increasing interest in kernel methods including support vector machines on such input spaces,
e.g. for classification or regression purposes for input values being probability measures, histograms
or colored images. As examples, we gave explicit universal kernels on the set of probability distri-
butions and for signal processing. One direction of further research may be to generalize our results
to the case of non-compact metric spaces or to find quantitative approximation results.



4 Proofs

In the following, we write IN{' for the set of all sequences (j;);>1 with values in Ny := IN U {0}.
Elements of this set will serve us as multi-indices with countably many components. For j = (j;) €
]N%V, we will therefore adopt the multi-index notation

= di-
i>1

Note that |j| < oo implies that j has only finitely many components j; with j; # 0.

Lemma 4.1 Assume that n € N is fixed and that for all j € WY with |j| = n, we have some
constant ¢; € (0,00). Then for all j € IN{' with |j| = n + 1, there exists a constant ¢; € (0, 00)
such that for all summable sequences (b;) C [0, 00) we have

(s () e

JENY:|j|=n JENY:|jl=n+1 i=1

Proof: This can be shown by induction, where the induction step is similar to the proof for the
Cauchy product of series. |

Lemma 4.2 Assume that n € Ny is fixed. Then for all j € NI with |j| = n, there exists a constant
¢; € (0, 00) such that for all summable sequences (b;) C [0, 00) we have

<§;bi>n: > cjﬁbg'i :

JENG:|jl=n =1
Proof: This can be shown by induction using Lemma4.1] [ |

Given a non-empty countable set J and a family w := (w;)jes C R, we write ||[w||3 := djed w?,

and, as usual, we denote the space of all families for which this quantity is finite by ¢5(J). Recall
that /5(.J) together with || - ||2 is a Hilbert space and we denote its inner product by (-, -)s,()-
Moreover, {5 := ¢5(IN) is separable, and by using an orthonormal basis representation, it is further
known that every separable Hilbert space is isometrically isomorphic to ¢5. In this sense, {5 can be
viewed as a generic model for separable Hilbert spaces.

The following result provides a method to construct Taylor kernels on closed balls in /5.

Proposition 4.3 Let r € (0,00] and K : [—r,7] = R be a function that can be expressed by its
Taylor series given in , ie. K(t) =07 ant™ t € [=r,r]. Define J := {j € N} : |j| < oo}

n=

Ifa, > 0foralln >0, then k : \/rBy, x /T By, — R defined by (3), i.e.
k(w,w") :== K ((w,w')g,) = Z an(w,w')y, w,w’ € \/TBy,,
n=0

is a kernel. Moreover, for all j € J, there exists a constant ¢; € (0,00) such that ® : \/rBy, —
U5(J) defined by

oo
d(w) := <c' wj'i) , w € \/rBy,, 12
(w) = (¢ 1]1 ) e VB, (12)
is a feature map of k, where we use the convention 0° := 1.

Proof: For w,w’ € +/rBy,, the Cauchy-Schwarz inequality yields |(w,w’)| < |Jw|lz2|jw']l2 < 7
and thus k is well-defined. Let w; denote the i-th component of w € /5. Since (I) is absolutely
convergent, Lemma then shows that, for all j € INI. there exists a constant ¢; € (0, 00) such

that - -
k(w,w') = Z ajj|G; H(w;)]l wai .
FENN i=1 i=1
Setting c; := /a;¢;, we obtain that ® defined in lb is indeed a feature map of k, and hence k is
a kernel. m



Before we can state our first main result the need to recall the following test of universality from
[31, Theorem 4.56].

Theorem 4.4 Let W be a compact metric space and k be a continuous kernel on W with k(w,w) >
0 for all w € W. Suppose that we have an injective feature map ® : W — l5(J) of k, where J
is some countable set. We write ®; : W — R for its j-th component, i.e., ®(w) = (®;(w)) e,
w e W. If A:=span{®; : j € J} is an algebra, then k is universal.

With the help of Theorem[4.4]and Proposition f.3] we can now prove our first main result.

Proof of Theorem 2.1} We have already seen in Proposition that k is a kernel on /7By, . Let us
now fix a compact W C /rBy,. For every j € J, where J is defined in Proposition there are
only finitely many components j; with j; # 0. Consequently, there exists a bijection between J and
the set of all finite subsets of IN. Since the latter is countable, .J is countable. Furthermore, we have

o0
k(w,w) =Y an|w|! > ag >0

n=0

for all w € W, and it is obvious, that the components of the feature map ¢ found in Proposition
span an algebra. Finally, if we have w,w’ € W with w # w’, there exists an ¢ > 1 such that
w; # w}. For the multi-index j € J that equals 1 at the i-component and vanishes everywhere else
we then have ®(w) = c;w; # cjw], = ®(w’), and hence P is injective. [ |

Proof of Theorem 2.2} Since H is separable Hilbert space there exists an isometric isomorphism
I:H — 0. Wedefine V := p(X), see also the diagram in . Since p is continuous, V' is
the image of a compact set under a continuous map, and thus V' is compact and the inverse of
the bijective map I o p : X — W is continuous. Consequently, there is a one-to-one relationship
between the continuous functions fx on X and the continuous functions fy on W, namely C'(X) =
C(W) oI o p, see also the discussion following . Moreover, the fact that I : H — /5 is an
isometric isomorphism yields (I(p(x)), I(p(2')))e, = {p(x), p(z'))3 for all z,2’ € X, and hence
the kernel k considered in Theorem [2.2|is of the form kx = kw (L o p(-),I o p(-)), where ky,
is the corresponding kernel defined on W C /5 considered in Theorem Now, the discussion
following showed Hx = Hy o I o p. Consequently, if we fix a function g € C(X), then
fi=gop tol !l e C(W)can be approximated by Hyy, that is, for all ¢ > 0, there exists an
h € Hy such that ||h — f]|s < €. Since Iop: X — W is bijective and f o I o p = g, we conclude
that ||h o I o p — g||so < €. Now the assertion follows from ho I o p € Hx.
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